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Chapter 1

Introduction

Scientists and engineers working in a large range of scientific fields use models to simu-
late flow processes in porous media. The applications of these models are manifold and
play an important role, for example in the oil industry, in environmental protection or
civil protection. Processes of enhanced oil recovery as well as COs-sequestration, flow
processes inside the cathodic diffusion layer of a fuel cell, contamination of drinking water
or influences on the stability of dykes can be simulated using these models.

1.1 Motivation

Real-life applications of models simulating flow in porous media are often connected to a
high computational effort, as the model domains are either large, a high spatial resolution
of processes is needed or large spans of time are considered. A reduction of the time
needed to calculate a solution is essential for all applications, as simulations have to be
economical or a quick solution is a matter of security. The reduction of the computational
effort goes hand in hand with a reduced accuracy of the solution. Therefore, the efficiency
of a simulation can be determined by the CPU-time needed and the accuracy of a solution.
In order to increase the efficiency of a simulation, either a more accurate solution has to be
calculated in the same amount of time or the same accuracy has to be achieved in shorter
time. This principle is depicted in Figure [1.1] showing two curves of simulation methods
with different efficiency. For the spatial discretization of model equations describing flow
in porous media grids are used. The higher the resolution of a such grid, the lower the
resulting discretization errors. Figure shows a plume of 1,1,2-Trichlorethan (TCE)
inside a porous medium discretized with different grids. A good possibility to increase
the efficiency of a simulation is to choose an appropriate grid. Regions of high interest
inside the model domain can be discretized using a finer grid, thus reducing the error
in these parts, and for regions of lower interest coarser grids can be used. As regions of
interest may move in the course of simulation, apadtive grids which are able to change
during the simulation are a good possibility to efficiently use computational resources.
Figure shows the discretization of a TCE plume with an adaptive grid. Adaptive
schemes allowing to locally change the discretization length h are called h-adaptive.

1
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Error

low efficiency

high efficiency

Time

Figure 1.1: Expected time/error-behavior [Sinsbeck, 2011].

Figure 1.2: A TCE plume. Left: real plume. Center: coarse grid. Right: fine grid.

1.2 Goal and structure

The goal of this thesis is to expand the h-adaptive scheme implemented in the numerical
simulator DuMu”* to two-phase-two-component-flow. To identify regions of the model do-
main where the discretization length i should be locally adapted, indicators will be used.
Dependent on the indicator value, assigned to each cell on the grid, cells are marked for
refinement or coarsening. For this purpose, the indicator values of each cell are compared
to a set of refinement and coarsening tolerances. If an indicator value exceeds the toler-
ance for refinement, the corresponding cell is refined. In case the indicator value of a cell
is below the tolerance for coarsening, the cell is coarsened.

As part of this work, new indicators and a new method to calculate the tolerances are
implemented and evaluated.

Due to the h-adaptive scheme used in this work, grids contain so-called “hanging nodes,
which cause numerical problems in the calculation of fluxes. To deal with this problems
different approaches to calculate fluxes are compared.

The physical and mathematical background of multiphase-multicomponent flow is pre-
sented in Chapter 2l Then the discretization of the model equations is presented in
Chapter [3 In Chapter [4] the h-adaptive scheme is discussed and the results of the inves-
tigations carried out in this work are presented in Chapter
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Figure 1.3: TCE plume discretized with an adaptive grid.
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Chapter 2

Physics and mathematics of
multiphase flow

In this chapter, the basic physical and mathematical concepts which are required to
describe multiphase-multicomponent-flow in a porous medium will be presented. The
required quantities will be presented in Sections and important relations will be
discussed in section 2.3l

2.1 The porous medium

The properties of porous media have a huge influence on the flow behavior and are
therefore very important when simulating multiphase-multicomponent-flow in a porous
medium. For example, porous media like soils can be inhomogeneous or anisotropic due
to different geological processes (see Figure . Since the detailed simulation of the real
flow processes which take place in the highly complex geometry of the pores is only possi-
ble with extremely high computational effort and on a small scale, some kind of averaging
has to be applied.

isotropic anisotropic

homogeneous

inhomogeneous

Figure 2.1: Schematic overview of soil properties. The edge lengths of the rectangles and
their orientation represent the hydraulic conductivity of the soil.
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2.1.1 Averaging of properties

The need to average soil properties leads to the concept of the representative elementary
volume (REV) as presented in |Bear, [1972]. As a result, no longer a mathematical point
but a macroscopic volume is regarded. The size of the REV is determined by the fluc-

microscale REV

soil matrix
liquid phase

averaging

\/

gas phase

Figure 2.2: Averaging process from microscale to macroscale [Class, 2001).

tuation of properties, for example, the porosity (see Section in dependence of the
volume. If the volume is chosen too small, the porosity inside the REV can be zero or
one since it is possible that a whole REV is located inside a pore or a grain (see Figure
2.3). With growing volume the fluctuations are reduced. The volume Vj, where no more

: .
microscale ,  _, macroscale

porosity

inhomogeneous
medium

/

homogeneous
medium

= REV volume

Figure 2.3: Definition of the REV [Bear, |1972].

fluctuations occur determines the size of the REV. Again, if the REV is chosen too large
and the porous medium is inhomogeneous, fluctuations can be observed due to the fact
that the REV is incapable of capturing the inhomogeneities.
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2.1.2 Porosity and permeability

The porosity is the ratio of pore space to the volume of the REV, and is given by

I
_VREV_‘/}ﬂLVs

with V), being the pore volume, V, the volume of the solid grains and Vggy the volume
of the REV. It represents the volume inside the porous medium which can be filled with
gaseous or liquid fluids. In this volume the transport processes take place.

In a porous medium dead end pores may occur in which no flow is possible (see Figure
. If this is the case, an effective porosity may be calculated taking into account that
not all of the pore space is available for flow:

(2.1)

Vitow (2.2)

Perr =

Pore volume  Solid matrix Dead-end pore

Figure 2.4: Porosity and a dead end pore ﬂSinSbeckL |2011ﬂ.

with Vi, being the volume available for flow.

