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Abstract.  Transverse mixing of solutes in steady-state transport is of utmost
importance for assessing mixing-controlled reactions of compounds that are con-
tinuously introduced into the subsurface. Classical spatial moments analysis fails
to describe mixing because the tortuous streamlines in heterogeneous formations
cause plume meandering, squeezing and stretching, which affect transverse spa-
tial moments even if there is no mass transfer perpendicular to the direction of
flow. For transverse solute mixing, however, the decisive process is the exchange
of solute mass between adjacent streamtubes. We therefore reformulate the advection-
dispersion equation in streamline coordinates (i.e., in terms of the potential and
the stream-function values) and analyze how flux-related second-central moments
of plumes increase with dropping hydraulic potential. We compare the ensem-

ble behavior of these second-central moments in random two-dimensional het-
erogeneous flow fields with the moments in an equivalent homogeneous system,
thus defining an equivalent effective transverse dispersion coefficient. Unlike trans-
verse macrodispersion coefficients derived by traditional moment analysis, our
mixing-relevant, flux-related coefficient does not increase with travel distance.

We present closed-form solutions for the mean enhancement of transverse mix-
ing by heterogeneity in two-dimensional isotropic media for linear laws of local-
scale transverse dispersion. The mixing enhancement factor increases with the
log-conductivity variance, but remains fairly low. We also evaluate the variance

of our cumulative measure of transverse mixing, showing that heterogeneity causes
substantial uncertainty of mixing. The analytical expressions are compared to

numerical Monte Carlo simulations for various values of log-conductivity vari-
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ance, indicating good agreement with the analytical results at low variability.
In the numerical simulations, we also consider nonlinear models of local-scale

transverse dispersion.
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1. Introduction

Transverse mixing is a critical factor in the transport of continuously introduced contaminants
that react with compounds from outside the plume [e.g., Cirpka et al., 2008; Cirpka and Val-
occhi, 2007; Willingham et al., 2008]. In heterogeneous formations, transverse mixing controls
the reduction of peak concentrations [Fiori, 1996, 2001; Tonina and Bellin, 2008] and transfers
longitudinal spreading to longitudinal mixing in transient transport [ Cirpka and Kitanidis, 2000;
Cirpka, 2002], thus reducing the concentration variance [Pannone and Kitanidis, 1999; Vander-
borght, 2001; Fiori, 2001; Kapoor and Gelhar, 1994a, b]. Its importance in risk assessment
[e.g., Rubin et al., 1994; de Barros et al., 2009] and in the evolution of statistical concentration
distributions with distance [Schwede et al., 2008; Bellin and Tonina, 2007; Caroni and Fiorotto,
2005; Fiorotto and Caroni, 2002] has been demonstrated. In all these applications, the ex-
change of solute mass between neighboring streamtubes acts as a controlling mechanism, either
for mixing-controlled reactions or for smoothing of properties that vary in the lateral direction
and are transported in the longitudinal direction by advection.

In the past three decades, the influence of spatial variability in hydraulic properties on solute
transport has intensively been analyzed by stochastic theory [e.g., Dagan, 1989; Gelhar, 1993;
Rubin, 2003]. The main focus was on longitudinal dispersion phenomena, describing longitu-
dinal spreading of solute plumes and mixing in the flow direction. To a lesser extent, dispersion
theories were also applied to transverse solute transfer. Traditional ensemble dispersion quan-
tifies how quickly the second central spatial moments of the ensemble-averaged concentration
increase [e.g., Gelhar and Axness, 1983; Dagan, 1984; Neuman et al., 1987; Dagan, 1988]. The

classical transverse ensemble dispersion coefficient starts at the value of the local transverse dis-
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persion coefficient, increases with travel time or distance, exhibits a peak when a few integral
scales have been sampled by the plume, decreases again, and approaches an asymptotic value
which is slightly higher than the local transverse dispersion coefficient [Dagan, 1994; Attinger
et al., 2004]. The intermediate maximum, however, expresses the uncertainty of determining
the transverse first moment of individual plumes, and thus does not quantify mass exchange
between neighboring streamtubes. In effective dispersion, also denoted relative dispersion [Ki-
tanidis, 1988; Dagan, 1990; Andricevic and Cvetkovic, 1998; Attinger et al., 1999; Dentz et al.,
2000a, b; Cirpka and Attinger, 2003; Dentz and Carrera, 2003], the order of taking second-
central moments and ensemble averages is exchanged, such that the uncertainty in estimating
the first moment has been factored out. For longitudinal mixing, Cirpka [2002] claimed that ef-
fective dispersion for point-like injection is a good predictor of solute mixing. In the transverse
direction, however, values of effective dispersion coefficients are very small and most likely
prone to higher-order effects [Dagan, 1994; Attinger et al., 2004]. Also, individual plumes
can get wider and narrower by spatial variability of advection alone, so that traditional spatial
moments analysis can be misleading with respect to actual mixing across streamlines [Rahman
et al., 2005; Rolle et al., 2009].

Contrasts in hydraulic conductivity lead to convergence and divergence of streamlines, which
locally focuses and de-focuses the flow field [Cirpka and Kitanidis, 2000; Werth et al., 2006;
Chiogna et al., 2011]. This phenomenon changes, locally, the characteristic length and time
scales for transverse mass transfer by diffusion and hydromechanical (local-scale) dispersion
whenever the solute plume travels through focused and defocused regions of the flow field.
Furthermore, most of the mass transfer takes place along the fringe of the plume, where high

concentration gradients can be found [see Rubin, 1991; Cirpka et al., 2008; Bauer et al., 2009;
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Prommer et al., 2009]. Flow focusing (or flow channeling) enhances mass transfer by diffusion
and by hydromechanical dispersion to a large degree. When flow is unfocused, mass transfer
by these two processes is slowed down since streamlines are further apart. The general idea by
Werth et al. [2006] is that, on the average, these two effects do not cancel out, but lead to an
overall enhancement of transverse mass transfer by hydromechanical dispersion and diffusion.
Depending on the degree of contrast between different permeability zones, the mass transfer
induced by flow focusing can yield a substantial increase in transverse dilution and mixing.
Experimental evidence provided by Rahman et al. [2005], Rolle et al. [2009], and Bauer
et al. [2009], as well as field-scale analysis supports the concepts and initial models provided
by Cirpka and Kitanidis [2000] and Werth et al. [2006]. The results from Rolle et al. [2009]
clearly illustrate the significant overall enhancement in lateral mixing of a contaminant plume
due to inclusions of high permeability materials within the experimental setup. The increase in
lateral spread due to flow focusing is also well documented in numerical studies by Salandin and
Fiorotto [1998], de Dreuzy et al. [2007] and Beaudoin et al. [2010]. The impact of permeability
inclusions located within contaminant source zones (and related flow focusing effects) on far-
field prediction was shown in de Barros and Nowak [2010], analytically as well as numerically.
Classical linear stochastic theory does not account for effects of flow focusing and de-focusing
on transverse mixing because: (1) The stochastic-analytical equations have been developed
for uniform local dispersion tensors at best; and (2) integrations of velocity fluctuations are
performed along mean trajectories. This implies that squeezing and stretching of solute plumes
and its effect on transverse dispersive mass exchange is neglected in these theories. Higher-

order extensions to dispersion theory are restricted to the behavior of the ensemble-averaged
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concentration in normal coordinates [e.g., Hsu et al., 1996; Neuman, 1993], and appear thus
insufficient to express the effects of flow focusing on mean mixing and its uncertainty.

