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Abstract

Model reduction techniques allow to control the prediction quality of
highly complex spatio-temporal problems whilst reducing computational
costs to a much more tractable level.

Temporal Moments (TM) are a promising approach to reduce time
demands of transient hydrogeological simulations. However, TM rely on
non-orthogonal base-functions. Since non-orthogonality introduces
redundancy among TM this might impair the quality and efficiency of
model reduction. Thus, we raise the question if there are more suitable
(e.g., orthogonal) base-functions than the monomials that lead to TM.
We will show that there is only a limited class of orthogonal temporal
base-functions that reduces complex hydrogeological models. By
comparing those to TM we conclude that, in terms of reduction efficiency,
the integral transformation that leads to TM is, in general, the best
possible choice.

Classical Data Compression Approach

- Integral transform of response curve r(x, t) (e.g. taken from field
measurements) onto base function &, (t)yields k"
characteristic o (x):

ap(x) = /OOO E(t)r(x,t) dt (1)

- For &i(t) = th > Temporal Moments (TM)
- Representation of individual response curve features:

as(x) — (a1 (x)/ao(x))’
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Fig. 1: Response curve with a selection of curve features including response strength
(bottom), mean response time (center), and mean response duration (top).

Reduction Efficiency

- Simulating TM converts the original transient equation
(e.g., parabolic type) to steady-state equations (elliptic type)
(see Harvey and Gorelick [1], Moment Generating Equations):

or(x,t)
ot

S FD(r(x,t) = q(wo,t) — D (mp(x)) = mp—1(z) (2)

- Recursive relation among monomial derivatives (Fig. 2, left) -->
recursive calculation of TM my(x), zeroth TM mq(z) independent
- Considerable save in computational costs

What if base function £i(t) is non-monomial ?

- Conversion of transient equation (as in Eq. (2)) yields:

0 (1
fgt( ) co§o(t) + - + ch—1 &k—1(¢) (3)
lllustrating relation among base function members (coupling matrix):
Ek Ek Ek
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Fig. 2: From left to right: Coupling matrices occupying (1) secondary diagonal, (2) lower (infinite)
triangular elements, and (3) fully coupled, finite matrix.

Supported by: (1) Appell sequences (monomials, Hermite-, Bernoulli- and
Euler polynomials), @O(;,;)independent --> recursive calc.

(2) Recursive polynomials sequences other than Appel sequences, e.g.,
polynomial approximations of trigonometric, hyperbolic, square root and
logarithmic functions, «(z) independent --> recursive calc.

(3) Polynomial sequences with o (x) dependent --> equation system

- k has to be integer and strictly increasing

- Employing &.(t) = e~ "t yields Laplacien transformation with
diagonal occupied in coupling matrix. No rule for choice of k.

- Orthogonality among base function members yields non-redundant
characteristics:

/Ooo fk(t) gl(t)w(t)dt — { 0, vV k ?é ]

N, Vk=] (4)

Relations to Temporal Moments

Rearrangement of TM allows to simulate (according to Eq.(2)) character-
istics based on arbitrary polynomial sequences A (t) expressed by:

k
Ap(t) = d;t", (5)
i=0
as linear combination of TM m,;(x):
k
A
o (2) =Y dimi(w) (6)
i=0

Conclusion

- Orthogonal base functions distribute the information contents in an
optimal way. They do not extract more information.

- Characteristics based on arbitrary but finite polynomial sequences
can be emulated by linear combination of TM.

- Temporal Moments support the coupling matrix that can be solved
with the lowest computational effort.

- There is no need to use base functions other than Temporal Moments.
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