The permeability tensor Ky, which will be used below in equation , represents a
resistance to flow through the porous medium and is dependent on properties of the
porous medium as well as of the fluid. It is the proportionality factor between DARCY
velocity and piezometric head. Eigenvectors and eigenvalues of the permeability tensor
describe the hydraulic conductivity of a porous medium. The intrinsic permeability K
is independent of fluid properties and related to Ky via equation , which is given
below. It is possible to calculate the values of K from a given porosity and a characteristic
grain diameter of the medium using the equation of KOZENY-CARMAN:

_¥
(1= 02

Here, C'is a constant and dsq the mean of the grain diameters. This will be applied in the
course of this work to obtain a permeability from a randomly generated porosity field.

2.2 The fluids

From the averaging process presented in [2.1.1], new quantities describing the fluid behavior
in the porous medium arise, which will be discussed in this section.
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2.2.1 Saturation

The saturation of a phase a (see Section [2.2.2)) is defined as the ratio of fluid volume to
pore volume, and is given by

So= -2 (2.4)

Va being the volume of phase « inside the pore and V), the pore volume. It describes how
much of the pore volume is filled with phase «. The saturations of all phases sum up to
unity:

D 8. =1 (2.5)

This means that in one REV multiple phases can be present. Together they fill the whole
pore Volume V.

2.2.2 Phases and components

Different phases are separate fluids which are, on the microscale, immiscible. Phases form
a clearly defined interface leading to interface tension and a capillary pressure difference
in the porous medium (see Section [2.3.2). Generally, phases consist of several different
components. Components can be chemical elements, molecules or a mixture of substances.
Whether a substance is considered a component depends on the processes that occur
in the simulated system. For example, a contamination in an aquifer consisting of a
Non-Aqueous-Phase-Liquid (NAPL) can be described with either a two-phase model (2p-
model) if only the propagation of the NAPL phase is of interest or with a two-phase-
two-component model (2p2c-model) if solution processes of NAPL in the groundwater or
vice versa are to be considered. In the course of this work a 2p2c-model will be used and
phases will be referred to with the index «, components with the index k.

2.2.3 Mass fraction

To be able to describe the phase composition the mass fraction X is introduced. It is
defined as follows:

o=

X5 = (2.6)

m
Mq

Here, m” is the mass of component x in phase o and m,, the total mass of phase a. Mass
fractions of each phase sum up to unity:

d o xi=1 (2.7)
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2.2.4 Wetting and non-wetting fluid behavior

When considering phases, it is common to distinguish between wetting and non-wetting
phases. The wettability describes the interaction of a fluid with the solid phase. The con-
tact angle 0 (see Figure can be used to differentiate between wetting and nonwetting
phases. Phases with 6 > 90° are non-wetting, whereasphases with 6 < 90° are wetting. 6
can be calculated using YOUNG’S equation:

Os —O0fs

cos(0) = (2.8)

af
Here, o is the surface tension of the fluid, o, is the surface energy of the the solid phase
and oy, is the interface energy of liquid and solid. Wetting fluids have the tendency to
stick to the solid phase and to occupy the small pores of the porous medium while non-
wetting fluids occupy the larger pores. In this thesis, the indices w and n will be used for
the wetting and the non-wettig phase.

non—wetting phase wetting phase

>

Figure 2.5: Contact angle between wetting, non-wetting and solid phase |Wolff, 2008|.

2.2.5 Laminar Flow and Darcy Law

Flow conditions can be classified into laminar and turbulent. Under laminar flow con-
ditions viscous forces dominate the flow, under turbulent conditions inertia forces are
dominant. Whether flow conditions are laminar or tubulent depends on the REYNOLDS
number:

_

Re = (2.9)

v

Herein, v is the flow velocity, d is a characteristic length and v the kinematic viscosity.
For values of Re < 10 laminar flow can be assumed. Under laminar conditions the DARCY
Law can be applied to describe the flow velocity in a porous medium:

Vf = —Kth (2.10)
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K is the permeabilty tensor and h stands for the piezometric head being

h="L 12 (2.11)
rg
with p, the pressure, p the density, g the gravitational acceleration vector and z the
geodetic height. This formulation is valid for single phase incompressible flow. In order
to apply equation to compressible flow, the absolute permeability is substituted as
follows:

K, =K (2.12)
1
Here, K is the intrinsic permeability which is no longer a function of the fluid properties
but only depends on the soil properties, and p stands for the dynamic viscosity. This
leads to the following equation:

v= K2yl 4
2 g

. (2.13)
= —K;(Vp +pg)

To obtain the multiphase formulation of (2.13)) the phase index « is introduced to obtain:

1
Vo = _Ka_(vpa - ,Oag)
Era
= - K(vpa - pag>

a

= A K(Vpa — pa8),

(2.14)

with v, the phase velocity, K, the permeability of phase « defined as K, = k.. K, k.o
the relative permeability and A\, the mobility of phase a.

2.3 Constitutive relations

In this section, the constitutive relations for the newly introduced quantities of equation
(2.14]), namely the phase pressure p, and the relative permeability k.., are discussed.

2.3.1 Residual saturation and effective saturation

As explained in Section the wetting phase tends to occupy the smallest pores and
no interface between non-wetting phase and solid phase exists. This leads to the fact that,
dependent on the porous medium, there is a minimum amount of wetting phase which is
immobile (see Figure . The saturation which corresponds to this immobile amount
of wetting phase is called the residual saturation and will be referred to as S,,,.. Parts of
the non-wetting phase may be trapped as well which leads to a residual saturation of the
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non-wetting phase S,,,. The existence of residual saturations leads to the definition of an

effective saturation S,:
Sw— 85
S = __—w Tuwr 2.15
‘ 11— Swr - Snr ( )
The effective saturation takes into account that the wetting pase is only mobile for S, >
S and can only flow through the pore space corresponding to 1—S,., — S,,-. The effective

saturation is used in Section to determine the capillary-pressure-saturation-relation.

wetting phase non-wetting phase

Figure 2.6: Residual saturations of wetting and non-wetting phase ﬂSinsbeck|, |2011ﬂ.