The key objective of the present contribution is to derive a stochastic framework of trans-
verse mixing. The effects of plume meandering, squeezing and stretching in two-dimensional
heterogeneous domains will be accounted for by switching from Cartesian spatial coordinates
to streamline coordinates before going into stochastic analysis. As a key target, we analyze the
probability of a solute particle to jump into a neighboring streamtube. This is expressed in terms
of the second-central moment in the stream-function value. Because mixing is taking place at
the fringes of solute plumes, we analyze the squared width of the plume fringe in streamline
coordinates, which is identical to the second-central moment for a point-like injection. We
propose to formulate dispersion in terms of streamline coordinates in individual realizations.
We take expected values only in a succeeding step, thus providing an effective mixing-related
dispersion coefficient for transport in streamline coordinates.

Figure 1 schematically illustrates the concept as a series of steps: (1) A theoretically infinitely
large ensemble of log-conductivity fields with identical statistical properties is generated. (2)
Flow and (3) steady-state transport is simulated on each of these fields. (4) The concentration
fields are spatially transformed into streamline coordinates, and (5) second-central transverse
moments are evaluated (in streamline coordinates) in each realization. Figure 1 shows the in-
jection of the solute over half the volume flux at the inlet; the moments, however, are computed
for an equivalent point-like injection at the transition point (for explanation see Section 5.1).
After the steps illustrated in Figure 1, (6) ensemble averaging is performed. Finally, (7) we

define an equivalent transverse dispersion coefficient by matching the second-central transverse
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moments in streamline coordinates obtained in heterogeneous domains with those obtained in a
homogeneous domain with identical effective hydraulic conductivity.

This paper is organized as follows: Section 2 reviews the governing equations in different
systems of coordinates and derives the equivalent transverse dispersion coefficient and the un-
certainty of cumulative mixing in principal terms. In Sections 3 & 4, stochastic properties of the
log-conductivity field are propagated to flow and transport in order to obtain closed-form analyt-
ical expressions of mixing and its corresponding uncertainty. In Section 5, the steps visualized
in Figure 1 are explicitly followed with finite ensembles of conductivity fields in numerical
simulations and the results are compared to the analytical expressions derived in Sections 3 &
4. Finally, we present our conclusions in Section 6. Details of the analytical derivations are

included in the Appendix.

2. Theory

2.1. Governing Equations in Different Systems of Coordinates
We consider steady-state two-dimensional groundwater flow in an infinite domain with uni-

form aquifer thickness and spatially variable, random isotropic hydraulic conductivity K [L/T]:

V- (KVe) =0, )

subject to the mean hydraulic gradient J:

J
(Vo)=J= M , @)
in which ¢ [ L ] is the hydraulic head, J [-] is the absolute value of the mean hydraulic gradient

oriented into the longitudinal direction, and angle brackets denote the ensemble expectation. At

each point within the domain, the specific-discharge vector q [L/T] is defined by Darcy’s law:
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4= —KVo. 3)

Solute transport is described by the advection-dispersion equation, which reads in standard

Cartesian coordinates x = (x1, xp) as:

de

eat

+qVe—V-(6DVc) =0, )

subject to initial and boundary conditions. In Eq. (4), ¢ is concentration [M/L3], 6 is the porosity
(considered uniform) [—], and D is the local dispersion tensor [L2/T] discussed in more detail
below.

We may locally rotate the system of coordinates into the local longitudinal coordinate x;
oriented in the direction of q, and the transverse coordinate x; perpendicular to it. Then, Eq. (4)

becomes:

dc dc 0 dc 0 dc
0 e~ 7 (D5 )~ (PP ) <O ®

in which ¢ is the absolute value of q [L/T], Dy is the longitudinal dispersion coefficient, and D,
the transverse one [L2/T].

In the following, we will focus on quantifying transverse dispersion and its impact upon mix-
ing and dilution under different parameterizations of D;. Table 1 lists different models for D;. In
model I, pore diffusion is considered the only transverse mixing mechanism. The pore diffusion
coefficient D), [L2/T] is the molecular diffusion coefficient D,, [L2/T] reduced by the tortuosity
of the medium (here assumed to be 6~ 1). Model II is the standard linear model of Scheidegger
[1961] with a constant transverse dispersivity o4 [L]. In model III, we take into account that

the transverse dispersivity o; is typically assumed to scale linearly with grain diameter [Bear,
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1979, Ch. 4]. As link to hydraulic conductivity, we assume that K approximately scales with
a characteristic grain diameter squared [Hazen, 1892]. This results in a transverse dispersion
coefficient D; with a hydrodynamic contribution that scales with v/K. Model IV, introduced by
Chiogna et al. [2010], accounts for incomplete mixing in pore junctions [Klenk and Grathwohl,
2002; Olsson and Grathwohl, 2007], resulting in a nonlinear dependence of D; on velocity and
in compound-specific behavior over a wide range of velocities.

Since the orientation of q is spatially variable in a heterogeneous domain, it is convenient to
perform a conformal mapping into streamline coordinates, namely the hydraulic head ¢ and the

stream-function value ¥ [L2 /T] [see Batchelor, 2000; Bear, 1972]:

do  q Jdo

K om ©
81//_ ‘ 81//_

a—xZ—O, axt—qa (7

in which, after substitution of Eq. (7) into Eq. (1), the stream function y meets:

1
v. (EV"’) o, (8)

o= o] ©)

Finally, the advection-dispersion equation in Eq. (5) can be expressed in streamline coordinates

as:

dc q¢*dc q 9 g dc 0 dc\
0 Kap Kdp <9D E%) "9y ("D’QW) - 1o

The advantage of the streamline coordinate system is that it is naturally defined by the flow
field [e.g., Aris, 1989]. The orientation of x, and x;, used in Eq. (5), varies within the do-
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main, which makes it difficult to detect which point in space is upstream of another point in the
domain. By contrast, the streamline coordinates y and ¢ are naturally oriented in the flow di-
rection: by construction, two points with identical y-value are on the same streamline. Similar
to the Cartesian coordinate system, streamline coordinates employ an orthogonal basis. How-
ever, they account for the tortuous patterns of flow due to the spatial heterogeneity of K. That
is, meandering, squeezing and stretching of plumes due to spatial variability of the flow field is
automatically corrected for. For example, if we assess the transverse growth rate of the plume
width in streamlines coordinates, we automatically exclude the artifacts of (1) the uncertain
centroid position, (2) irregular plume outline due to spreading, and (3) possible oscillations of
plume growth due to focusing/de-focusing from all later steps. Instead, we can immediately
measure the additional flow lines captured by transverse mass exchange, which is the quantity
that truly matters.

In the following, we consider steady-state transport (continuous release conditions) for a
point-like injection at the potential-line ¢y. We formulate transport for a point-like injection
because it is equivalent to studying mass transfer at the plume fringe. We also neglect longitu-
dinal dispersion. This is a justifiable assumption for continuously release contaminant sources
because the longitudinal gradient of the resulting concentration plumes is practically negligible

when compared to the transverse one. Thus, we arrive at:

dc K o dc
o aoy (Pagy) =0 ””
c(@o, w) =Ad (), (12)

in which A [MT /L] is a scaling factor to obtain the unit of a concentration and & denotes the

Dirac delta function. The second term in Eq. (11) may be expressed as:
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(13)

K d dc\ KJd(6D:q) dc d%c
039 (P95) =4 "y eyt P

in which the first expression may be addressed as drift term. For a point injection, the plume
remains narrow over large distances [Dagan, 1991; Dentz et al., 2000a]. Also, in heteroge-
neous media with sufficiently small heterogeneity, neither K nor g or D; show strong transverse
gradients. This implies that the drift term can be neglected, and that 8 KD, can be considered ap-
proximately constant over the width of plume, where d%c/dy? is large. Under such conditions,

Eq. (11) becomes:

dc d’c

with negligible variation of 6 KD, in the y-direction over the width of the plume.

