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Abstract.3

Incorporating hydro(geo)logical data, such as head and tracer data, into4

stochastic models of (subsurface) flow and transport helps to reduce predic-5

tion uncertainty. Due to financial limitations for investigation campaigns, in-6

formation needs towards modeling or prediction goals should be satisfied ef-7

ficiently and rationally. Optimal design techniques find the best one among8

a set of investigation strategies. They optimize the expected impact of data9

on prediction confidence or related objectives prior to data collection. We10

introduce a new optimal design method, called CLUE (Cross-bred Likelihood11

Uncertainty Estimator). CLUE derives the essential probability distributions12

and measures of data utility within a fully Bayesian, generalized, flexible and13

accurate framework. It extends Bootstrap Filters and related frameworks (e.g.,14

the formal version of the Generalized Likelihood Uncertainty Estimator) to15

optimal design by marginalizing utility measures over the yet unknown data16

values. CLUE is a strictly formal information processing scheme free of lin-17

earizations. It works with arbitrary simulation tools, provides full flexibil-18

ity concerning measurement types (linear, non-linear, direct, indirect), al-19

lows for any desired task-driven formulations and can account for arbitrary20

sources of uncertainty (e.g. heterogeneity, geostatistical assumptions, bound-21

ary conditions, model concepts) via Bayesian geostatistics and model aver-22

aging. Existing methods fail to simultaneously provide these crucial advan-23

tages. We demonstrate the applicability and advantages of CLUE over con-24

ventional linearized methods in a synthetic example of subsurface transport.25
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On the example, we show that informative data is often invisible for linearized26

methods that confuse zero correlation with statistical independence. Hence,27

CLUE will often lead to substantially better sampling designs.28
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1. Introduction

Satisfying the requirements for a sustainable and safe water supply in an economic con-29

text has led to increased challenges in monitoring and site characterization. Like many30

other fields in engineering, hydro(geo)logical modeling applications suffer from high predic-31

tion uncertainty. This limits the reliability of deterministic flow and transport predictions,32

and has lead to the widespread use of stochastic techniques. Collecting hydro(geo)logical33

data, such as water levels, flow velocity, head and tracer data, provides additional infor-34

mation. Incorporating these into stochastic models helps to reduce parameter, model and35

prediction uncertainty. Yet, sampling and investigation campaigns are restricted by lim-36

ited budgets, or by physical constraints, and therefore should be addressed in a rational37

and optimal way.38

This leads to the optimal design (OD) problem of finding the best sampling design or39

investigation strategy for the given problem at hand, i.e., the one that maximizes some sort40

of utility. The impact or utility of a design is defined as its individual capability to reduce41

uncertainty associated with a prediction goal, or to maximize some related measure of data42

utility [e.g., Federov and Hackl , 1997; Uciński , 2005; Müller , 2007]. The most important43

key ingredients to OD are adequate statistical or stochastic methodologies that properly44

transfer the uncertainty in model structure and parameters to model predictions, whilst45

taking into account the impact of measured and yet unmeasured (planned) data. For46

stochastic problems in hydrology and heterogeneous subsurface environments, literature47

provides a range of methods that will be quickly reviewed below, and their adequacy for48

OD will be discussed.49
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Addressing the optimal design problem within a linear error propagation framework50

triggers the use of first-order second-moment (FOSM) methods. Successful applications51

with regard to optimal design are reported by, e.g., Kunstmann et al. [2002] and Cirpka52

et al. [2004]. The key advantage of FOSM is the straightforward and computationally53

efficient first-order propagation of mean and variance from parameters and data to pre-54

dictions via sensitivity matrices [e.g., Kitanidis , 1995]. As a matter of principle, FOSM is55

limited to linear and weakly non-linear problems [e.g., Schweppe, 1973]. Within geostatis-56

tical applications, the size of the involved auto-covariance matrix of parameters can pose57

difficulties for large-grid models unless using spectral methods [e.g., Nowak et al., 2003;58

Fritz et al., 2009]. For various sources of uncertainty, the most efficient way to obtain59

the sensitivity matrices is by employing adjoint states [e.g., Sykes et al., 1985; Sun, 1994;60

Cirpka and Kitanidis , 2001]. This requires intrusion into simulation codes and is often61

impossible for commercial software tools.62

A strictly non-intrusive and straightforward method which avoids the handling of vast63

auto-covariance matrices is the Ensemble Kalman Filter (EnKF) [e.g., Evensen, 2007].64

The EnKF has recently been extended towards geostatistical inversion and parameter65

estimation [e.g., Zhang et al., 2005; Nowak , 2009; Schöninger et al., 2011]. Successful66

applications in OD can be found in, e.g., Herrera and Pinder [2005]; Zhang et al. [2005].67

The main restriction of the EnKF is that it is optimal only for multi-Gaussian dependence68

among all involved variables [e.g., Evensen, 2007], which is equivalent to an implicit linear69

assumption [e.g., Nowak , 2009; Schöninger et al., 2011].70

For many cases, linear approaches in OD pose a severe restriction. Only for truly71

linear OD problems, best linear unbiased estimators (BLUE) such as Kriging and other72

D R A F T April 21, 2011, 2:55pm D R A F T



X - 6 LEUBE ET AL.: ASSESSING THE EXPECTED DATA IMPACT ON PREDICTION CONFIDENCE

linear statistical inference methods can be applied [e.g., Müller , 2007] whose estimation73

variance is independent of actual measurement values [e.g. Deutsch and Journel , 1997].74

By contrast, for non-linear problems, the estimation variance and more sophisticated75

measures of data utility depend on the actual values of measurements, which are still76

unknown prior to collection, i.e., during the OD procedure. Non-linear systems require77

to consider the entire range of possible measurement values, such that one can obtain the78

expected data impact on average over all the yet unknown future measurement values.79

Hence, for non-linear problems, the conditional statistics have to be averaged over all80

possible measurement values [e.g., Freeze et al., 1992; Diggle and Ribeiro, 2007]. The81

problem gains further complexity when considering model structural uncertainty, which82

leads to Bayesian model averaging [e.g. Hoeting et al., 1999].83

As a matter of principle, any sufficiently accurate conditioning method or Bayesian84

updating scheme can be employed in optimal design. This opens the path to all Monte-85

Carlo (MC) based methods. Most of the available MC-based techniques, i.e., the Pilot86

Point method (PP) [e.g. RamaRao et al., 1995] or Sequential Self Calibration (SSC) [e.g.,87

Gómez-Hernández et al., 1997], iteratively correct individual model realizations until they88

meet the data. However, they would need to solve an optimization problem for many89

realizations, just in order to account for a single possible set of measurement values from90

one single suggested sampling pattern. This leads to an infeasible computational load,91

because non-linear OD forces to repeat the analysis for many (100...10,000) possible sets92

of measurement values even per individual sampling pattern. This computational effort93

would again multiply with the number of different competing sampling patterns (typically94

100...100,000).95
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Another representative class of MC-based conditioning methods is the bootstrap filter96