2.3.2 Capillary pressure

In two-phase-flow, the simulation of which is the topic of this work, the two phase pressures
of the wetting and non-wetting phase, p,, and p,, are coupled by the capillary pressure
equation:

Pec = Pn — Pw (216)

If we postulate mechanical equilibrium on the interface of the two phases, the surface
tension leads to a pressure drop when entering the wetting phase which corresponds to
the capillary pressure p.. On the microscale, p. is a function of the pore geometry which
can be seen in the YOUNG-LAPLACE-equation:

40 ,,c05(©
p. = 2mce®) (2.17)

Here, o, stands for the interface tension between non-wetting and wetting phase and d
is the diameter of the pore. On the macro scale, p. is a function of the saturation. If the
saturation 5, of the non-wetting phase increases, S,, decreases since saturations sum up
to unity. As the wetting fluid tends to occupy small pores, p. will increase with reduction
of the pore diameter. So it is clear that an increase of .S,, will lead to an increase of p..
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Different models for capillary-pressure-saturation-relation have been developed. The most
simple possibility is to assume a linear relation between capillary pressure and saturation:

Sw — Swr
pu— . 1 _——_—
pc(Sw) Pe,maz ( 1 Swr _ Snr

The most common models are the models of BROOKS and COREY [Brooks and Corey,
1964] and VAN GENUCHTEN [Van Genuchten) [1980]. Both models have parameters trying
to capture the different structures of the pore geometry. The capillary-pressure-saturation-
relation by BROOKS and COREY is:

) = Pc,maz * (1 - Se) (218)

>l
>l

Se - Su)r ) — pdS; ’ (219>

pc<Sw) = Pd (m

with pg being the entry pressure, A a parameter describing the uniformity of the grain size
distribution of the porous medium, and S, the effective saturation. Only if p, reaches or
exeeds the entry pressure is the nonwetting phase able to displace the wetting phase and
enter the pores. Porous media with small values for A have only a small range of pore
sizes, high values represent a larger range of the pore size distribution. In Figure an
exemlary capillary-pressure-saturation-relations after BROOKS and COREY is shown. In
this work, the p.-S,-relationship of BROOKS and COREY will be used.

capillary pressure [Pa]

0 01 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

wetting saturation [-]

Figure 2.7: Capillary pressure as a function of the wetting saturation after BROOKS and
COREY with A = 2.

2.3.3 Relative permeability

When considering multiphase flow on the microscale, it becomes clear that the presence
of one phase blocks flow paths for the other (see Figure left). For example, the wetting
phase occupies the smallest pores, leaving only the larger pores for the non-wetting phase
to flow through. This results in an increased length of the flow paths for the non-wetting
phase. From the assumption that the porous medium is a bundle of parallel curved tubes
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it can be derived that the cross-sectional area for a phase to flow through is directly
proportional to the saturation of the phase. To accommodate these considerations on the
macroscale, a relationship between the relative permeability and the saturation of a phase
has to be derived. Again, the easiest approach is to assume a linear relationship:

ko (Sw) = S. (2.20)

krn(Sy) =1 — S, (2.21)

In this case the relative permeabilities of the wetting and non-wetting phase sum up to
unity. In reality only a limited range of S,, exists where both phases have a relatively
high mobility which is caused by the effect that fluids block flow paths for each other.
The combination of theoretical pore network models, developed, for example, in [Burdine,
1953 or [Mualem, 1976], and the p.(S,)-relationships of BROOKS and COREY or VAN
GENUCHTEN yield a better relationship. The theory of BURDINE in combination with
the model of BROOKS and COREY gives the following equations:

243X
A

krw(Sw) = S (2.22)

242

kn(Sw) = (1 —S.)%(1— S ) (2.23)

Exemplary k,(S,,)-curves are shown in Figure [2.8|

12
1
0,8

0,6 —k_w

—km

rel. permeability [-]

0,4

0,2

0

0 o1 02 03 04 05 06 07 08 09 1

wetting saturation [-]

Figure 2.8: Relative permeabilities as a function of the wetting saturation after BROOKS
and COREY with A\ = 2.
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2.4 Derivation of the compositional
multi-phase equations

In this section, a decoupled system of multi-phase-multi-component equations will be
derived. This is done in order to solve the equations sequentially with an IMPEC-scheme
(implicite pressure explicite concentration) presented in Section [3.1.3]

2.4.1 Assumptions

For the derivation of the model equations the following assumptions are made:

e Rigid porous medium:
The porosity of the porous medium is assumed to be independent of changes in
pressure.

e Advection dominated processes:
All processes are assumed to be dominated by advection. Diffusive terms that lead
to the smoothing out of steep concentration gradients are neglected. These are
molecular diffusion, caused by the BROWNIAN movements of the molecules, and
hydrodynamic dispersion due to fluctuations of the flow field on the microscale.

2.4.2 The pressure equation

The pressure equation is based on a volume balance following the approach presented in
[Chen et al., 2000]. When assuming that the whole pore space of the porous medium is
filled with the considered phases, it is

v = (2.24)

with v; = ) v, being the sum of the specific volumes of the phases. Together all phases
fill up the whole pore space available. A Taylor series expansion in time gives:

0 0
ve(t) + At% + O(AY) = ¢(t) + Ata—f + O(A#?) (2.25)
For isothermal systems the specific volume v; can vary only due to changes in pressure
or the mass of components considered. To describe the component mass inside a control

volume the total concentration C* is introduced as

C" =0 paSaX, (2.26)

which leads to the following expression:

8vt avt @ 3vt oCc*

ot pot  Leack ot

(2.27)
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Inserting equation ([2.27)) into (2.25)), neglecting terms of higher order and assuming the

porous medium to be rigid leads to the pressure equation:

(2.28)

Ov; Op dvy 0C" ¢ — vy
p O +2K:ac7ﬁ ot = At

Here, the first term allows for volume changes due to variation of the pressure, the second
term describes volume changes due to changes of mass or fluxes over the boundary of the
control volume and resembles the transport equation ([2.29).