In summary, the main set of assumptions used to arrive at Eq. (14) are: (i) Steady-state
flow that is uniform in the average; (ii) steady-state transport with point-like injection; (iii)
longitudinal dispersion is neglected; (iv) heterogeneity is small; and (v) the plume (or its fringe)
is considered narrow. These five assumptions are necessary in order for the later theoretical

results to hold.

2.2. Flux-Related Moments
In order to quantify the distribution of the solute flux over the volume flux, we compute the

lateral concentration moments in terms of the stream-function y:
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m}f’(<P)=/_:ww"c(<P,w)d% (16)
m‘l/
wy(9) = *"537 (17)
nyy
mZ’C(q)):/_j(w—uw)kc(fp,wdw, (18)
2oy M) mY(e) (mi”«p))Z
0= W)~ mie) \mf(e)) (1%

in which m} (@) [ML*~3/T*] is the k" flux-related moment and m.(¢) [ML*~3/T*] is the

corresponding central moment. The normalized first moment is given by (iy (@) [L2/T] while

2

w(‘P) [L*/T?] is the normalized second-central moment, or squared characteristic plume width

w
expressed in units of squared cumulative flux.

The insight to separate uncertainty in the plume centroid from the average spread of the plume
has significantly improved our understanding of dispersion processes in heterogeneous porous
media [see Ch. 10 of Rubin, 2003, for extensive review]. Our approach is that, in order to
quantify actual mixing in the transverse direction, yet another distinction is necessary: we have
to follow the direction of flow and take transverse moments in terms of cumulative flux in each
individual realization, kept specific to the longitudinal flow coordinate, before averaging over
the ensemble. Only this way, we can separate effects of tortuous flow paths that may influ-
ence spatial moments from the transfer of solute mass across streamlines. This is conveniently
achieved by using the potential ¢ as longitudinal coordinate, and the stream-function value y
as the transverse one.

With the above definitions given in Egs. (16-19) and Eq. (14), and assuming a narrow plume

(or narrow plume fringe) in a mildly heterogeneous domain, the squared plume width w%,((p)

follows:
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dw%,,
wiy (@0) =0, 21)
Po
wy (A) =26 KD;d¢*, (22)

Qo—AQ
in which ¢q [L] is the potential at the release point of the solute and A [L] is the potential drop

from the inlet to an observation line.

2.3. Stochastic Formulation
So far, we have considered the behavior of a point-related plume in an individual hydraulic-
conductivity field. We now want to cast this into a stochastic framework. We consider a locally
isotropic log-conductivity field ¥ with uniform mean hydraulic gradient J (uniform average
flow) and effective hydraulic conductivity K. ¢¢ [L/T] [e.g., Rubin, 2003]:
{9)

Keff:—T. (23)

If we want to replace the ensemble of heterogeneous conductivity, flow, and concentra-
tion fields with a single equivalent homogeneous field each, the corresponding hydraulic-
conductivity value would be K,rr. Now, we require that the ensemble average <w%,,> of the
effective plume width squared behaves like in the individual realizations according to Eq. (20).
However, we replace the random variable K with the effective value K, ¢ in Eq. (20) and the po-
tentially random variable D; with an equivalent homogeneous transverse dispersion coefficient

€q.
D¢

dw?
- <d—q;”> = 20K, sD{’. (24)
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Re-arranging Eq. (24), we obtain a general expression of the equivalent transverse dispersion
coefficient D{?, which is valid under the physical assumptions listed in Section 2.1 and the

statistical assumptions given in the beginning of the current Section 2.3:

1 dw?
D= — - 2
! 29Keff< ng >7 ( 5)
DY = f; ]’} : (26)
e

This result is independent of the dispersion model chosen (see Table 1). Another observation
is that Eq. (26) refers only to one-point statistics. It can be evaluated readily from analytical
or numerical flow statistics. Furthermore, it does not depend on any assumption related to the
multi-Gaussianity of the K field.

Eq. (26) is the first key result of our analysis. By performing the transformation of coordi-
nates from standard Cartesian coordinates x to streamline coordinates (¢, y) prior to ensemble
averaging, we have eliminated the scale dependence of dispersion. This scale dependence was
one of the most prominent outcomes and nuisances of traditional moment analysis [Dagan,
1989; Gelhar, 1993; Rubin, 2003]. While the key step in computing the traditional transverse
ensemble dispersion coefficient is to integrate the transverse velocity covariance function along
particles trajectories, no such integrals are needed in our definition of the mixing-related equiv-
alent transverse dispersion coefficient D/. We only need one-point statistics, namely the ex-
pected value of KD,. This implies, for stationary conductivity and velocity fields, that D{? is
uniform throughout the domain.

We expect that KD, has a high uncertainty, because K is a random variable, and D; as well,

unless one restricts the analysis to pure pore diffusion (model I in Table 1). In fact, various
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previous studies have shown that transverse mixing is mainly taking place in a few hot-spots of
mixing, associated with high-permeability zones [e.g., Werth et al., 2006; Cirpka and Kitani-
dis, 2000; Cirpka, 2002; Rolle et al., 2009]. With qu expressing the rate at which the effective
plume width squared changes along the flow direction, the cumulative quantity w%,, should ex-
hibit a decreasing uncertainty with travel distance [Dagan, 1990; Fiori, 1998; Eberhard, 2004;
Barros and Rubin, 2011]. This can be quantified by its variance, denoted by Gv%%/ [L4/T2], which

can be computed by:

o a0y =40 [ [" (K(g")D(0") - (K(9")D,(0")) @)
v Po—AQ J p—AQ

[K(¢™)Di(¢™) — (K(¢™")D:(¢™))]) d@p*d 9™

In the following sections, we will normalize the above expression to the coefficient of variation
CVw%,, =03 / (w%,,> [-]. The coefficient of variations is a relative measure for the uncertainty of the
squared effective plume width w%,,.

Eq. (27) involves integrations in the potential ¢. This is inconvenient for the derivation of an-
alytical expressions, because correlations of log-conductivity and dependent variables are given
in spatial distances. We therefore approximate these integrals by replacing d ¢ with Jdx;, which
is an approximation permitted only for small heterogeneity (like the replacement of the indi-
vidual particle trajectory by the mean trajectory in the Lagrangian analysis of macrodisperion).

Then, performing the integration along the mean trajectory of the plume centroid yields:
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(Wh(Ax) ) ~ 20K, /D" JAx (28)
x0+Ax x0+Ax
0% (A =426 [ [T KD ) — (KEDD G (@)

[K(x1") Dy (x17) = (K (x17) Dr (x77))]) docy ey

3. Analytical Approximation of the Equivalent Transverse Dispersion Coefficient

In this section, we will derive analytical expressions that illustrate the impact of flow het-
erogeneity in enhancing pore diffusion and hydromechanical dispersion. We take Eq. (26) as
starting point (valid for the assumptions given in Section 2.1). Analytical results are obtained for
the dispersion models I (pure pore diffusion) and II (linear pore-scale dispersion with spatially
constant dispersivities) presented in Table 1.

