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Outline

Short motivation for MRMT?

MRMT in more detail (Haggerty, Integro-DE)

Basic diffusion transport models (Fickian, 1st order)

Discussion4
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What is MRMT?

A model to describe the transfer process
 
between  mobile and immobile phases 

in a porous medium.
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http://www.uni-magdeburg.de/ivt/svt/studium/pupils/
praktikum/images/08-brennstoffzelle_labor-bild1.jpg

Where is MRMT used?

- Chromatography

- Groundwater remediation

- Fuel cell

- Fracture transport

http://www.bafu.admin.ch/in_situ_sanierung/04107/04121/04129/
04302/index.html?lang=de&image=NHzLpZeg7t,lnp6I0NTU042l2
Z6ln1acy4Zn4Z2qZpnO2Yuq2Z6gpJCEe39,hGym162bpYbqjKbNp
KCVm67p

http://www.leibnizonline.de/images/stories/slideshow/Chormatographie.jpg

http://www.bafu.admin.ch/grundwasser/07496/07516/
index.html?lang=de&image=NHzLpZeg7t,lnp6I0NTU
042l2Z6ln1acy4Zn4Z2qZpnO2Yuq2Z6gpJCFe4F6gm
ym162bpYbqjKbXpJ6eiKWcm4yf4w--
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Mass transfer – Process and Scale dependance

1) Mineral types

2) Coating of particles

3) Macro- / Micro-porosity

4) Low permeability material

5) Variations on K

6) Organic material

7) Chemistry 

multiple rates of mass transfer

The small scale, influences the larger-scale transport!
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What is the challenge across scales!

1) Concentration history                      2) Mass transfer
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Everything is about the Advection-Dispersion-Equ.
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1) Fickian approach
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Fick‘sche Diffusions Gleichung
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Boundary Conditions:
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Geometry and block size
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Everything is about the Advection-Dispersion-Equ.
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2) 1st order mass transfer model (Haggerty & Gorelick)

f
f

f
m

mf C
R

C
Rt

C

t

C
∇−





∇⋅∇=

∂
∂+

∂
∂ vDβADE - allg:

( ) ==
+
−+=

ff

mm

dbf

dbm

R

R

Kf

Kf

θ
θ

ρθ
ρθβ 1 Mass concentration (immobile zone)

Mass concentration (mobile zone)

„capacity ratio“

)(
2 mf
mm

mm cc
LR

D

t

c −==
∂

∂ α Mass transfer 
equation

mR/'αα =with

( ) ( )fm
m

mm
fm

m

mm
mm cc

L

D
cc

L

D
F −=−=

2

' φφσ



w
w

w
.h

yd
ro

sys.u
n

i-stu
ttg

art.d
e

Mehrskalen & Upscaling SS 2011,
14.Juli 2011, Stuttgart

R. Enzenhoefer 13/16

Multi-Rate Model

• Mass transfer relationship with a distribution of rate coefficients 
coupled to an adevective-dispersive transport model.

• Need to account for MORE THAN ONE transfer process
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Multi-Rate Mass Transfer Equation
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Choice of alpha and beta

- Alpha and beta has a single distribution

- 1) Statistically based
- Pdf, uniform distribution (physical / statistical interpretation)

- 2) physically based
- Direct relation to diffusion
- E.g., through Laboratory studies – rate of diffusion

- Alpha is the key parameter to turn the MRMT to a diffusion 
model (spheres, cylinders, layers)
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Integro – Differential Formulation

• Discretization of mobile / immobile phase not necessary

• Fm is a convolution product of a memory function x
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Integro-Differential Formulation - Layered system
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Integro-Differential Formulation - Fm

t

c
g

L

Dc

L

Dc

L

D
F m

m

mm

D

m

m

mmm

m

mm
m D ∂

∂=
∂
∂=

∂
∂= == *

2020

φ
η

φ
η

φ
ηη

( ) ∑
∞

=

−−=
∂
∂=

1

2

2
n

t

D
D

Dn

D
e

w
tg α

ηη „memory function - layer“

( ) ∑
∞

=

−−=
1

2

n

t
nD

Dneatg α „memory function - general“

Premschnitt (1981): 1
1

2
=∑

=

N

n n

na

α



w
w

w
.h

yd
ro

sys.u
n

i-stu
ttg

art.d
e

Mehrskalen & Upscaling SS 2011,
14.Juli 2011, Stuttgart

R. Enzenhoefer 19/16

Geometry and block size
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Asymptotic Approximation

Time

Early Time
(e.g., fast tracer tests)

Late Time
(e.g., remediation)
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Late Time
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Discussion …

Literature:

Haggerty and Gorelick (1995): Multiple-rate mass transfer for modeling diffusion and 
surface reactions in media with pore-scale heterogeneity, WRR 31(10):2383-2400.

Carrera, Sánchez-Vila, Benet, Medina, Galarza and Guimerà (1998): On matrix diffusion:
Formulations, solution methods and qualitative effects, Hydrogeology Journal 6:178-190.

1) Wie ist der Zusammenhang zwischen IDE und Haggerty?

2) Welchen Vorteil bringt die IDE?

3) Was muss man sich physikalisch unter tD, ηD,… vorstellen?
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