2.4.3 The transport equation

The transport equation is derived from a balance of the component mass presented in
[Fritz, [2010]. When neglecting diffusion/dispersion terms it is:
(/O
ot

= -V Z(vapaxg) + ¢~ (2.29)

Here, ¢ denotes a source/sink term of component x. With the definition of the total
compressibility of the fluid mixture ¢; and the residual € as follows:

8vt

¢ — v
= — 2.31
€ A7 (2.31)
equation (2.29) can be inserted into (2.28)) to obtain:
dp vy vy
e . X)) = " 2.32
Ctaﬁ;am;v (VapaXF) ot (2.32)

In this formulation the terms on the left hand side are known, the terms on the right
hand side are unknowns. Primary variables are pressure and total concentration. The
residual should cancel out if equation is fulfilled, but actually may take on values
which differ from zero due to the IMPEC-scheme presented in Section [3.1.3]
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Chapter 3

Discretization

Since there are no analytical solutions for the multi-phase-multicomponent-equations,
which are the subject of this thesis, it is necessary to find a discretization in order to
solve these equations numerically. The aim is to replace the spatial and temporal deriva-
tives by discrete expressions. Following the ideas first developed by [Chavent) 1976], the
equations are being decoupled to allow a sequential calculation of the solution with an
IMPEC scheme. Temporal dicretization, the IMPEC-scheme and timestep limitation will
be discussed in Section [3.1] For spatial discretisation the mass conservative cell-centered
finite volume method (CCFV) presented in [Huber and Helmig, 2000] is applied. Dif-
ferent approaches to calculate the fluxes inside the model domain will be explained in
Section 3.3l The methods used to calculate the distribution of the components among the
phases will be presented in Section [3.4] All methods for discretization are implemented in
DuMu*X (DUNE for Multi-{Phase, Component, Scale, Physics, ...} flow and transport in
porous media) [Flemisch et al 2011] which is based on the numerical environment DUNE
(Distributed and Unified Numerics Environment) [Bastian et al., [2008a] [Bastian et al.|
2008b].

3.1 Time discretization and IMPEC-scheme

For the temporal dicetisation the simulation time is divided into a finite number of time
steps. A solution is calculated at each of these discrete points in time. This section shows
the different ways how to dicretize the time derivatives occuring in the model-equations.
The influence of the different approaches on the IMPEC scheme is shown and a stability
criterion for the transport equation leading to a time step limitation is discussed.

3.1.1 Implicit and explicit EULER scheme

The value of an arbitrary quantity e at some point in time and space can be calculated
from boundary and initial conditions, dependent on known values of the last time step or
dependent on unknown values of the current time step. This is done in the following way:

)
At — ¢t 4 a—‘;At (3.1)
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Depending on the time level at which % is calculated, implicit and explicit EULER steps
can be distinguished:

e implicit:
The value of e is calculated dependent on the unknowns of the current time step.

e explicit:
The value of e can be calculated directly from the values of the previous time step.

Figure gives a schematic overview of the different time discretization schemes. Filled
dots are known values, empty dots represent unknown values.

t A t A
c:/o o O0—>0<—0
I\ ° ° °

Figure 3.1: Left: Explicit solution. Right: Implicit solution.

Y
\

3.1.2 Fully coupled and decoupled formulations

When calculating the solution of model equations, which describe multiphase-multicom-
ponent flow in porous media, balance equations for phases or components have to be
solved. The solutions of these balance equations strongly influence each other and are,
therefore, called coupled. This means, that the solutions of balance equations depend on
secondary variables which are coupled to each other.

For example, flow velocities depend on the pressure field. Consequently, pressure influ-
ences the transport of mass and for this reason the saturation of phases. Capillary pressure
and the relative permeability strongly depend on the saturation and, again, influence the
calculation of flow velocities.

Fully coupled models solve the balance equations of each phase or component simultane-
ously and the influence of secondary variables of the actual time step is considered. For
this purpose, an implicit time discretization scheme is used, which allows a good descrip-
tion of the highly complex flow processes in porous media.

Nevertheless, the solution of the resulting system of equations needs to converge. There-
fore, iterative solvers have to be applied, which require a high computational effort.
Fully coupled solution methods present the advantage that larger time steps can be used
due to implicit time discretization. Still, the CPU-time of fully coupled methods may be
extremely high motivating the use of decoupled formulations.

Decoupled formulations are used to separately solve one equation for the pressure field
and one or more transport equations. This allows to solve the equations without the use
of iterative solvers and with a smaller system of equations. Based on the solution of the
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implicitly calculated pressure equation, the transport equations are explicitly calculated.
For the calculation of the transport equations secondary variables of the previous time
step are used. This explicit time discretization causes the need to restrict the time step
in order to ensure stability of the solution. Yet, less CPU-time is needed to calculate a
solution if a decoupled formulation is used.

3.1.3 The IMPEC-scheme

The IMPEC-scheme is being used to solve the decoupled system of equations derived
in Section sequentially. At the beginning of the simulation, secondary variables are
calculated from initial conditions using flash calculations. The secondary variables are
assumed to be constant for the lenght of one time step. Based on these secondary variables,
the pressure equation is solved with an implicit EULER scheme. Dependent on the
pressure field, phase velocities are calculated which serve as an input for the transport
equations. With the solution of the transport equations new flash calculations are carried
out. Figure |3.2| gives an overview of the IMPEC-scheme.

Initial Conditions

time step
Calculate Solve Solve
secondary variables pressure equation transport equation
+At

Figure 3.2: The IMPEC-algorithm.

In the case of 2p2c-flow both phase pressures are required to solve the pressure equation.
The pressure which is chosen as the primary variable is calculated via using p. of
the last time step. Due to the use of secondary variables of the previous timestep for the
calculation of the pressure equation, the volume balance equation is not fulfilled.
The total specific volume does not necessarily fit the pore space available resulting in a
volume error €. Following the approach of |[Trangenstein and Bell, |1989], a relaxation
scheme is used to prevent the volume error from building up and excessively influencing
the solution. The correction term entering the pressure equation is defined as the negative
of the resulting volume error of the last time step scaled with a heuristic coefficient a,
with 0 < «, < 1:

¢ — U
— 2
€ a, ; (3.2)

Note that the residual (2.31]) is dependent on the time step size At which may cause large
correction terms when temporal constraint points like the end of the simulation time have
to be met. For further details see [Fritz, [2010].
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3.1.4 Time step limitation

The transport equation is solved with an explicit EULER scheme which is not
thoroughly stable. To ensure stability the following time step limitation proposed by
[Helmig et al., |2010] is used, which resembles the COURANT-FRIEDRICHS-LEWY-criterion
(CFL — criterion). First, characteristic time steps are calculated for each control volume
using

At;, = v
" | fr Za(va,in : n)dT|
Vv
Atpyr =
' | fr Za(va,out -n)dl|
At S acrr mm(Atm, Atout) (33)

then the simulation time step is restricted accordingly. Here V' stands for the volume of the
considered element, the denominators represent in- and outflow over the element boundary
and acpy, is the CFL-factor, a parameter which needs to be adjusted heuristically to
strengthen the time step limitation additionally.