All the following closed-form solutions are further based on the assumption that the log-
conductivity ¥ = In(K) is multi-Gaussian, 2nd order stationary and statistically isotropic. Also,
we assume that the mean hydraulic gradient is uniform. Under these conditions, the following

relations hold:

K(x) = Kgexp (Y'(x)), (30)

(Y'(x)) =0 Vx, (31)
(Y'(x+h)Y'(x)) = Cyy(h) Vx, (32)
oy = Cyy(0) = (Y7?), (33)

in which K, [L/T] is the spatially uniform geometric mean of hydraulic conductivity, ¥’ [—] is

the perturbation of log-conductivity, h [L] is a spatial separation vector, Cyy (h) [—] is the auto-
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covariance function of log-conductivity, and G% [—] is the variance of log-conductivity. Results

are obtained for an isotropic exponential covariance function Cyy (h).

3.1. Pure Pore Diffusion (model I)
If D; in Eq. (26) is represented by molecular pore diffusion (D; = D), see model I in Table 1),

we arrive at the following identities:

D, =D, Vx, (34)
(KDy) = (K) D), (35)
D = (K) D,. (36)

t Keff p

Because we assume a multi-Gaussian distributed, isotropic, 2nd-order stationary 2-D Y field

and a uniform mean hydraulic gradient, K, ss and (K) are given by:
K. ff — Kga (37)
. 1 2 Kg in ﬁ(GY)
= (59 ~{ (1 103) n oo o
with K, representing the geometric mean for the hydraulic conductivity [e.g., Ch. 4 of Rubin,
2003]. With the above expressions, Eq. (36) becomes:

eqN
DY ~

{ D, in O(oy) (39)

(1+307) Dy in 6(a7) °

The factor (1+6)%/2) in Eq. (39) represents the enhancement of diffusion-related transverse
dilution and mixing due to contrasts of hydraulic conductivity. As we will see in the compar-
ison to numerical simulations, the linear approximation of the enhancement factor, 1 + %G,%,

describes the enhancement better than the exact expression exp (%G}%) This finding was ob-
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served for several Péclet numbers. We attribute this effect to the simplifications made to arrive

at Eq. (14), which included a restriction to small values of G%.

3.2. Linear Local-Scale Dispersion with Constant Transverse Dispersivity (model II)

If D; in Eq. (26) is represented by hydrodynamic dispersion, following D, = D, + 04g/6 with
constant transverse dispersivity o;, we arrive at the standard linear local-scale dispersion model
commonly used in the literature [Scheidegger, 1954; Bear, 1979]. This is model II in Table 1.

In this case, (KD;) becomes:

(KD;) = (KD,) + % (Kq), (40)

in which the first term in the right-hand-side has been discussed above, and the second term
can be expressed via cross-covariance between conductivity and velocity fluctuations, K’ and

¢', about their respective mean values:

(Kq) = (K)(q)+(K'q") . (41)

For K and ¢, first order analysis in oy yields:

K ~K,Y'

(@) ~ K,J. (42)

Substituting Eqgs. (38 & 42) into Eq. (41), we obtain:

1
(Kq) ~ ngJ (1 + 5613) + Ko (Y'q), (43)
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in which ¢ expresses specific-discharge fluctuations in the mean flow direction. For the con-
ditions mentioned previously (multi-Gaussian, isotropic, 2nd order stationarity, 2-D Y field and
uniform mean hydraulic gradient), the term (Y'¢}) can be approximated to first-order in G)% as

[Gelhar, 1993]:

1
(V') ~ 503Ky, 44)
resulting in:
Q .
D, -+ {a), in &/(0y);
e

Notice that we have used the geometric mean for the hydraulic conductivity (denoted by K;)
in lieu of K.y, which is valid here because we assumed the log-conductivity to be a second-
order stationary random space variable with isotropic covariance function [Gelhar, 1993; Rubin,

2003].

4. Uncertainty of Cumulative Mixing

The variance of the width of the plume’s fringe is expressed in Eq. (29) of Section 2.3. In the
following, we will provide closed-form results for the variance of the plume width for models
I and II in Table 1. The variance Gv%%l of w%, is computed by first-order perturbative methods.
That is, we analyze the first-order deviation of w%l, from the zero-order mean, square it, and
take expected values. To obtain the coefficient of variation, CVW%/ , we have to normalize the
standard deviation 0.3, by the zero-order mean approximation of w%,. Details of the derivation
are provided in the Appendix. The closed-form solutions are given for an isotropic exponential

covariance function Cyy with correlation length A.
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For the case where D; = D), we arrive at the following result for the coefficient of variation

based on Eq. (A9):

CVya ( Gy\/_\/ exp D —1), (46)

whereas for D; = D, + o4q/6, the closed-formed expression for the coefficient of variation is

given by (see the Appendix for details):

0,2 (AX) Oy A
CV, 2 (Ax) = 4 ~ o X
v <W%I/ (Ax)> Ax (DP + Dlr;zech)

X \/3 (Dhom V2 o7, (Ax) +4 (D) + Dhom ) Dhom o (Ax) 42 (D, + D™ )* 4 (Ax),  (47)

mech mech mech mech

with the hydromechanic dispersion contribution to transverse dispersion in a homogeneous sys-
tem with identical effective velocity, hydraulic gradient, and transverse dispersion coefficient:

JK,

Diee = =" (48)

and .«7], @ and .o73 defined in the Appendix, see Egs. (A26, A29, & A31).

5. Verification by Numerical Simulations

5.1. Problem Set Up and Numerical Methods

In order to verify our concepts as well as the analytical expressions derived, we perform ex-
tensive numerical Monte Carlo simulations of flow and transport. The ensemble of simulations
includes 10’000 realizations for each model of local-scale transverse dispersion and each value
of the log hydraulic conductivity variance 2. We test all four local-scale dispersion models
listed in Table 1, and vary 6 from 0.25 to 2.5 in steps of 0.25. This leads to a total set of 10 x

4 x 10’000 = 400’000 realizations. In order to minimize nonstationarity effects of fixed-head
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or no-flow boundary conditions on the flow fields, we perform all flow simulation in periodic
domains applying periodic boundary conditions with a mean hydraulic gradient in longitudinal
direction x;.