(BF) by Gordon et al. [1993]. Its most well-known relative in hydrology is the General-97

ized Likelihood Uncertainty Estimator (GLUE) by Beven and Binley [1992]. The basic98

idea is to weight realizations according to their goodness of fit with given measurement99

values. GLUE does not invest any effort to correct individual realizations for meeting a100

given data set. Therefore, repetition for (1) many possible sets of data values per given101

design and (2) many possible designs to be compared would be relatively cheap. How-102

ever, GLUE triggered long-lasting discussions which are concerned with assumptions on103

structures of model conceptual error or, equivalently, whether a strictly Bayesian form of104

the likelihood may or may not be replaced with a less formal (”generalized”) likelihood.105

Informal weighting is said to cause incoherent results [e.g., Mantovan and Todini , 2006]106

whereas the strictly formal GLUE, e.g., applied by Feyen [2003] or Christensen [2004],107

uses a weighting function based on strictly Bayesian principles. This version is typically108

associated with the independent Gaussian assumption of measurement and model errors,109

and is the variant of GLUE that is fully equivalent to bootstrap filters. We will found110

our optimal design method on the bootstrap filter, i.e., on the stricly formal (Bayesian)111

version of the GLUE.112

Generally, all MC methods benefit from the fact, that statistical features of arbitrarily113

high order are entirely preserved towards the prediction, if only the ensemble is large114

enough. This is of particular interest when dealing with non-linear model predictions,115

high-variability cases, or non-linear task-driven optimal design formulations. Up to date,116

no such OD framework has been published, other than by James and Gorelick [1994]. In117

our work, we will follow this principle, provide a method for improved convergence and118
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a measure to assess its accuracy, and demonstrate its advantages over linearized methods119

in a synthetic example.120

Section 2 provides our concept and approach. Section 3 introduces the notation for a121

fully Bayesian OD framework, and Section 4 presents our OD method, called the Cross-122

bred Likelihood Uncertainty Estimator (CLUE). Section 5 applies the method to an illus-123

trative example taken form subsurface contaminant transport to be discussed in Section 6.124

125

2. Approach and Contributions

In this work, we propose an extension of the GLUE method [Beven and Binley , 1992]126

towards optimal design, i.e., to the optimal planning of data acquisition, aimed at im-127

proved model confidence after conditioning a model on the data. From the wide range128

of existing implementations of GLUE we prefer the formal Bayesian version, as used by129

Christensen [2004], Feyen [2003] and others. We account for the fact that data values are130

unknown at the planning stage of Optimal Design (OD) by averaging over an ensemble of131

possible measured data values for each suggested sampling design. This leads to a nested132

Monte Carlo procedure for both potential measurement values and the GLUE approach.133

Because we use one single ensemble for both Monte-Carlo steps, the resulting framework134

is called CLUE (Cross-bred Likelihood Uncertainty Estimator). The ensemble of possible135

data sets and, likewise, the likelihood function may reflect both measurement and model136

errors. Under the assumption that both error types are multivariate Gaussian (typically137

uncorrelated), we analytically marginalize over possible measurement and model errors.138

This acts like a Kernel smoothing technique [e.g., Wand and Jones , 1995] without touch-139
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ing the definition of the likelihood and yields a substantial gain in accuracy for the optimal140

design problem.141

Due to the underlying strictly numerical MC framework, our method does not suffer142

from linearity assumptions, and can handle all types of data in a similar fashion to Zhang143

et al. [2005] and Murakami et al. [2010]. Also, it is not limited to multi-normality assump-144

tions of the parameters, which are subject to increasing criticism [e.g., Fogg et al., 1998;145

Gómez-Hernández and Wen, 1998; Bárdossy and Li , 2008]. It opens the path to con-146

sider almost arbitrary sources of uncertainty. This helps to minimize the strength or even147

necessity of possibly subjective prior assumptions, which would be hard to defend prior148

to data collection [e.g., Chaloner and Verdinelli , 1995; Diggle and Ribeiro, 2007; Nowak149

et al., 2010]. The discussion of uncertain model choice and Bayesian model averaging150

[e.g., Hoeting et al., 1999] is postponed to Section 4.6.151

Many OD approaches invoke the framework of data worth, expressing the benefit of152

having reduced uncertainty in monetary terms [e.g., James and Gorelick , 1994; Feyen and153

Gorelick , 2005]. Liu et al. [2011] evolve a framework to assess the value of information in154

DNAPL remediation via a bootstrap filter, also expressed in monetary terms. Within the155

current study, data impact is treated in a more general and not necessarily monetary way.156

In our illustrative test cases, we define data utility via statistical and information-theoretic157

measures. Possible statistical measures for the data impact include, e.g., reduction of158

parameter or prediction variance, relative entropy [Cover and Thomas , 2006, p. 19], or the159

possible significance level of hypothesis testing [Nowak , 2008]. Although monetarization160

is not the primary interest of this study, our framework could easily account for monetary161

considerations similar to Liu et al. [2011].162
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3. Design Problem and Bayesian Analysis

A design is a set of decision variables d that specify, e.g., the number, locations, types163

and experimental conditions of measurements which shall be acquired in the vector of164

measurement values y(d). If s is a vector of uncertain model parameters, the objective165

of optimal design is to minimize, in some sense, the uncertainty in the posterior distri-166

bution p(s|y(d)) before even knowing the actual values in y. To this end, a task-specific167

uncertainty measure or utility function φ {d} that works on p(s|y(d)) will be set up and168

minimized. Extensive lists of utility measures are discussed, e.g., in Federov and Hackl169

[1997]; Chaloner and Verdinelli [1995]; Müller [2007]; Nowak [2010].170

Let s ∼ p(s|θ) be a ns × 1 vector of ns parameter values (e.g., spatially variable pa-171

rameters drawn from a discretized random space function or more general catchment172

properties) with structural parameter θ (e.g., geostatistical parameters that define the173

distribution of p(s), see Section 4.6). The ny × 1 vector of measurement values y(d)174

is related to the parameters s through a model function y(d) = fy(s, ξ,k) + εy, where175

εy ∼ N (0,Rε) accounts for (typically white-noise) measurement error and sometimes176

also model structural error (assuming model error to be independent and Gaussian is177

common use in many fields of science and engineering, including data assimilation [e.g.,178

Evensen, 2007]), ξ is a set of meta parameters for the model function (e.g., less obvious179

model parameters for boundary condition values), and k is a (set of) parameter(s) which180

accounts for conceptual discrete model choice (e.g., type of rainfall-runoff model, type of181

boundary condition, or location of a leaky window in an aquifer). Rε is a ny × ny (typ-182

ically diagonal) error covariance matrix. Possible types of measurements include direct183

observations of s (e.g., hydraulic conductivity values from grain size analysis) or indirect184
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dependent quantities (e.g., drawdown data from well tests, tracer concentrations or river185

stages).186

In case the different model structures indicated by k require different numbers of pa-187

rameters, the length ns of s will simply depend on k. In case εy also includes model error,188

its distribution and, in specific, its covariance matrix R will also depend on k. In order189

to keep notation short, however, we do not reflect these dependencies in our notation.190