3.2 Spatial discretization

In order to solve the model equations derived in Section [2.4] it is necessary to divide the
model domain into a finite number of cells or elements. Each of these elements represents
an REV and values of primary and secondary variables are calculated only at discrete
points in space. This allows to replace differential expressions of the model equations
by discrete expressions, leading to a system of algebraic equations that can be solved
numerically. The following subsection shows how pressure and transport equation are
discretized using the cell-centered finite volume method.

3.2.1 Cell Centered Finite Volume method

For the cell-centered finite volume method the model domain is divided into several control
volumes called cells. The model equations are integrated over each of these volumes. The
resulting fluxes in and out of each cell cancel out which ensures mass conservation and
gives the coupling condition between adjacent cells. Primary and secondary variables are
stored at the center of gravity of each cell, flux related quantities like pressure gradients
and velocities are calculated on the interfaces. Figure [3.3| shows the principle for the
resulting grid.
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Cell center

/

(e]

y

Interface
Figure 3.3: Cell centers and interfaces of a 2D grid.

3.2.2 The pressure equation

The intergration of equation (12.32)) over the control volume G yields

Ct—dG+/ Z Oy V~Z(VaﬂaX§)dG
/Z ov “dGJr/adG
G

The total compressibility of the fluid mixture ¢;, sources or sinks ¢" and the volume
error € are assumed to be constant inside a control volume. Therefore, the integral in
the corresponding terms can be replaced by V' representing the cubature of the control
volume. Additionally the GAUSS-GREEN divergence theorem is applied allowing to replace
the volume integral by an integral over the surface I' of the control volume:

Vct % Z aag«l;n ' Z(Vozposz>dF
8@
/ Z — ) (VapaX5)dG (3.5)

(3.4)

Here, n denotes the normal vector on the surface of the control volume pointing outwards.
Applying DARCY’s law for multiphase-flow (2.14)) yields

0
vct f Z 3(?2“ ' ZP\aK(—Vpa + Pag)paX]dD

8vt K
/ Z Voer —VDa + pa8)paX3]dG (3.6)

a’Ut %
:VZGC"‘Q + Ve
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For the following discretization a cell ¢ with a neighboring cell j is considered. To replace
the integral and differential expressions, the following steps are taken:

e Quantities integrated over the interfaces are assumed to be constant. This allows
to replace the surface integral fr with a sum > y A;;in;; over the interfaces 7;; with
surface area A;;. Here, n;; denotes the normal vector on the interface between cells
7 and j pointing outwards from cell 7.

e Pressure gradients are calculated by -22=F22d;; with Az being the distance between
the cell centers of cells 7 and j and d;; being a vector of unit length which connects
the cell centers of 7 and j. In doing so, the pressure gradients are assumed to be

constant between the discretization points.

e The term V gg; representing the gradient of the volume derivatives is calculated in
the same way as the pressure gradient.

t+At
t p‘+

At

e The time derivative of the pressure % is approximated by

perscript denotes the time level and At the time step size.

, where the su-

This leads to the following equation:

t—At t t
pz pz I( avt paaj B pa’i T
‘/ictvi At E : Vij 'y E pa)\ dzg 90~ ( N + Pag dij

Yij

61)757]‘ avm

'Yz] - BC:{ K p?;é,] - pg{,l T (3 7)
+v Z K Z pa/\ dzg AZL‘ Xa T + Pa8 dij :
Yij

where A, is the surface area of interface v;; and U; is the sum over all surface areas of
the interfaces. The derivatives of the total specific volume are calculated with a secant
method presented in [Fritz, [2010].

3.2.3 The transport equation

For the transport equation, integration over the control volume G yields

0" 1= — / V> (VapaXP)dG + / q"dG (3.8)
G o

¢ Ot G

Using multiphase DARCY’S Law and applying the GREEN-GAUSS-theorem gives

oCc*
4G =~ fn- 3" WK (Vo ) X0+ [ 4G (39)
Y S ;
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The total concentrations on a new time level are calculated explicitly from the old solution
using

Ot = CREA L At ACE, (3.10)

where ACF denotes the change in mass of component . Again, two adjacent cells ¢ and
j are considered. This results in the following discrete form of the transport equation:

AO’N K ptoc i pfxz K
AN D A D padaXs (jA—x + pag’dyj | + 4 (3.11)

Vij a

3.3 Approximation of fluxes

Quantities related to flux are calculated at the interfaces of the cells (see Figure[3.4). This
section will explain how mobilities, densities and intrinsic permeability are interpolated to
find values at the interface. The relevant quantities for fluxes over cell interfaces are the
gradients of the phase pressure, the capillary pressure, the geodetic head and the volume
derivative V ggﬁ. Different methods to approximate these gradients will be discussed.
Depending on the problem and the grid, a relatively simple approximation, the Two
Point Flux Approximation (TPFA), may be applied, which is based on values taken from
two adjacent cells. However, in some cases the use of the TPFA leads to numerical errors.
This motivates the use of the more complex Multi Point Flux Approximations (MPFA)

to calculate fluxes correctly.

3.3.1 Upwinding and harmonic mean

In Figure [3.4] two neighboring cells with different intrinsic permeabilities are depicted. For

Figure 3.4: Two cells with different permeabilities.

the calculation of fluxes over the interface, values for the phase densities and mobilities
need to be determined. Both are functions of pressure and saturation and can therefore be
considered transported quantities. This leads to interpolation with an upwinding scheme.
The upwinding scheme has the advantage that it is more stable than the central weighting
scheme and represents the physics of transport processes better.

For quantities transported by advection, the influence of the down-stream cell on the
transport is negligible. Therefore, densities and mobilities on the interface are determined
by the values of the upstream cell. Upstream and downstream cells are identified based on
flux over the interface which leads to a co-dependence, since the flux is calculated using
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mobilities and densities. To solve this problem, the fluxes of the last time step can be used
to determine up- and downstream cells. This way, upwinding is mostly done correctly.
For the initial solution, upwinding of coefficients is done based on an initial pressure
guess which is calculated with centrally weighted mobilities and a standard fractional flow
equation, presented, e.g., in [Cao et al. [2007] or [Helmig, |1998]. Here exemplarily the
scheme for the determination of mobilities after the initial solution is presented. Indices
1 and j denote values of the cells, the index 77 denotes a value at the interface between ¢
and j.