Table 2 summarizes the parameters used in the numerical simulations. The selected hydraulic
parameters are representative of typical sedimentary groundwater systems. The range of log hy-
draulic conductivity variance (i.e., from 0.25 to 2.5) is close to the one reported by Freeze [1975]
on the basis of data collected at different field sites: G% ~ 0.2 —2.0. Many extensively investi-
gated aquifers are characterized by values of G% in the selected range. For instance, the Borden
[e.g., Sudicky, 1986] and Cape Cod [e.g., Garabedian et al., 1991] aquifers exhibit Gg-values
of 0.29 and 0.24, respectively. Studies at the Columbus field site [Rehfeldt et al., 1992] and at the
Biscayne aquifer [Genereux and Guardiario, 2001] report values of G% close to the upper limit
of the considered interval (2.7 and 2.53, respectively). Concerning the transport parameters, the
most sensitive one is transverse dispersion, which is significantly smaller than its longitudinal
counterpart. We selected local transverse dispersion parameters (e.g., transverse dispersivity for
model II) typically observed in bench-scale flow-through experiments [e.g., Olsson and Grath-
wohl, 2007; Chiogna et al., 2010] leading to up-scaled transverse dispersion values similar to the
ones observed for conservative and reactive solute transport at high-resolution monitored sites
le.g., Garabedian et al., 1991; Thierrin and Kitanidis, 1994; Fiori and Dagan, 1999; Prommer
et al., 2009]. Because our analytical results are restricted to isotropic two-dimensional hetero-
geneity, whereas the heterogeneity at the mentioned field sites was anisotropic, we had to make
a choice between typical horizontal or vertical values. We have chosen the vertical one because

transverse mixing is most important in that direction.
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We generate periodic two-dimensional log-conductivity fields by the method of Dietrich and
Newsam [1993]. The geometric and geostatistical parameters are listed in Table 2. On each
K-field, the fields of potential ¢ and stream-function y are computed by the standard Finite
Element Method using bilinear elements and applying periodic boundary conditions [Frind and
Matanga, 1985; Dykaar and Kitanidis, 1992]. Streamline-oriented grids are generated follow-
ing the approaches of Frind and Matanga [1985] and Cirpka et al. [1999a]. Steady-state solute
transport on the streamline-oriented grids is solved by the Finite Volume Method [Cirpka et al.,
1999b], using the parameters listed in Table 2.

Because the columns of the streamline-oriented grids are bounded by potential lines, and
all rows are bounded by streamlines, we can compute transverse moments of the steady-state
concentration in Y for fixed values of ¢ by simple column-wise summation.

As inflow boundary condition, we assume a concentration in the inflow of unity in the upper
half of the incoming flux, and a concentration of zero in the lower one. All other boundaries of
the streamline-oriented grids are closed for dispersive solute flux. This resembles a Heaviside
function in the transverse direction, with the discontinuity at v = 0.5Q. Here, O [L2 /T] is the
total volumetric flux through the domain per unit thickness. In the following, we denote the
concentration distribution resulting from the Heaviside-type boundary condition as cy (@, ).
Because advective-dispersive transport is linear in ¢, the concentration of the step-like injection

is related to that of a point-like injection at y=0.50Q by integration:

w k >k
cu(Q,v) =/0 cs(@,y")dy (49)
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This identity gives rise to evaluate the flux-related moments for a point-like injection ml”((p),
defined in Eq. (16), from the truncated moments for a step-like injection, here denoted Tkw((p)

[e.g., Jose and Cirpka, 2004]:

my (¢) = cu (9. Q) —cu(9,0); (50)
my (¢) = /OQ yes (9, w)dy
= [WkCH((Pv w)}f—k/OQ v ey (. w)dy

= Q%cu(9,0) —kTY (9) Vk > 0. (51)

With these identities and Egs. (17-19), we can compute w%l,(q)) for a point-like injection from
the numerical results with a transverse Heaviside injection. Finally, D;? is computed by Eq.
(25), in which the expected value is replaced by the ensemble mean. It may be worth noting
that performing the numerical simulations on streamline-oriented grids makes integrating over

v and taking derivatives with respect to ¢ even simpler than spatial integrals and derivatives.

5.2. Results

5.2.1. Mean Mixing Enhancement Factor

Figures 2-5 show plots of the equivalent transverse dispersion coefficient D;? for the vari-
ous models of local transverse dispersion listed in Table 1. These plots compare results from
the analytical approximations presented in Section 3 and the numerical simulations described in
Section 5.1. In all cases, the D;“-values are scaled by the corresponding D;-values from a homo-
geneous system with K = K, (and all transport parameters being identical to the heterogeneous
cases). This yields a dimensionless enhancement factor for transverse mass exchange due to

heterogeneity, relative to the mass exchange rates in homogeneous systems used as reference.
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These reference values are denoted D'™. In the analysis of D™, we discriminate between
pore diffusion, which is uniform, and mechanical dispersion, denoted by phom Eq. (48) shows

mech®

the definition of D%‘E}h for model II, i.e., linear Scheidegger dispersion. In the simulations of

models III and IV, the definition of Dlgfefh needs to be modified according to the respective local
transverse dispersion laws listed in Table 1.

Figure 2 shows the simulated transverse mixing enhancement factor D{¢ /D™ as a function
of dimensionless distance for the four models of local transverse dispersion listed in Table 1.
Results shown here are obtained numerically. The example shown in Figure 2 is for 63=2.0. The
plot confirms that the equivalent transverse dispersion coefficient D;? exhibits no distinct trend
with distance, regardless of the model for local transverse dispersion. This scale-independence,
predicted by Eq. (26), was confirmed for all values of G% and Péclet numbers tested (not shown
here), with G)% ranging from 0.25 to 2.5.

Figure 3 depicts the mixing enhancement factor D{? /D™ for the pure pore-diffusion model
of local transverse dispersion (model I in Table 1) as a function of G%. The markers indicate
the results from the numerical simulations, and the solid line represents the second-order ana-
lytical expression according to Eq. (39). The agreement between the first-order analytical and
numerical results is excellent. For values of G)% larger than 1.5, the numerical and analytical
results start to deviate. It is worth noting that the first-order approximation of Eq. (39) is a
better predictor than the seemingly exact expression D}/ = exp (G% / 2) D,. We attribute this to
counter-balancing simplifications leading to Eq. 14). In addition, numerical errors in approx-
imating high-frequency components of velocity fluctuations on the computational grids may

contribute to an erroneous reduction of mixing enhancement.
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The mixing enhancement factor D{? /DP™ for the linear Scheidegger model of local trans-
verse dispersion (model II in Table 1) as a function of G,% is shown in Figure 4. Again, markers
indicate numerical results. The solid line represents Eq. (45), in which D;? is approximated to
second order in oy as (1+362) D, + (1+062) D™ . Quite obviously, this relationship is not
a good predictor of equivalent transverse dispersion for values of the log-conductivity variance
GI% > % We explain this with (1) the simplification leading to Eq. (26) being more restrictive
in the case of velocity-dependent local transverse dispersion than in velocity-independent one,
and (2) the linearization of (Kq) used to arrive at Eq. (45) being invalid for 62 > % Since
the pore-diffusion approximation behaved well (as clearly shown in Figure 3), and because pore
diffusion and hydromechanic dispersion are additive in the evaluation of the local transverse dis-

persion coefficient, we fitted a fourth-order correction to the mechanical-dispersion contribution

of equivalent transverse dispersion. The resulting fitted expression is given by:

1
DY ~ ( 1+ EGYZ) D, + (1462 +0.70) Do, (52)

which is plotted as dash-dotted line in Figure 4. The factor of 0.7 appearing in Eq. (52) is
obtained by fitting and most likely depends on the transverse Péclet number.