Then, for given parameters s, the residuals between simulated values fy(s, ξ,k) and191

measurements y are assumed to be only due to the measurement and structural error εy.192

Assuming Gaussianity for εy (similar to Feyen [2003], or Christensen [2004]) yields the193

likelihood function L(y(d)|s, ξ,k,θ) ∼ N (fy(s, ξ,k),Rε). The conditional distribution of194

s given y(d) and all meta parameters ξ,k,θ is determined by Bayes theorem:195

p (s|ξ,k,θ,y(d)) ∝ L(y(d)|s, ξ,k,θ) p(s|ξ,θ). (1)

Of course, assuming known meta parameters ξ,k,θ cannot be justified prior to extensive196

data collection (see Section 4.6). The marginal distribution of s given only y(d), called a197

Bayesian distribution [Kitanidis , 1986], is:198

p̃(s|y(d)) ∝
∫

ξ,k,θ

p(s|ξ,k,θ,y(d)) p(ξ,k,θ|y(d)) d (ξ,k,θ) , (2)

where the tilde denotes the Bayesian probability. Note that the entire distribution199

p(s, ξ,k,θ) has been jointly conditioned on y(d).200

The final purpose is to predict a dependent nz × 1 vector z (e.g., a contaminant con-201

centration c) related to s, ξ and k via a physical model z = fz(s, ξ,k) (e.g., the transport202
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equation). In a hydrological context, zmight be a water level connected with a free-surface203

flow model. The conditional prediction p̃(z|y(d)) then becomes204

p̃(z|y(d)) ∝
∫

s,ξ,k,θ

p(z|s, ξ,k) p(s|ξ,k,θ,y(d)) p(ξ,k,θ|y(d)) d (s, ξ,k,θ) , (3)

where p(z|s, ξ,k) is the raw distribution that reflects z = fz(s, ξ,k). Depending on205

the task-specific context, the utility function φ {d} may directly measure the benefit of206

reduced uncertainty in p̃(s|y(d)), or include a prescribed prediction goal by working on207

p̃(z|y(d)) in a more complex manner. Without loss of generality, we will pursue the latter208

option. Finally, we average the data utility function φ {p(z|y(d))} over the ensemble of209

possible, yet unknown, measurement values via p̃(y(d)):210

φ {d} ∝
∫

y(d)

φ {p̃(z|y(d))} p̃(y(d)) dy(d), (4)

where211

p̃(y(d)) =

∫

s,ξ,k,θ

L(y(d)|s, ξ,k,θ) p(s, ξ,k,θ) d (s, ξ,k,θ) . (5)

The optimal design dopt will depend on both available types and possible locations of212

the measurements and, of course, on the prediction goal and the task-specific formulation213

of the objective function. It will also depend on the level, character and composition of214

uncertainties, and on the (suite of) model(s) used.215

Therefore, the selection of model choices k and structural parameters θ should be as216

possible in general as the situation prior to the investigation. The optimal design will217

address the entire suite of uncertainties according to their relevance towards the stated218
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prediction goal. For example, the optimal design will be informative with respect to219

model choice only, if reducing conceptual model uncertainty can significantly contribute220

to minimizing the chosen objective function φ {d}. More details on this topic are provided221

in Section 4.6.222

4. Methodology

In the following, we assume that a (suite of) model(s) that reflects a given system under223

investigation is already set up, their parameters already conditioned on all existing data,224

and model weights already adjusted. Adequate methods for this task are abundant in225

the literature (some of them listed in Section 1), and shall not be enumerated here. The226

following Sections 4.1 and 4.2 are concerned solely with the search for optimal new data227

acquisition strategies. In Section 4.1, we first look at how to evaluate the impact of new228

data if the possible (future) data for a given design were already known hypothetically.229

For the reasons discussed in the introduction, we do this using bootstrap filtering (also230

known as formal GLUE in hydrology). Section 4.2 provides the necessary theoretical231

and numerical extensions of bootstrap filtering that are required to assess the impact of232

future data, averaged over all possible and yet unknown data values for a given design.233

Section 4.3 discusses optimization of the design. Section 4.3 through 4.6 discuss the234

convergence, computational costs and Bayesian model averaging.235

4.1. Bootstrap Filtering or Formal Bayesian GLUE

To simplify notation, we combine all individual parameter vectors s, ξ,θ,k in the aug-236

mented vector S (see also Section 4.6). After this notational abbreviation, for the re-237

mainder of this study, all model averaging, uncertain boundary conditions, etc., become238
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implicit. For m realizations of S independently drawn from p(S) and a (hypothetically239

given) data set y0, Bootstrap Filters (BF) and the formal Bayesian GLUE would evalu-240

ate an m × 1 weight vector w according to Equation (2) with wi = p(Si|y0). Weighted241

averaging of m prediction realizations zi = f(Si), i = 1...m, would yield the posterior242

expectation243

Ez|y [z] ≈
1

v1

m
∑

i=1

Zi wi, (6)

and the weighted variance244

Vz|y [z] ≈
v1

v21 − v2





m
∑

i=1

Z2
i wi −

(

m
∑

i=1

Zi wi

)2


 , (7)

with v1 =
∑m

i=1 wi and v2 =
∑m

i=1 w
2
i . Ea[b] is the expected value of b over the distribu-245

tion of a and Va[b] = Ea[b
2]− Ea[b]

2 the respective variance. Here, we approximate both246

quantities in the weighted sample sense and, therefore, employ v1 and v2 [Weiss , 2006,247

p. 355]. The corresponding correction factor in Equation (7) resembles the well-known248

factor 1
m−1

for the non-weighted sample variance. This form is an unbiased estimator of249

the population variance even for small effective sample sizes.250

4.2. CLUE

Now, we move from conditioning on a hypothetically given vector of measurement values251

y0 to the planning phase where the actual vector of measurement values is yet unknown,252

but only the design d may be fixed. This situation reflects the evaluation of a single253

design candidate d during the planning phase of optimal design, called the pre-posterior254

stage [e.g., James and Gorelick , 1994]. We evaluate the weight vector w (Equation (2))255
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for n possible outcomes of the measurement vector y(d), drawn from p̃(y|d). This is256

implemented by calculating the weight vector w for n realizations of y(d), yielding an257

m × n weight matrix W. For detailed derivations and analytical marginalization over258

the unknown measurement error ε, we refer to Appendices A and B. Extension to model259

structure error is discussed in Appendix C. Now, weighted averaging over m predictions260

and n possible vectors of measurement values yields the expected conditional prediction261

variance262

Ey(d)

{

Vz|y(d) [z]
}

≈ 1

n

n
∑

j=1

v1,j
v21,j − v2,j







m
∑

i=1

z2i · wij −
(

m
∑

i=1

zi · wij

)2






, (8)

In a similar fashion, other utility functions that act on p(s|y(d)) or p(z|y(d)) can be263

evaluated numerically. As the alert reader may have noticed, Equation (8) might consume264

large CPU resources. Hence, we suggest to keep n much smaller then m, since an accurate265

expectation over y(d) requires less realizations than the conditional variance of z (also266

see Section 4.4).267

4.3. Optimization Scheme

In order to find the best among a set of allowable designs d, a utility function like268