)\a,i if Qa,ij >0
Aajij = Aaj if Qi <0 (3.12)
(Mo + Aaj) /2 if Quij =0

Here, A;; is the phase mobility and @),; is the flux of phase a at the interface. Phase
densities are calculated accordingly.

For the determination of the intrinsic permeability at the interfaces, a different approach
is chosen, namely the harmonic mean which will be derived below. Again, the situation
depicted in Figure [3.4] is assumed. To keep things clear, the mobilities in both cells are
assumed to be equal and gravitational forces are neglected. To calculate the flux through
an interface the following equation is used:

Quis = — / MKV dv;, (3.13)

Yij
with «;; being the surface of the interface. Assuming the velocity to be constant on the
interface and postulating continuity of fluxes gives:

Pa,a — Payi Pa,j — Pa,a
_)\a,i'Ai'ki— = )\a,i'Ai'k'—a (3-14)
J J AZL',L J J"] ij

with £ = n”Kn, n being the normal vector of the interface pointing from i to j and A;;
being the surface area of the interface. Solving for the phase pressure at the interface
gives:

ki kj
(A_xipa,i + A_jcjpa,j)

a,a = 3.15
Pa, < ki + k_J> ( )
Azi Amj
Insertion of equation (3.15)) in equation (3.14)) yields
pa,a - pa,i
Qua,ij = )\a,iinjkiA—aji
o k; <Ak_;ipa,i + A_ijpa,]) - (Ak_;ipa,i + A_;:jpom)
= Aaij ig 7 ( - k_J) (3.16)
AJ}Z‘ A:Ej
_ )\aJ]A”];’(pa’J - pa,i)

A.fll'ij ’
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with Az;; = Az, +Az; and k= % which is the harmonic mean of k; and k;. This
T J J [

shows that the use of harmonic weighting for the intrinsic permeability ensures continuity

of fluxes. More details on the upwinding scheme and other interpolation methods can

found in [Ferziger and Peric, 1999 or [Hirsch, |1988].

3.3.2 TPFA

A grid discretizing the model domain is called K-orthogonal if the principal directions of
the permeability tensor K are parallel and orthogonal to the normal vectors of the cell in-
terfaces. For a symmetric tensor the principal directions are orthogonal. On K-orthogonal
grids the TPFA can be used to approximate gradients relevant for flow. If TPFA is used
on grids which are not K-orthogonal, numerical diffusion is created. Numerical diffusion,
like molecular diffusion or hydrodynamic dispersion, causes steep gradients of, e.g, mass
fraction or saturation to smooth out over time. In the case of numerical diffusion this is
due to discretization, like the wrong approximation of fluxes.

On adaptive grids so-called hanging nodes may occur (see Section . Even though
a grid may be K-orthogonal, hanging nodes cause numerical diffusion when a TPFA is
applied. This is because, e.g., pressure gradients may be non-orthogonal to the cells’
interfaces. Consider the situation depicted in Figure

Vp
—

hanging

el

Figure 3.5: Three cells and a hanging node.

If a purely horizontal pressure gradient is assumed, i.e. pointing from left to right, a
TPFA will cause diffusive fluxes in vertical direction. The pressure of cell j is higher than
the pressure of cell 7, causing a flux over the interface between the two cells in vertical
direction. Also the pressure of cell 7 is higher than the pressure of cell k, leading to yet
another unphysical flux. The existence of hanging nodes on a grid causes the TPFA to
fail approximating fluxes correctly. Adaptive simulations discussed in Chapter |5| using
TPFA will be named tpfa.
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3.3.3 MPFA

To avoid the numerical diffusion on grids containing hanging nodes or which are not K-
orthogonal, the MPFA has been developed. In this thesis, the MPFA for quadrilateral
grids presented in [Aavatsmark, 2002] will be used. The idea of the MPFA is to calculate
fluxes over an interface using more than just the potential of the two neighboring cells
sharing the interface. Therefore, a second grid, consisting of so-called interaction volumes,
is created by connecting the cell centers of the existing grid with the midpoints of the cell
interfaces (see Figure [3.6]). Since this grid of interaction volumes divides each interface

Figure 3.6: Solid lines: the grid. Grey dashed lines: boundaries of interaction volumes.

into two half-edges, fluxes are now calculated for each half edge. To get the flux over a
whole interface, fluxes of the two half-edges are summed up. In order to calculate fluxes
over a half-edge, potentials of cells close to this half-edge are additionaly considered.
Dependent on the cells used for calculation and the resulting shape of the interaction
volume for one half-edge, different MPFA-methods can be distinguished:

e The O-method:
For the O-method applied in 2D, the interaction volume to calculate fluxes results
from the connection of the cell centers and interface midpoints of four cells sharing
one vertex (see Figure . The interaction volume, which resembles a stylized O,
allows the calculation of fluxes of the four half-edges within. For more information
on the O-method see |Aavatsmark, [2002].

e The L-method:
The interaction volume of the L-method has the shape of a stylized L (see Figure
3.8]). Here, potentials of three cells are used to calculate fluxes over the two half-
edges within.

Both methods are exact for linear potential fields on arbitrary grids. To approximate
fluxes on grids with hanging nodes (see Section , the O-method cannot be applied
(see [Aavatsmark] [2002]). Therefore, the L-method will be applied in this work and its
principle will be explained in the following subsection.
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Figure 3.7: Interaction volume of the O-method.

Figure 3.8: Interaction volume of the L-method.