For the nonlinear local-scale transverse dispersion models III and 1V, closed-form expressions
of the equivalent transverse dispersion coefficient D;? are more difficult to derive than for the
linear models I and II. In Figure 5, we show the numerical dependence of D;? for these two

models of local-scale dispersion on o3

. As can be seen, the relationship is even less linear
than in the case of model II. Keeping again the mixing-enhancement of the pore-diffusion part,

we have fitted the following fourth-order-in-oy relationships (shown as lines) to the numerical

results (illustrated by markers):
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I

model TII: DY ~ (1 + 50%) D, + (1+0.3207 +3.8504) D™, (53)
I

model IV: D/ ~ (1 + EG%) D, + (1+1.5907 +1.900y) Do, (54)

The coefficients in Egs. (53 & 54) are fitted, and hold only for the specific settings of the
test case. Extended higher-order analysis will be necessary to obtain general upscaling rules
for nonlinear local-scale dispersion laws. It is noteworthy that the compound-specific model IV
leads to a slightly weaker enhancement of transverse mixing by heterogeneity than model III.
This finding is consistent with a local-scale transverse dispersion model that scales less than
linearly with velocity [e.g., Olsson and Grathwohl, 2007; Chiogna et al., 2010].

5.2.2. Uncertainty of Cumulative Mixing

Figures 6-8 show the coefficient of variation CVw%,, of the squared plume width w%, in stream-
line coordinates as function of dimensionless head loss for the various models of local-scale
transverse dispersion and all values of o2 tested. As explained above, va%,, is the relative
uncertainty of the cumulative mixing the plume has undergone from the injection point to the
cross-section of observation. Because the analytical expressions of CVleI/ given in Egs. (46 &
47) scale with the standard deviation oy of log-conductivity, the results of va%,, obtained from
both analytical approximations and numerical simulations are normalized by oy. The dimen-
sionless head loss A@/J/A is equivalent to the mean travel distance expressed in multiples of
correlation lengths A.

Figure 6 shows CVw%,, as a function of distance for the pure pore-diffusion model (model I in

Table 1). The numerical results are plotted as solid line, whereas the analytical approximation,

given by Eq. (46), is shown by markers. The numerical results for the various values of o7
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tested practically collapse to a single line when CVw%,, is normalized by oy. Also, the agreement
between the numerical and analytical expressions is striking, even though Eq. (46) is based on
first-order perturbations of K.

The implication of Eq. (46), confirmed by the results shown in Figure 6, is that the uncertainty
of transverse mixing is fairly high, even in case of uniform local-scale transverse dispersion, and
it decreases only slowly with travel distance. For example, in the case of a small to moderate
log-conductivity variance of G% = 1, the relative standard deviation of our mixing measure starts
at a value of unity, and drops to a value of 20% only after passing 50 correlation lengths (which
may depend on the transverse Péclet number). In the numerical tests, we have also analyzed
the statistical distribution of w%, at any given distance and variance (results not shown here). A
log-normal distribution appears to be a good approximation, which is consistent with w%, being
a strictly non-negative quantity, and K being also log-normally distributed.

Figure 7 shows va%,, as a function of distance for the linear Scheidegger model (model II in
Table 1). As before, the numerical results are shown as lines, and the analytical approximation
of Eq. (47) is given by markers. Unlike the pure pore-diffusion case, the numerical results for
the various values of G% do not fully (but still almost) collapse to a single line when CVw%,, 1s
normalized by oy. We have indicated the results for the different levels of variability by color
coding, in which the result for the smallest value of G% is indicated by a blue line, and that of
the highest by a red line (see legend of Figure 7; scale ranges from black to white in the paper-
copy version of the article). The higher G%—Values cause somewhat higher relative uncertainty
of cumulative mixing, even after scaling with oy. The differences are most pronounced at short
travel distances of up to ~ 3 correlation lengths. In this range, the analytical expression of Eq.

(47) systematically underpredicts C VW%/ if G% exceeds a value of 0.5. These higher-order effects
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vanish at larger travel distances, and Eq. (47) becomes a good approximation of CVw%,, even for
the highest values of GI% tested.

The relative uncertainty of mixing is higher for the linear Scheidegger model (model II) than
for the pure pore diffusion model (model I). If we could neglect D, in model II altogether, Eq.
(47) would predict a value of CVw%,, of ~ 1.540y at zero distance. Also, CVw%,, for the linear
Scheidegger model II decreases slower when compared to the case of the pore-diffusion model
(compare Figure 7 with Figure 6). At a distance of 50 correlation lengths, we would still have
a value of CVW%/ ~ 0.380y. The higher uncertainty can be explained by the uncertain local
transverse dispersion coefficient, correlating with hydraulic conductivity.

Figure 8 shows CVW%/ as a function of distance for the nonlinear models III and IV of local-
scale transverse dispersion. For these models, we have not derived analytical expressions of
CVw%,, , such that the markers shown in Figures 6 & 7 are missing in Figure 8. We use the same
color coding to express the differences caused by different levels of variability. The results
of models III and IV are plotted as solid and dashed-dotted lines, respectively, but they are
practically undistinguishable. Because models III and IV are based on a higher variability
of local-scale dispersion than model II, which is again correlated to the variability of K, the
uncertainty of mixing is yet higher. Also, nonlinear effects lead to a stronger deviation of
the CVw%,, /oy lines for the different levels of variability than in the case of linear Scheidegger

dispersion with uniform transverse dispersivity.

6. Discussion and Conclusions
We have presented analytical and numerical results of transverse dispersive mixing in two-
dimensional steady-state plumes in heterogeneous formations. By reformulating the advection-

dispersion equation in streamline coordinates and taking second-central moments in this frame-
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work, we relate the degree of mixing to the number of streamtubes across which the solute flux
is distributed. We separate effects of streamline meandering as well as squeezing and stretching
of streamtubes from actual mass exchange between streamtubes. Only the latter contributes to
real mixing in the transverse direction.

We have derived a stochastic-analytical framework for effective transverse dispersion in the
streamline-coordinate framework. Our equivalent macroscopic transverse dispersion coefficient
D;? relates the ensemble-mean rate of change of second-central moments in stream-function
values with the dropping hydraulic head to the behavior in an equivalent homogeneous medium
with identical effective hydraulic conductivity. In contrast to traditional spatial moment anal-
ysis, the equivalent transverse dispersion coefficient expressing actual mixing does not change
with travel distance. Instead, it is based on one-point statistics only, as expressed in Eq. (26):
D;! = (KD;) /K, rf- This key finding is independent of the chosen model for local-scale trans-
verse dispersion. Eq. (26) would also hold for nonstationary flow fields if the effective conduc-
tivity was chosen adequately, but in such case, D{? would vary in space. Our mixing-relevant,
flux-related transverse dispersion coefficient D behaves differently from the well-known ex-
pressions of macroscopic dispersion coefficients based on traditional spatial moment analysis
[e.g., Dagan, 1989; Gelhar, 1993; Dentz et al., 2000a; Rubin, 2003]. The latter are computed by
integrating the velocity covariance function along the particle trajectory and depend on the travel
distance. By choosing a different system of coordinates in our approach, our mixing-related
transverse dispersion coefficients do not exhibit any scale dependence at all. Our numerical
studies confirm this behavior.

We have presented closed-form expressions of D{ for the cases of pure pore diffusion and

linear Scheidegger dispersion with uniform transverse dispersivities as local-scale transverse
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dispersion models. Our closed-form expressions, developed by first-order approximation, scale

linearly with o2

. The maximum enhancement factor of mean transverse mixing was about
20 and refers to model III (Scheidegger parameterization of hydromechanic dispersion with
a; o \/K) with high variance of log(K) and a geometric mean of the local transverse Péclet
number of ~ 6150. In synthetic cases in which local-scale transverse dispersion was dominated
by pore diffusion (not shown here), the enhancement due to heterogeneity was smaller.