Equation (8) has to be maximized:269

dopt = argmin
d∈D

[φ{d}], (9)

where D is the space of admissible designs. The space of admissible designs may be270

approximated as a grid of allowable locations at a certain series of time steps, restricted271

in space by physical and practical constraints, and restricted in total by allowable costs.272
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The allowable space is, in most cases, extremely large, and it is often impossible to sys-273

tematically evaluate all possible combinations.274

Still, the above optimization can be managed by a broad spectrum of optimization275

schemes that do not scan the entire design space. Available options include Sequential276

Exchange (SE) or Greedy Search (GS) [Christakos , 1992, p. 411], or heuristic methods277

like Genetic Algorithms (GA) [e.g. Goldberg , 1989; Reed et al., 2000]. Because OD is a278

non-linear case of extremely high-dimensional optimization, none of these can guarantee to279

find the global optimum. Heuristic methods introduce additional parameters that control280

the algorithm and the quality of the results, while SE is an algorithm that at least leads281

to Pareto optimal designs. Although we will use SE in our later example, our method282

does not require or prefer any specific choice for the optimization algorithm.283

4.4. Convergence

In order to obtain robust Monte-Carlo statistics, a sufficient amount of realizations is284

needed. Monte Carlo converges according to N−1/2, where N is the sample size [e.g.,285

Caflisch, 1998]. That is why averaging an objective function such as Equation (8) over286

possible data values y(d) is relatively unproblematic. Diggle and Lophaven [2006] and287

Neuman et al. [2011], for example, suggest and use n = 100 or n = 200 sets of randomly288

drawn data sets for averaging conditional variances for a given design.289

This is drastically different for computing the conditional variance of z itself, for an290

individual possible set of data values. The formal Bayesian GLUE framework (or more291

general Particle Filters or Bootstrap Filters) assigns likelihoods to the individual realiza-292

tions in order to reflect conditioning. If one of the likelihoods is much larger than all the293

other likelihood values, the posterior statistics are approximated by only a single point of294
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probability mass. This will impact negatively on the accuracy of all posterior statistics and295

occurs mostly when conditioning on large data sets with small measurement errors. These296

limitations, also called as the ”curse of dimensionality” or ”filter degeneracy”, have been297

the scope of many studies in the past [e.g. Liu, 2008; Snyder et al., 2008; Van Leeuwen,298

2009]. One common way to avoid filter degeneracy is resampling, where realizations with299

low weights are discarded and additional realizations are generated in order to stabilize300

the posterior estimation. The filter degeneracy can be measured by the Effective Sample301

Size (ESS) [Liu, 2008] which, expressed in common sense, counts the number of weights302

that still contribute substantially to the posterior estimation:303

ESS =

(

m
∑

i=1

(wi)
2

)−1

. (10)

Obviously, CLUE inherits the curse of dimensionality. Resampling strategies do not304

make sense in the context of CLUE, because resampling from all possible posterior dis-305

tributions would come down to the same as enlarging the entire ensemble right from306

the start. However, the problem of filter degeneracy is mitigated to a substantial ex-307

tent because we analytically marginalize the likelihood function over measurement and308

model-structural errors of predicted potential data values. This widens the likelihood (see309

Appendix B), acts like a kernel smoothing technique [e.g., Wand and Jones , 1995], and310

so averages out statistical noise in conditional variances. It is important to understand311

that this marginalization is not an assumption or approximation that would artificially312

weaken the data or compromise the Bayesian framework. It is merely an analytical step313

within an otherwise numerical framework. The kernel smoothing properties of this step314
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are a crucial aspect of CLUE, because informative and low-error data sets are exactly315

what one desires to have, and to optimize in applications.316

In order to quantify filter degeneracy of CLUE, we average the Effective Sample Size317

over all possible data values to obtain the Averaged Effective Sample Size (AESS):318

AESS =
1

n

n
∑

j=1

(

m
∑

i=1

(wij)
2

)−1

, (11)

and record it during the optimization procedure. Too low values will indicate that the319

current analysis requires a larger ensemble.320

4.5. The Impact of Complexity on Computational Costs

The more freedom in model and parameter choice is admitted, the more complex the321

model may become. As a general property of MC, this does not affect the convergence rate,322

unless the involved statistical distributions of model predictions become more complex,323

e.g., exhibiting heavy tails. Therefore, the convergence properties of bootstrap filters and324

related methods may depend on the variance and higher moments of simulated data, but325

do not generally depend on model complexity. However, when looking at more complex326

problems, e.g., 3d instead of 2d, two additional problems may arise.327

First, the curse of dimensionality for filters may react differently, because the multivari-328

ate structure of possible data may become more complex. For example, when sampling329

only hydraulic conductivity or hydraulic heads in 3d versus 2d, their spatial variations330

remain, in principle, the same. In such cases, the number of required realizations for MC,331

GLUE or CLUE does not increase. For concentration measurements, however, the mul-332

tivariate structure in 3d is much more complex than in 2d, because a transported solute333
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plume has more spatial degrees of freedom in 3d. In such cases, the required number334

of realizations may increase at a higher rate, as the number of considered measurements335

increase. To guarantee proper preposterior statistics, the AESS has to be monitored336

carefully.337

Second, the design space increases when switching to 3d or when optimizing the sched-338

ule of an experimental design for dynamic systems rather than static patterns. With339

more potential measurement locations, the burden of high-dimensional optimization in340

Equation (9) increases. This is, however, not an artifact of our proposed CLUE method,341

but rather a general problem shared by all OD methods. This problem will require more342

future research on adequate optimization algorithms.343

4.6. Implicit Bayesian Model Averaging and other Uncertainties

The lack of information is ubiquitous in environmental simulation problems, especially344

prior to a planned investigation effort. Given our quite general inability to fully validate345

the underlying processes occurring in geosciences [Oreskes et al., 1994], the selection of346

a single geostatistical, structural or conceptual model is often unjustifiable. Instead, a347

selection or an entire spectrum of models may compete. Any corresponding assumptions348

to restrict oneself to a unique model selection would be hard to defend prior to deeper349

investigation and data acquisition. To reduce the subjectivity of such prior assumptions,350

one may admit different model alternatives and weight them according to their a-priori351

credibility. The modeling task is performed with all model alternatives, and posterior352

credibilities are assigned after comparison with available data. This procedure is called353

Bayesian model averaging (BMA) [e.g., Hoeting et al., 1999; Neuman, 2003].354
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A recent advancement of BMA shifts the problem of discrete model choice to a continu-355

ous parameter problem, introducing a continuous spectrum of model alternatives [Nowak356

et al., 2010]. These authors parameterized the choice among different covariance models357

via a shape parameter that allows to embrace the desired different models as special cases.358

They referred to this as continuous BMA. Continuous BMA should be seen as an elegant359

alternative to BMA, if applicable, but not as a limitation to general BMA.360

Following the above rationales, our method can account for almost arbitrary additional361

sources of uncertainty. We distinguish between uncertainties of structural parameters362