3.3.4 The L-method

The flux of a phase a over an interface i is defined as follows:

Qa,i = —/ /\a’iKVha’in d’]/z (317)
7

(3

Here, h, denotes the phase potential. To remove the phase dependency of equation
(3.17), K is assumed positive definite and symmetric and the mobility is determined by
an upwinding scheme. This leads to:

Qi = —/ KVhn dv; (3.18)
Yi

This allows to calculate the flux by solving the integral only. Figure shows the inter-
action volume with the considered half edges. Also shown are cell centers x;, j = 1,2,3
and edge midpoints X;, i = 1,2, 3. Aditionally the common corner of the three cells X3 is
depicted and the vectors vy, kK = 1,...,7 which are normal to the interaction volume faces
and have length equal to the length of the face which they are normal to. For optical rea-
sons the length of the vectors is not depicted correctly. These vectors will be used later in
the derivation of the L-method. The potential inside the interaction volume is expressed
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v

<
X3l X1

P,

; fve v1f :
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Figure 3.9: Solid lines: the half edges. Grey dashed lines: boundaries of interaction
volumes.

by a linear function based on the values at the cell centers:

h(x) = Z hitbi(x) (3.19)

Here, h; is the value of h(x) at vertex ¢ and 1;(x;) is the linear basis function defined as
Yi(x;) = 0;; with 0;; being the KRONECKER-Delta. Indices ¢ and j denote neighboring
cells. To solve for the potential values at the interfaces, continuity of the potential is
required. The following approximation of equation is used:

Qi ~ -] K,;VH; (3.20)

Here, A represents the normal vector of the half edge with length equal to the length of
the half edge and H; is the linear approximation of the potential. Figure shows the
triangle spanned by a cell center xy and the continuity points on the interfaces. Defining
ho = H(xo) and hy = H(Xy), k=1,2 gives

X0

Figure 3.10: Triangle spanned by a cell center and the continuity points.

_ (hi—ho
XVH = (h2 - ho) (3.21)
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with

X = <(’_‘1 - XO);) (3.22)

(X2 — x0)

The rotational matrix R is defined as follows:

R— (_01 (1)) (3.23)

which rotates the vectors x; — X by an angle of —7. This gives:

vV = R (X2 - Xo) , Vg = —-R (Xl - Xo) (324)

with 7, normal to the distance vectors pointing from the cell center to the continuity
points and pointing inside the triangle formed by xy and X,. With

X [v1, 1] =T1 (3.25)
where
T = detX = (%; — x0) "R (Xy — X¢) = v{ Ripy (3.26)
follows:
X1 = L1y 1) (3.27)
T
This gives:
1 _
VH = ; vi, (hi — ho) (3.28)

which is inserted into equation . This gives a discrete expression for the fluxes over
the half edges.

To calculate the unknown values hy, at the cell interfaces, expressions for the fluxes over
the half edges are formulated. The fluxes over the interfaces X;X3 and X,X3 as seen from
cell 1 are:

1 - 1 T

fl = —Tn{Kll/l (hl — hl) - TH{K1V2 (hZ - hl) (329>
1 1
1 T 7 1 T 7

fa= T e Ky (b —hy) — T, "2 Kivy (hy = ha) (3.30)
1 1

From equation ([3.28) follows the value for hy = H; (X3):

]_13 = hl + (5(3 — X1>T VHl
= hl — (RI/7>T VHl (331)
1 - 1 -
=hi + —vi Ry (h1 — h1) + v Ruy (ha — )
T1 Tl
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The flux through the half-edge between x; and X3 as seen from cell 2 using equation ((3.31))
is given by:

1. . 1. _
f1 = — En{Kgyg (hg — hz) — EH?K2V4 (hl — hg)

1 1 - 1 -
= — —fl{Kng h1 — hg + —V?Rl/l (hl - hl) + —V?Rl/g (hg - hl) (332)
TQ T1 Tl

1 _
— Eﬁ{KQVz; (hl — hQ)

Using again equation ((3.31)) to formulate the flux over the half-edge between X, and X3
yields:

1. - 1. _
Ja=— Tgnng% (hz - h3) - ﬂngTK3V6 (h3 - hs)

1 1 - 1 -
= — —fnggyﬁ h1 - h3 + —VgRyl (hl — h1> + —V?RVQ (hg — hl) (333)
15 Ty Ty

1 _
- EﬁgK3V5 (hg - hg)

Assuming the potentials to be continuous across the half edges and requiring the fluxes
calculated by and to be equal allows to calculate the unknown values for
hy. For more details see [Aavatsmark, 2002]. Adaptive simulations discussed in Chapter
using MPFA will be named mpfa.

3.4 Flash calculations

Based on the solution of the pressure equation the transport equation is solved, which
gives values for the transported quantity, the total concentration. With the help of flash
calculations, values for the saturation and mass fractions of the phases are calculated.
Here, RACHFORD-RICE-equations will be used. First, the quantities entering the equa-
tions are defined and some relations between these new quantities and values of interest
for the solution are given. Then, the equations themselves will be derived.

3.4.1 The RACHFORD-RICE-equations

The feed mass fraction Z* is defined as the dimensionless ratio of the total concentration
of component « to the total mass of the mixture:

e

Thermodynamic equilibrium is assumed and therefore the K-factors, or equilibrium ratios,
can be defined as:

zZ" (3.34)

X~
Kr — «

S —1 3.35
=% (335)
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with X being the mass fraction of component  in a reference phase. The phase mass
fraction (, of phase « is defined as the ratio of the mass of phase a to the sum of the

phases masses
Sapa

>0 Saba

Phase mass fractions sum up to unity. The saturation of phase a can be calculated from
the phase mass fraction by:
Ca/Pa

Za Ca/pa

Specific phase volumes v, can be calculated by:

_ Sy o
» Z;C (3.38)

(o = (3.36)

S, = (3.37)

To derive the RACHFORD-RICE-equations the definition of the total concentration ([2.26))
is inserted into equation (|3.34)):

o (SapaXy)
Zn (Za SapaXl)

7 = (3.39)

This can be rewritten as:
apa
75 = XZ XECo 3.40
Z ( S pa> Z (3.40)

Inserting equation (3.35) and rearranging for X gives:

ZH

X' ==—F— (3.41)
Za KSCOZ
Since phase mass fractions sum up to unity, it is possible to eliminate an arbitrary phase
mass fraction giving:

ZF\Z

X = (3.42)
Za;ﬁe (K(’; - Kg) COA + Kg

Here, the index e stands for the eliminated phase. The number of considered phases is
denoted by nppases. Making use of the fact that component mass fractions sum up to

unity gives the following (npneses — 1) equations:
SNXF-D XF=) (X5-XE) =0 (3.43)

where [ denotes one of the n,pqses phases with 5 # e. These equations can be written
for all phases 8 except the eliminated one. Inserting equation (3.35) for X and equation
(3.42) for X[ yields again (npnases — 1) equations written for 8 # e:

3 Z" (K5 — K)
K Kg+2a7$e (KK_K5> ga

=0 (3.44)

«
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Choosing the reference phase, the eliminated phase (e = r), and using that K7 is equal
to one gives the set of RACHFORD-RICE-equations:

Zr (K5 —1)
Z 1+Za¢e(Kﬁ_ 1)§a

% «

=0 (3.45)

Using the constraint that phase mass fractions sum up to unity gives n,pqses €quations
for the nppeses unknown values of (,. Generally, the equations have to be solved
iteratively. In this thesis 2p2c-flow is simulated and therefore only one equation remains
which can be solved analytically.