Our results confirm the well-known result that pore diffusion remains an important contribu-
tion to transverse mixing even in heterogeneous cases, at least in the velocity range considered
here. The pore-diffusion contribution to local-scale dispersion does not vanish in the enhance-
ment due to heterogeneity. This implies that the effective macroscopic transverse dispersion
coefficient should not be replaced by ;.¢r X v, as is commonly done in classical macrodis-
persion [e.g., Gelhar and Axness, 1983]. Also, local-scale dispersion is not simply additive to
macrodispersion. Hence, we have to consider upscaling of local-scale, mixing-relevant trans-
verse dispersion including the compound-specific pore-diffusion component.

We have also presented closed-form expressions of the uncertainty of cumulative mixing for
pure pore diffusion and the linear Scheidegger model with uniform transverse dispersivity. The
comparison between numerical and analytical results showed an even better agreement than
for the mean mixing coefficient. A key finding is that the uncertainty of cumulative mixing is
high and slowly decreases with travel distance. This implies that coefficients of variation larger
than unity have to be expected in many natural situations. In summary, heterogeneity increases
slightly the mean transverse mixing, but causes substantial uncertainty. Such uncertainty can
lead also to a high probability that mixing of a plume in a heterogeneous aquifer is smaller

than in the homogeneous case. The uncertainty analysis presented in this paper goes beyond
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previous analytical results of effective mixing [e.g., Dentz et al., 2000a; Cirpka and Attinger,
2003] which was restricted to the expected value of a dispersion coefficient. We are aware
of only one study that models scale-dependent dispersion tensors as a random function (thus
addressing its uncertainty) [Barros and Rubin, 2011].

Our findings open a series of new opportunities in stochastic analysis. In the construction
of statistical distributions of concentration, we can now account for uncertainty of transverse
mixing. This has not yet been considered in previous approaches that relied on the transverse
effective dispersion coefficient [Schwede et al., 2008; Cirpka et al., 2008], on two-particle co-
variance matrices of transverse displacements [Fiorotto and Caroni, 2002; Caroni and Fiorotto,
2005], or on a generic constant dispersion tensor that parameterizes mixing [Dentz and Tar-
takovsky, 2010]. With quantifiable uncertainty of transverse mixing, we will be able, in the fu-
ture, to also predict the uncertainty of reactive plume lengths [Cirpka and Valocchi, 2007, 20009;
Cirpka et al., 2006; Liedl et al., 2005; Ham et al., 2004]. The latter, however, will also require
accounting for the uncertainty of the effective source width [de Barros and Nowak, 2010]. Both
the improvement of analytical concentration pdfs and improved pdfs for the length of reactive
plumes are currently being investigated by the authors of this study.

The analysis presented in this study is for two-dimensional flow and transport only. The
extension to three spatial dimensions is non-trivial because the concept of stream functions
is restricted only to specific cases of three-dimensional flow fields. In particular, we believe
that important effects of twisting streamlines, which lead to substantial deformation of plumes

[Jankovic et al., 2009], will require a different framework.
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Appendix A: Derivation of Analytical Expressions for the Uncertainty of Cumulative

Mixing

Al. General Procedure
Starting point of the analysis is the approximation for GV%’Z given by Eq. (29), choosing xo =0
v

without loosing generality:

0%, ~4J%9? / " / " (E(x}) &€ (x1)) dxtdxy® (A1)
w o Jo 1 1 14X1

with

& (x1) = K(x1)Ds (x1) — (K (x1) Dy (x1))

~ K’ (x1) (D) + D} (x1) (K). (A2)

which is a first-order perturbative approximation. In above expression, we have made use of
stationarity, that is (D, (x})) = (D;(x]*)) = (D;) and (K (x7)) = (K(x7*)) = (K). Now we expand

& (x1) & (x7):

& (1) & (x") = (K)* D} (x) D} (xi") + (D1) (K) D () K" (x}) +..

o+ (D) (K) D} () K' (x77) + (D) K’ (<)) K ("), (A3)

and take the expected value:

(€ (1) & (x1)) = (K)* (D} (x}) D} (x17)) + (Do) (K) (D} (xi") K (7)) + ...

D) (K) (DD K () + (D) (K G K (). (Ad)

The integral occurring in Eq. (A1) now reads as:
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[ 7 g inaian = w? [ [ 0o pl o0 asia +
K}/ / (D) (x;*)K' (x}) ) dxjdxi™ + ...

+(Dy) / / x1*) )y dxidxi*. (AS)

In the following, we will use first-order perturbations of hydraulic conductivity about the

zero-order mean:

(K) ~ Ky (A6)
K ~K,Y', (A7)
so that Eq. (AS5) becomes_
Ax  pAx
[ [T eoneainaban ~ k2 [ [T 000 bl ) aviani +
4+2(D KZ/ / (D ()Y (x)) il + ..
+ (D, 21(2/ / (Y ()Y (67%))dxjdxi*. (A8)

A2. Pure Pore Diffusion
In the pure pore diffusion case, the local-scale transverse dispersion coefficient is uniform so

that D} = 0, and (D;) = D,,. Under these conditions, substituting Eq. (A8) into Eq. (A1) yields:

o2, (Ax) ~ 4120°K2D3 / / Cry (", 2 )dxdx™. (A9)

2
v
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The double integral for the exponential isotropic covariance function can be evaluated by

making use of Cauchy’s algorithm:

/O/Of(|r—r’\)drdr’:2/0 (t—1)f(7)dr, (A10)

valid for generic f and stationary functions [see Dagan, 1989]. In the specific application

appearing in Eq. (A9), we have:

Ax  pAx
/0 /0 Cyy (x*,x"")dx"dx™ = 2/ Ax—s)Cyy (s,0)ds
—2/ Gyexp< ;)ds
o (en(-3) 1))
=20yA | Ax+ A | exp - —1 (A11)

Substituting Eq. (A11) into Eq. (A9), leads to:

Ax
cfv%y (Ax) ~ 8J20°K; D> 07 A (Ax+/l (exp (—7> — 1)) : (A12)
0,2 (Ax) A A2 Ax
_ v ~ - St
CV,z (Ax) = <w%,,(Ax)> oy\/i\/Aersz (exp< A) 1), (A13)

in which the normalization of the standard deviation 0,2 (x) is done with the zero-order approx-

imation of (w3,(Ax) ) = 2J6K,DjAx.

A3. Linear Local-Scale Dispersion
In the case of linear local-scale dispersion, D; = D), + %q, we will again use the first-order

deviation D, about the zero-order mean:
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0/
(Dy) zD,,+§fJK :

2\ o Oy
(wh) ~200K,0x (D + o

: JKy) (A14)

For the following analysis, we may express Eq. (A1) as the sum of three contributions:

02, ~40%K2J*Q
w 8

73
Q=T +2I+T3 (A15)
in which I', I'; and I'3 are defined as:
Ax  pAx , ,

I = /0 /0 (D} (x) D (x1%)) dxjdxi™; (A16)

Ax  rAx , ,
L=0) [ [ (DL)Y () i (A7)

2 Ax rAx / /
I3 = (D) /0 /O (Y ()Y () dtdct, (A18)

which we analyze in the following.