θ related to potentially involved geostatistical models, uncertainties of boundary/initial363

condition parameters ξ associated with each physical/conceptual model (in geostatistical364

inversion this has been first been suggested by Kitanidis [1995], while hydrology, oceanog-365

raphy and the atmosphere sciences are much more used to consider them as uncertain [e.g.366

Evensen, 2007]), and uncertain conceptual model selections within k. All uncertainties367

and choices can be handled either continuously or discretely.368

Note that, in our formulation, averaging over the unknown meta-parameters θ, bound-369

ary/initial conditions ξ and model choice indicators k is done implicitly by averaging over370

the augmented parameter vector S. We refer to this as implicit Bayesian model averaging.371

5. Application

To demonstrate the properties, advantages and relevance of our method, we design a372

synthetic application which involves a groundwater contamination scenario. We choose an373

example from subsurface contaminant transport, since this allows to illustrate aspects of374

model choice and uncertain boundary conditions, and because subsurface transport reveals375

strongly non-linear and well-researched dependencies between predictions and parameters.376
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5.1. Scenario Definition and Configuration

The synthetic scenario assumes a drinking water well or a similar sensitive location377

threatened by a recent but continuous contaminant source located upstream. The goal378

is to find the sampling pattern which optimally reduces the uncertainty of predicting379

the long-term (steady state) contaminant concentration to be expected at the sensitive380

location.381

For simplicity, but not as a limitation of our methodology, the test case considers steady-382

state groundwater flow in a 2d depth-averaged heterogeneous aquifer without sources or383

sinks:384

∇ · [T (x)∇h] = 0, (12)

where T [L2/t] is the locally isotropic transmissivity and h[L] is the hydraulic head. All

flow boundaries are specified as Dirichlet boundaries with ĥ(x). Contaminant transport

from a continuous source at late time (steady-state) is modeled according to

v · ∇c−∇ · (Dd∇c) = 0. (13)

with concentration c [M/L3], velocity v [L/t] = q/ne, Darcy specific flux q, porosity385

ne and pore-scale-dispersion tensor Dd [L2/t] according to Scheidegger [1954]. Transport386

boundary conditions are specified as Dirichlet boundaries with ĉ(x) = 0 at all outer387

boundaries and ĉ(x) = c0 at the source. For simplicity, we normalize the problem to388

c0 = 1. All known flow- and transport parameters and their values are summarized in389

Table 1. An overview of the domain geometry including the source and the sensitive390

location is provided in Figure 1. The source location (xS, yS) = (80m, 80m) and its width391

ls = 20m are assumed to be known. The sensitive location is at (xW , yW ) = (180m, 86m).392
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Within the geostatistical concept provided below, this is about seven expected-integral393

scales downstream of the contaminant source and about half an integral scale offset from394

the center line of the expected plume path.395

In our example, we consider the transmissivity field uncertain, following a geostatistical396

approach. As an example for model choice, the geostatistical model will be kept uncertain.397

We define T (x) as a discretized random space function represented by cell-wise values398

within the parameter vector s. Following classical geostatistical ideas, we use E[s] = Xβ399

with deterministic trend functions X and trend coefficients β1, β2, and assume that s′ =400

s−E[s] is second-order stationary with a covariance function C(h) that only depends on401

the separation vector h.402

Bayesian geostatistics [Kitanidis , 1986] open the path to a more general consideration403

of uncertainty. Let θ = (σ2, λi, κ, β1, β2) contain uncertain structural parameters of the404

geostatistical model, where σ2 accounts for the field variance, λi are the correlation length405

scales in spatial directions xi, and β1, β2 are the trend coefficients. Several recent studies,406

including Feyen [2003], Nowak et al. [2010] and Murakami et al. [2010], suggest to use the407

Matérn covariance function [Matérn, 1986]:408

C(l) =
σY

2κ−1Γ(κ)
(2
√
κl)κBκ(2

√
κl)

l =

√

(

∆x1

λ1

)2

+

(

∆x2

λ2

)2

, (14)

with Gamma function Γ(·). Bκ(·) is the modified Bessel function of the third kind409

[Abramowitz and Stegun, 1972]. The additional shape parameter κ controls the shape of410

the covariance function, e.g.: κ = 0.5 is the exponential and κ = ∞ the Gaussian model.411
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The benefits of the Matérn family have been discussed extensively by, e.g., Handcock and412

Stein [1993] and Diggle and Ribeiro [2002]. The relevance of the Matérn family within413

Bayesian geostatistics has recently been pointed out by Nowak et al. [2010]. This is an414

example of continuous Bayesian model averaging, where model structural uncertainty can415

be mapped onto parametric uncertainty (see Section 4.6). Our intention for this choice416

is to illustrate the application of continuous BMA within GLUE and CLUE. It is impor-417

tant to stress that, nevertheless, CLUE can also easily handle uncertain discrete choice418

between structurally different model alternatives without any further computational or419

conceptional overhead (again see Section 4.6).420

We also assume uncertain trend parameters β1, β2. They simply superimpose onto the421

above description because they add linear components to the statistics of s and can be422

treated via generalized covariances [e.g., Nowak , 2010]. The values for the Dirichlet flow423

boundary condition are determined by two uncertain angles γ and ν which define the424

regional head gradient via its slope γ and orientation ν relative to the northern/southern425

boundaries. All uncertain geostatistical parameter θ and boundary parameters ξ are426

drawn from their respective distributions (see Table 2).427

Concentrations c are considered to be not available as measurement data, because the428

spill just happened and the plume has not evolved yet. Instead, head and transmissivity429

data shall be optimally collected in order to minimize prediction uncertainty in the sense430

of Equation (8). We define transmissivity T and hydraulic head h to be measurable at the431

point scale, e.g., by disturbed core-samples and small monitoring wells. For instructive432

reasons, we decide not to sample transmissivity T at the same locations as hydraulic head433

h by default, since this will help to better exhibit and discuss the underlying physics434
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associated with the respective choice of location and data type. Locations where T is435

informative may not be informative for h measurements, because different physical flow436

and transport-related phenomena may co-ordinate the individual data types to different437

informative locations. However, our framework could easily handle constraints such that438

T and h measurements have to coincide.439

The implementation is done in the MATLAB environment. For generating geostatistical440

random fields and simulating groundwater flow and solute transport, we use the same code441

already used in Nowak et al. [2008] and Nowak et al. [2010]. A large ensemble size of 50,000442

realizations has been chosen to ensure that our discussion of the method and resulting443

designs is not compromised by statistical noise. We use the sequential exchange algorithm444

(see Section 4.3) in order optimize the design, and the utility of each design candidate is445

evaluated with CLUE, based on Equation (8) as objective function.446

5.2. Scenario Variations

We consider two different scenario objectives. They will serve to show that CLUE can447

include arbitrary prediction goals regardless of their non-linearity and that it can include448

arbitrary task-driven formulations:449

• Minimum-variance prediction of a contaminant concentration c at the sensitive loca-450

tion. To emphasize the difference to conventional linear methods, we compare the results451

of our method to results from an Ensemble Kalman Filter (EnKF) [e.g. Herrera and Pin-452

der , 2005; Evensen, 2007]. Therefore, we run the first scenario with CLUE (case 1a) and453

compare the results to a sampling pattern obtained from an EnKF (case 1b).454

• Maximum-confidence prediction of whether a critical concentration threshold will be455

exceeded. This is equivalent to predicting an indicator quantity z = I(c > ccrit), with456
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E[I] = P (c > ccrit). Since the indicator is a discrete variable that depends very non-457

linearly on model parameters, it does not meet the requirements under which EnKFs458

can be used for comparison. Instead, two threshold values are considered with CLUE:459

ccrit = P15 (case 2a) and ccrit = P75 (case 2b), where P15 and P75 are the c-values below460

which 15 % and 85 % of the c-values may be found, respectively.461

6. Results and Discussion

In this section, we present and discuss the sampling patterns resulting from the synthetic462

test case and its variations defined in the previous section.463

6.1. Sampling Pattern Optimized for Predicting Concentration (Case 1a)

Case 1a features optimal sampling for minimum-variance prediction of concentrations464

at the sensitive location. The resulting sampling pattern, obtained with CLUE, is shown465

in Figure 3. Figure 2 shows the respective variances of T , h and c prior to investigation.466

In Figure 3, we also included the expected conditional variance of transmissivity (top),467

hydraulic head (center) and predicted concentration (bottom), according to Equation (8).468

The basic characteristics of the design pattern mostly coincide with the results found469

in Nowak et al. [2010] who considered a similar scenario. However, there are important470

differences since they used an EnKF and we employ CLUE. With regard to the sampling471

pattern, we find two predominant groups: (1) measurements gathering around the source472

and (2) measurements flanking the expected migration path of the plume. Near-source473

measurements are exclusively occurring as transmissivity measurements. They are highly474

informative since they provide information about the volumetric flow rate through the475

source area. The flow rate through the source, in turn, is a dominant factor that dictates476

D R A F T April 21, 2011, 2:55pm D R A F T



X - 26 LEUBE ET AL.: ASSESSING THE EXPECTED DATA IMPACT ON PREDICTION CONFIDENCE

the total contaminant mass flux, the expected width and the dispersion characteristics of477

the plume further downstream [de Barros and Nowak , 2010].478

The measurements flanking the plume are head measurements which capture both the479

large-scale drift of the plume due to the uncertain regional head gradient and the meso-480

scale meandering of the plume caused by heterogeneity.481

In principle, the prediction task leads to information needs that manifest themselves482

most in those regions where the statistical dependency between the measurable quantities483

(transmissivity or hydraulic head) and the prediction goal is highest, while avoiding mutu-484

ally too close measurements that would merely convey to redundant information. Figure 4485

shows the statistical dependencies between observable quantities of potential measurement486

locations and the prediction target for a near-source transmissivity measurement location487

(A) and a near-boundary head measurement location (B). The statistical dependencies488

are obtained by plotting the ensemble of possible measurement values against the ensem-489

ble of predicted concentrations. We additionally illustrate the non-linear dependency in490

the scatter plot by a moving average line.491

Obviously, T at the near-source location (A) has a mostly linear relation to the predicted492

concentration. The higher the transmissivity at the source, the higher is the source493

discharge and the broader is the plume on average after leaving the source. Therefore, the494

plume is far more likely to maintain high concentrations even over long travel distances495

and is more likely to hit the target [de Barros and Nowak , 2010].496

Opposed to that, h at the near-boundary location (B) exhibits a non-linear dependency497

to the prediction goal. Extreme angles of the regional flow gradient divert the plume498

away from the target location, for both positive and negative values of the angle. By499
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contrast, regional flow in straight uniform direction drives the plume, most likely, through500

the target. The resulting dependency between hydraulic heads close to the boundary and501

the predicted concentration has an almost purely quadratic behavior, and shows almost502

no correlation in a linear sense, i.e. has almost zero covariance.503

Figure 5 (left) illustrates how the individual transmissivity or hydraulic head mea-504

surements added during sequential design reduce the variance of the prediction goal and505

related physical quantities. The latter include the total solute mass flux through the506

source, the angle of the boundary condition (causing a large-scale drift), the width of the507

plume at the target (lateral spreading) and the lateral position of the plume’s centroid508

(also affected by meso-scale meandering caused by heterogeneity).509

We can clearly see that transmissivity measurements located closely to the source greatly510

reduce the prediction uncertainty of the total solute flux (also see Figure 5) for this case,511

while the head measurements along the flanks are almost not informative to the total512

solute flux. Instead, the uncertainty of the boundary condition (regional flow direction)513

is greatly reduced by the head measurements, whereas the transmissivity measurements514

around the source contribute almost no related information (also see Figure 5). Likewise,515

the position of the plume center is revealed almost solely by head measurements. For the516

plume width at the prediction target, we find a sensitivity to both head and transmissivity517

measurements, where the first two transmissivity measurements at the source are clearly518

the most valuable ones.519

As addressed in Section 4.4, we recorded the Averaged Effective Sample Size (AESS)520

during the optimization procedure in order to monitor and avoid filter degeneracy. Fig-521

ure 5 (left) indicates the AESS (scale shown on the right axis) during the optimization522
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scheme. The AESS drops from initially 50,000 to about 500. This is fully sufficient in523

order to calculate noise-free maps of the expected conditional variance (see Figure 5) and524

evaluate the objective function reliably.525

6.2. Comparison to EnKF (Case 1b)

The sampling pattern provided by the Ensemble Kalman Filter (EnKF) relies on ex-526

actly the same geostatistical and boundary parameters used in case 1a, and hence uses527

the very same ensemble data. For technical insights in the EnKF formalism, please be528

referred to Herrera and Pinder [2005] or Evensen [2007]. The resulting pattern is shown529

in Figure 3 (right column). The underlaid maps of expected conditional variance are530

evaluated by CLUE, because the maps provided by the EnKF are inaccurate and would531

not be comparable to those shown in the left part of Figure 3.532

Compared to the CLUE-based sampling pattern (case 1a), we find again the group533

of transmissivity samples in the source area. However, the number of measurements in534

this group is much larger. The next fundamental difference to the CLUE-based sampling535

pattern is that the group of head measurements at the northern and southern domain536

boundary is smaller in favor of head measurements in the corners of the design domain.537

Apparently, the relevance of the variable boundary conditions that induce large-scale drift538

of the plume is also recognized, but judged differently by the EnKF analysis scheme.539