We begin with the term I'1, making use of the relationships in Eq. (A14):

Ax  pAx !/ % 1 owx N s

r1:/0 /0 (D) (x7) D, (x7)) dxidx]
(th Ax Ax / * / *x « o
:ﬁ/o /0 (qy (x1) q (x77)) dxjdx]

2 ,Ax pAX
= / Cqrq) (X1,x77) dxidxi™, (A19)

with the covariance function C, 4, (x],x7*) of the longitudinal component of specific discharge.
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Likewise, we can analyze I, with the help of Eq. A14:

I =(D;) / / (D} (x1*)Y' (x])) dxjdx}*
(Dp+ 57K / / (D, ()Y (x})) it
(D,,+ 2K, ) / / (g) ()Y () docidx?

a % * %
= (Dp—i—gjl(g gt/o /0 Cqyy (x71,x77) dxjdxy™. (A20)

Finally, I'3 resembles the expression derived for the pure pore diffusion model:

o 2 rAx pAx
s = (D,,+§JKg) / / Cyy (7,7 dxldxl™. (A21)
0 0

While the double integral of Cyy has already been solved by Eq. (Al1), we still have need
expressions for Cy,y and C,,4,. We start with the cross-covariance between specific discharge
and log-conductivity along the longitudinal direction, applying again Cauchy’s algorithm, Eq.

(A10):
/ / Cqry (x7,X77) dxydxy” 2/ )Cqyv (s5,0)ds, (A22)

with C,,y given below, valid for the isotropic exponential covariance model of Y [Butera and

Tanda, 1999]:
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11 1 2r? e 'r?
= 2 e 4o 1 il
Curtn0y=sai{ [ e (5o ) - 5] (1-33) -5

* $ok
S B
rl - 2{ s
* $ok
m:%—&.
A{ b

r= r%—l—r%. (A23)

Substituting Eq. (A23) into Eq. (A22) yields:

/ / Cqy (x7,x77) dxjdxi" 2/ )Cqyy (5,0)ds
Ax Ax Ax
=2A%JK,07 {T —E| (7> —y—1In (7> } . (A29)

in which y ~ 0.577216 is the Euler-Mascheroni constant, and E;(x) = [ exp(—t)/tdr is the
exponential integral function.

As for the integration over the velocity auto-covariance, we will make use of the solution pro-
vided in Rubin [1990] (not reproduced here: valid for the 2-D isotropic exponential covariance

function of log-conductivity):

/ / Cqm X7, x17) 2/ (Ml( ,0)ds

=3A°K;J oy (Ax), (A25)

with

) (Ax)

Ax\ exp|—Ax/A] 1
{_El (B)+ s~ wr

(5)-2E ()l o
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Finally, we can write the definition of I'1, Eq. (A19) as:

2
T~ 3&2K§J20Y2%m (Ax). (A27)

Now, for the definition of I'», Eq. (A20). we obtain:

o~ (Dp+ %J@) %21211(5,0;%2 (AY), (A28)
with:
Ax Ax Ax
(M) =20 (Z) —y—m (D). A29
0= () (4 o
And for the last term, I'3 , we have:
2
T3 ~ 26212 (D,, + %JI@) ot (Ax), (A30)
with
Ax
o3 (Ax) = exp (—7) —1+%. (A31)

Recalling the approximation of szﬂ in Eq. (A15), we arrive at the final result:
v

Ory A 407KL)% (I +20 +T3)

o
o2

0/
IKy ) oKy (M) +

=407A%0°K,J* <3K§J2 oA (Ax) +

O
0

2
) (D,, + %JKg) o (Ax)) (A32)

+4(Dp+

and the coefficient of variation C VW%V of W%V becomes:
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CV@%(AX):: ;V Rij(l) +f£JKT)><“‘
<wq, (Ax)> pT 97 e
062 (07 o oy 2
X \/ 3K 2ol (Ax) +4 (D,, + EJKg> oKt (Ax) 42 (D,, + 51@) o5 (AX)

(A33)
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Figure 1. Principle steps involved in the concept of the equivalent transverse dispersion coef-

ficient, prior to ensemble averaging.
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Table 1. Transverse dispersion models. Models I, IT and IIT are commonly used in literature

[e.g., Scheidegger, 1961; Bear, 1979] while models IV was recently proposed by Chiogna et al.

[2010].

Dispersion Model Expression Properties

L. Pure pore-diffusion D; =D, = 6D, uniform D;

II. Scheidegger parameterization D; =D, + a,% uniform o

III. K-dependent dispersivity D; =D, + OC,% o o< d o< /K

IV. Chiogna parameterization ~ D; = D, + 4 4 with Pe = 4. d oK
' P J/Pet+ 1236 6D,

Dy,: molecular diffusion coefficient; D,: pore diffusion coefficient; o;: transverse dispersivity;

d: grain diameter; Pe: grain Péclet number; ¢: longitudinal specific discharge; 0: porosity
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Table 2. Parameters of the numerical simulations.

Geometric Parameters

length of unit cell Ly =50m width of unit cell L, =6.25m

longitudinal grid spacing Ax; = 0.025m transverse grid spacing Axp; =0.025m

Geostatistical Parameters of Y'=In(K) Field

covariance model isotropic exponential correlation length A =0.25m

geometric mean K,=1x10"3m/s  variance of log conductivity o7 € [0.25,0.5,...,2.5]

Hydraulic Parameters

mean hydraulic gradient J =0.01 porosity 0 =03
aqueous diffusion coef. D, = 1 x 10~°m? /s longitudinal dispersivity oy =1x10"3m

transverse dispersivity” o =1 x 10™*m

Parameters of the Streamline-Oriented Grid

number of stream tubes 250 number of cells per tube 2000

“only in model IT
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Figure 2. Transverse mixing enhancement factor D;? / D?Om as a function of dimensionless dis-
tance for log-conductivity variance 62 = 2.0; comparison of the four models of local transverse

dispersion listed in Table 1.
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Figure 3. Mean transverse mixing enhancement factor Dj?/D°™ for the pure pore diffusion
model (model I in Table 1) as function of log-conductivity variance G)%. Crosses: numerical

results; solid line: prediction by Eq. (39).
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Figure 4. Mean transverse mixing enhancement factor D{? /D™ for the linear dispersion
model with constant transverse dispersivity (model II in Table 1) as function of log-conductivity
variance 0')%. Crosses: numerical results; solid line: prediction by Eq. (45); dash-dotted line: fit

by Eq. (52).
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Figure 5. Mean transverse mixing enhancement factor D} /D™ for the nonlinear dispersion
models (model IIT and IV in Table 1) as function of log-conductivity variance G)%. Markers:
numerical results; solid line: fit to data of model IIl by Eq. (53); dashed line: fit to data of

model IV by Eq. (54).
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Figure 6. Coefficient of variation CVw%, of the effective squared width w%,, as a function of

dimensionless distance for the pure pore-diffusion model of local transverse dispersion (model
I'in Table 1). Markers: analytical result according to Eq. (46) ; solid lines: numerical results for

all values of o7 tested.
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Figure 7. Coefficient of variation CVw%,, of the effective squared width w%,, as a function of

dimensionless distance for the linear Scheidegger model of local transverse dispersion (model
IT in Table 1). Markers: analytical result according to Eq. (47) ; solid lines: numerical results

for all values of 67 tested.

DRAFT April 4, 2011, 9:10am DRAFT



X -60 CIRPKA ET AL.: STOCHASTIC ANALYSIS OF TRANSVERSE MIXING

2

v asa function of

Figure 8. Coefficient of variation CVley of the effective squared width w
dimensionless distance for the nonlinear models of local transverse dispersion (models III and

IV in Table 1).
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