The EnKF assesses statistical dependencies only via covariances, which are a measure540

for linear dependence only. It is unable to capture even-order (e.g. quadratic) dependen-541

cies such as between head measurements near the northern and southern boundary and542

the prediction goal (see Figure 4). Therefore, it simply ignores these head measurement lo-543

cations as potential sources of valuable information. Hence, crucial information about the544
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meso-scale meandering of the plume is neglected. However, four measurement locations545

were placed at the corners of the allowable design locations. Apparently, their non-linear546

dependency exhibits a sufficiently large linear component due to the slight asymmetry of547

our setup.548

Overall, this leads to a significantly worse performance in reducing the uncertainty as-549

sociated with the plume center, even though the EnKF captures the uncertain boundary550

condition reasonably well. This can be seen by comparing the expected conditional vari-551

ance within Figure 5 (left and right). With a higher relative emphasis on the mostly linear552

source transmissivity information, the plume width and total solute flux are determined553

comparably well. Still, the overall prediction quality of concentration c is reduced by554

ignoring and misinterpreting non-linear information, such that CLUE clearly outmatches555

the EnKF. In our setup, CLUE achieves 25 % more uncertainty reduction with the same556

number of sampling positions than the EnKF.557

In more general terms, EnKFs and all linear(ized) methods can only measure correlation,558

which is a very incomplete access to statistical dependence. For example, zero correlation559

between a zero-mean variable and its square does not imply at all that a squared value is560

independent of its square root. Hence, the limitations of linear(ized) methods illustrated561

in our specific example generalize to all non-linear applications.562

6.3. Sampling Patterns Optimized for Predicting Exceedance Probability

(Case 2a & 2b)

In this test case, we desire maximum-confidence prediction whether a critical concen-563

tration value (e.g. imposed by a regulatory threshold) will be exceeded or not. The564
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CLUE-based sampling patterns for cases 2a and 2b are shown in Figure 6, again obtained565

from the same ensemble.566

Case 2a (ccrit = P15) exhibits a sampling pattern which is mainly based on head mea-567

surements at near-boundary and towards-target locations. Transmissivity measurements568

exploring the source region are practically absent. For predicting low threshold values, it569

is only important, and therefore sufficient, to know that the plume misses the sensitive570

location. This information is obtained by head measurements flanking the plume, which571

can reveal transverse gradients that could divert the plume from hitting the sensitive572

location.573

Case 2b (ccrit = P85) shows an inverted behavior, where the source is sampled repeat-574

edly using six transmissivity samples that are hardly distinguishable in Figure 6. Two575

additional transmissivity samples north of the source support the near-source samples by576

addressing the contrast in transmissivity between the source and its surroundings. In-577

stead, head measurements closely flanking the plume are disregarded. This is a direct578

consequence of the different information needs between case 2a & 2b. For high threshold579

values, it is necessary to know whether the plume preserves its initial peak concentration580

over large travel distances up to the sensitive location. Highly conductive sources favor581

this behavior, and can be identified by increasing the source sampling density. In addition,582

highly conductive sources statistically imply an increased downstream plume width. With583

the plume sufficiently wide, the chances of bypassing the sensitive location by meso-scale584

meandering decrease and only a globally rotated mean flow direction can prevent the585

plume from hitting the sensitive location. That is the reason why (1) transverse gradients586

and the related head measurements are not closely flanking the plume, and (2) there are587
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more remote head samples at the northern and southern boundaries that help to infer the588

global flow direction.589

In order to emphasize the task-specific character of the individual design patterns to-590

wards their respective prediction goal, we applied each design pattern to the prediction591

goals of all other test cases. This yields the performance indices summarized in Table 3.592

The performance indices show that the CLUE-based design pattern (1a) clearly out-593

matches the EnKF (1b) for all three prediction goals. The EnKF-based design pattern594

is even surpassed in its own objective by the CLUE-based sampling patterns designed595

for cases 2a (low threshold) & 2b (high threshold). The worst performance was found for596

pattern 2a (low threshold) when applied to the objective of case 2b (high threshold). This597

can be explained by the fact that these two patterns lay their focus on opposed features598

to address their respective design objectives, i.e. on meso-scale meandering versus source599

conductivity. The opposite case (applying pattern 2b to case 2a) performs better. Obvi-600

ously, in our specific examples many source conductivity measurements are more generic601

all-purpose information than head measurements populating the boundaries.602

7. Conclusions

In this work, we introduced a method for information processing, called CLUE, which603

assesses the expected data utility of proposed sampling designs, such as the expected604

impact of data on prediction confidence, in an optimal design framework. The method605

operates via a purely numerical Monte-Carlo implementation of Bayes theorem, combined606

with an analytical marginalization over measurement and model errors. Since the actual607

measurement values at the individual planned measurement locations are unknown during608

the planing stage of optimal design, CLUE averages the utility designs over all possible609
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measurement values that a given sampling design could produce. The method can be610

seen as an extension of Bootstrap Filters (BF), Particle Filters (PF) or the strictly formal611

Bayesian version of the Generalized Likelihood Uncertainty Estimator (GLUE). Due to612

its full numerical character, CLUE allows to incorporate almost arbitrary sources of un-613

certainty and is able to manage highly non-linear dependencies between data, parameters614

and predictions with ease.615

We applied the method to an optimal design problem taken from contaminant hydro-616

geology, where we illustrated its applicability to different sources of uncertainty, various617

prediction tasks and task-driven objective functions. Within a groundwater quality ex-618

ample, we considered non-co-located hydraulic head and transmissivity measurements.619

In order to show the limitations of linearized methods, we compared the optimal design620

patterns obtained via CLUE to those from an EnKF. We find the following conclusions621

most important:622

1. CLUE outmatches linearized methods (such as EnKFs) because linear methods fail623

to recognize relevant non-linear relations between potential measurement locations and624

the prediction goal, and hence oversample locations considered to be most informative625

from the limited viewpoint of linearized analysis.626

2. CLUE can handle arbitrary task-driven formulations of optimal design. We demon-627

strate this in a scenario variation that involves predicting the exceedance of a regulatory628

threshold value, which is important for risk management [e.g., de Barros et al., 2009].629

The sampling pattern for the task-driven prediction strongly depends on the level of the630

threshold value, because different information needs are triggered by the underlying flow631
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and transport physics. Neither this difference nor such classes of task-driven formulations632

could be handled by linearized methods.633

3. The number of Monte-Carlo realizations needed by CLUE for convergence rises with634

the number of planned sampling points and their accuracy. This is inherited from GLUE635

and particle filters in general. The Averaged Effective Sample Size (AESS) serves as636

a sound measure to monitor statistical convergence. Averaging analytically over mea-637

surement and model-structural error and over the yet unknown data values drastically638

improves convergence. However, the problem of filter degeneracy is still a challenge when639

planning extensive sampling campaigns. An extension of CLUE towards more efficient640

stochastic methods would help to further increase the affordable sampling size.641

4. Bayesian model averaging is implicit in CLUE at no additional conceptual overhead,642

and allows to reduce the subjectivity of prior assumptions, e.g. geostatistical parameters,643

boundary parameters or physical/conceptual model alternatives. Incorrect prior assump-644

tions could negatively affect the quality of the resulting optimal designs.645

5. Our specific illustrative example showed that the uncertain direction of a regional646

groundwater flow direction has a significant impact on the uncertainty of predicting con-647

taminations, and should hence not be neglected. This additional uncertainty can be648

quickly reduced by hydraulic head measurements at large distances.649

6. In our specific case, the optimal design predominantly addressed uncertainty in head650

boundary conditions and contaminant source hydraulics, rather than structural uncer-651

tainty in the geostatistical model. This will change according to the relative importance652

of individual sources of uncertainty, and the availability of data types that are adequate653

to address these individual uncertainties.654
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Appendix A: Derivation of the Weight Matrices

In formal Bayesian updating, the likelihood Lij of parameter vector Si given the syn-655

thetic noise-free ny × 1 vector of measurement values fy(Sj) resembles a multivariate nor-656

mal distribution in ∆ = fy(Sj)− fy(Si) with mean zero and covariance matrix Rε
∗ = 2Rε657

(Appendix B), where Rε is the covariance matrix of measurement errors. Hence:658

Lij =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

∀ i 6= j (A1)

Lij = 0 ∀ i = j. (A2)

Since, for i = j, Si and Sj would not be drawn independently, we discard i = j and659

instead to set all Lii to zero. Normalizing the likelihoods according to Bayes theorem660

yields661

Wij =
Lij

∑m
i=1 Lij

. (A3)

Appendix B: Weight Matrix Marginalized over Synthetic Measurement Error

The commonly used concept to simulate noisy data is yj = fy(Sj) + εj, where εj ∼662

N (0,Rε) with covariance matrix Rε. In order to compute the likelihood of a realization663

j and a given data set d0, a Bootstrap Filter (and formal Bayesian GLUE) would use the664

residual vector ∆0 = d0 − f(Sj) and, for ny measurement values, set:665

p(d0|Sj) =
1

((2π)ny detRε)
1/2

exp

[

−1

2
(∆0)

T R−1
ε (∆0)

]

. (B1)

Since we need to marginalize over all potential data values that might populate d0, we666

use dk = f(Sk) + εk to generate realizations of potential data, again with εk ∼ N (0,Rε).667

This yields668

p(Sk|Sj, εk) =
1

((2π)ny detRε)
1/2

exp

[

−1

2
(∆ + εk)

T R−1
ε (∆ + εk)

]

, (B2)
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with ∆ = f(Sk) − f(Sj). Now, we can average over all possible potential measurement669

error values of εk via the marginalization p(Sk|Sj) =
∫ +∞

−∞
p(Sk|Sj, εk) · p(εk) d εk. After670

some manipulations and using the statistical independence between εj and εk, this results671

in672

p(Sk|Sj) =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

, (B3)

with R∗
ε = 2Rε. This is equivalent to using noise-free potential data, but doubling Rε in673

the likelihood analysis.674

Appendix C: Implementing Model Errors

Following the procedure of Appendix B, a model error εm can be accounted for in the675

same fashion. Both synthetic and potential data are then simulated by yj = f(Sj) +676

εj + εmj and dk = f(Sk) + εk + εmk . Following the precisely identical procedure as in677

Appendix B, the likelihood becomes678

p(Sk|Sj, εk, ε
m
j , ε

m
k ) =

1

((2π)ny detRε)
1/2

exp

[

−1

2

(

∆+ εk + εmj + εmk
)T

R−1
ε

(

∆+ εk + εmj + εmk
)

]

,(C1)

with ∆ = f(Sk) − f(Sj). If εm is assumed to be Gaussian with εm ∼ N (0,Rm
ε ) and679

covariance matrix Rm
ε it can again absorbed into Rε such that680

p(Sk|Sj) =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

, (C2)

with R∗
ε = 2Rε + 2Rεm.681
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Figure 1. Spatial configuration of the synthetic test case involving a contaminant

release at (xS, yS) = (80m, 80m) with source width ls = 20m and prediction target at

(xW , yW ) = (180m, 86m). For further details we refer to Table 1.
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Numerical Domain

Domain size [L1, L2] [m] [320, 220]

Grid spacing [∆1,∆2] [m] [0.25, 0.125]

Design Domain

Domain size [L1, L2] [m] [260, 160]

Grid spacing [∆1,∆2] [m] [2, 2]

Transport Parameters

Head gradient γ [-] 0.01

Effective porosity ne [-] 0.35

Local-scale dispersivities [αl, αt] [m] [0.5, 0.125]

Diffusion coefficient Dm [m2/s] 10−9

Transversal plume dimension ls [m] 20

Known Geostatistical Model Parameters

Global mean β1 = lnT [-] ln 10−5

Trend in β2 [-] 0

Measurement Error Standard Deviations

Hydraulic conductivity lnT σr,Y [-] 1.00

Hydraulic head h σr,h [m] 0.01

Table 1. Known parameters for the flow, transport and geostatistical model.
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Uncertain structural parameters θ

Variance σ2
Y [-] N (µ = 2.0, σ = 0.3)

Integral scale λ [m] N (µ = 15, σ = 2.0)

Matérn Kappa κ [-] U(a = 5, b = 36)

Uncertain Boundary Parameters ξ

Deviation from center ν [◦] N (µ = 0.0, σ = 10)

Table 2. Uncertain structural and boundary parameters and their assigned distribu-

tions.
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Figure 2. Prior uncertainties (variance) associated with transmissivity (top), hydraulic

head (center) and concentration (bottom) based on the uncertain structural and boundary

parameters listed in Table 1 and 2. Gray scale identical among Figures 2, 3 and 6 for

direct comparison.
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Figure 3. CLUE-based (left, case 1a) and EnKF-based (right, case 1b) sampling

pattern optimized for minimum prediction variance of concentration at the sensitive loca-

tion. Head measurements (crosses), transmissivity measurements (circles), source (box)

and target (diamond). Maps in the background are expected preposterior variances for

transmissivity (top), hydraulic head (center) and concentration (bottom). Gray scale

identical among Figures 2, 3 and 6 for direct comparison.
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Figure 4. Scatter density plots depicting the relation between the ensemble of predicted

concentrations andthe ensemble of transmissivity values at a near-source location A (left)

and hydraulic head values at a near-boundary location B (right). The solid line illustrates

the relation via moving average.
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Figure 5. Expected variance reduction (Equation (8)) for CLUE (left, case 1a) and

EnKF (right, case 1b) during initial placement of samples for different auxiliary quanti-

ties. The sequential exchange phase is not shown in details but only indicated by the gray

lines. Hydraulic head measurements are denoted by cross marks and transmissivity mea-

surements by circle marks. The right axis quantifies, for the CLUE-based optimization,

the respective Averaged Effective Sample Size (AESS).
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Figure 6. CLUE-based sampling pattern optimized for predicting the exceedance of

a low ccrit (left, case 2a) and high ccrit (right, case 2b). Head measurements (crosses),

transmissivity measurements (circles), source (box) and target (diamond). Maps in the

background are preposterior variances for transmissivity (top), hydraulic head (center)

and indicator variable (bottom). Gray scale identical among Figures 2, 3 and 6 for direct

comparison.
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Pattern 1a Pattern 1b Pattern 2a Pattern 2b

Case 1a/b 100.00 % 75.14 % 79.10 % 95.99 %

Case 2a 81.41 % 76.03 % 100.00 % 69.01 %

Case 2b 90.43 % 38.79 % 27.54 % 100.00 %

Table 3. Performance indices for every sampling design when applying on different

prediction goals.
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