Chapter 4

Adaption of the grid

As stated in Chapter [3 the model domain is discretized on a simulation grid. Normally,
grids are static and therefore unable to describe transient problems efficiently. Since
the behavior of the solution may change over time, the initial grid may no longer be
appropriate after some timesteps. Therefore, it is desirable to adapt the grid between
timesteps to ensure a good spatial discretization of the problem. Additionally, adaptive
grid refinement allows an increase in efficiency by reducing the computational effort.
Where the quality of the solution is of high interest the grid is locally refined, in regions
of lower interest a coarser grid can be used. This can result in fewer elements on a grid
leading to a reduction of the CPU-time.

The following section gives an overview of different adaptive methods. Then, the adaptive
scheme applied in this work is presented.

4.1 Overview of adaptive methods

Numerical solutions are always erroneous approximations of the exact solution. Several
different sources contribute to this error. For example, the program can contain bugs or
application errors, like the wrong choice of boundary conditions, lead to errors. Addition-
ally three kinds of errors are unavoidable |[Ferziger and Peric, 2008]:

e Modelling errors:
The exact solution of the mathematical model does not represent the exact physical
processes, as assumptions, approximations and simplifications have to be made to
describe the problem.

e [teration errors:
Since direct calculation of the discretized algebraic equations is too costly, iterative
methods are being used, leading to truncation errors.

e Discretization errors:
The exact solution of the conservation equation and the exact solution of the dis-
cretized approximation differ due to the spatial and temporal discretization.
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Since the discretization error is dependent on the temporal and spatial discretization
lenght, adaptive grid refinement can help to minimize the error by local improvement of the
grid resolution. We distinguish between the following adaptive methods (e.g. [Ellsiepen,
1999| or [Hinkelmann) 2002]):

e h-adaptive methods:
In this method the dicretization length h is variable. This means that single cells
can be refined or coarsened leading to a change in h. This method will be discussed
in more detail in 4.3l

e p-adaptive methods:
The order p of the polynomial testing functions is changed in parts of the grid,
leading to better approximation of the solution.

e h-p-adaptive methods:
This method represents a combination of h- and p- adaptivity, allowing to change
the discretization length as well as the polynomial order.

e r-adaptive methods:
In these methods the nodes of the mesh are moved to capture the important features
of the solution.

e Subgrid methods:
In parts of the model domain where a finer grid resolution is needed, arbitrarily ori-
ented subgrids with smaller element size are constructed. The solution is calculated
on the subgrids and then transferred to the coarser grid by interpolation.

For all these methods it is necessary to locate the regions of the model domain where the
grid has to be adapted with the aim to distribute the error equally over the whole grid.
This can be done at different times:

® 3 priori:
Before the calculation is carried out, based on initial and boundary conditions, and
material parameters.

e a posteriori:
Based on the solution of the problem after the calculation was carried out, for
example after each timestep.

Additionally, one distinguishes error estimates which are mathematically motivated and
physically motivated indicators obtained by heuristic methods. In the course of this work,
empirical, a posteriori error indicators will be applied which will be discussed in Section
[4.3] After assigning an error value 7 to an element of the grid using an estimator or
indicator, this error is generally compared to the tolerance for refinement tol,.fin. and
coarsening tolcoarsen:

1 > tolycfine — refinement
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1 < toleoarsen — coarsening

To calculate these tolerances different methods can be applied (e.g. |[Barlag, |1997]) which
will be presented in Section [4.4]

4.2 The grid

The grid represents the spatial discretization of the model equations. In this section,
general remarks and definitions concerning the grid are made.

4.2.1 Hierachical organisation of the grid

For the cell centered FVM the model domain is subdivided into theoretically arbitrary
elements or cells as explained in Section[3.2.1] To avoid numerical problems it is reasonable
to use simple shapes for the elements, like rectangles in 2D or cubes in 3D (see Section
. All systems simulated in this work are two-dimensional and therefore rectangles
will be used.

The grid is organized in a hierarchical way, meaning that several different grid levels may
exist. The most basic grid level is level 0. The level 0 grid must be created such that it
is able to describe all features of the model domain like its geometry and heterogeneities.
This means that properties of the porous medium, e.g. porosity ¢ and the permeability
K, are homogeneous within each level 0 element. When the level 0 grid is locally refined
with an h-adaptive scheme (see Section new cells are created by subdivision of a level
0 cell. These new cells now have level 1. Further refinement of a level 1 cell leads to level
2 cells and so on.

In this context, these cells that have been marked for refinement will be referred to as
fathers, the new cells resulting from the refinement process will be referred to as sons. All
sons of one father are referred to as brothers.

Elements with the same level are stored in a so-called level grid. The cells belonging to one
level grid need not necessarily be connected. Therefore, the leaf grid is introduced which
may contain cells on different levels. For the whole domain it contains those elements
which have the highest level. The calculation of the solution is carried out on the leaf
grid. Figure 4.1| gives an overview of the leaf and level grids.

4.2.2 Minimum and maximum grid level

For each simulation a minimum and maximum grid level has to be defined. The minimum
grid level (level,,;,) determines the minimum number, the maximum grid level (level,,q.)
the maximum number of refinement steps for each element. The adaptive simulations
which are presented in Chapter [5| will be amongst other things classified dependent on
their minimum and maximum levels. Accordingly the simulation names will be followed
by a pair of digits representing the minimum and maximum level.

For the calculation of the first solution of an adaptive simulation, the grid is uniformly
refined to the maximum level and afterwards coarsened or refined where needed.
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Level 2
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Level 0
7
// // Leaf grid

Figure 4.1: Hierarchical structure of a refined grid.

4.3 Error indicators

For the simulation of 2p2c-systems new error indicators were developed as part of this
work. An existing indicator for 2p-flow was modified to capture the processes which are
relevant in multi phase multicomponent flow. Additionally, completely new indicators
were developed in the course of this work. The new indicators are presented in the
following sections.

The aim of adaptive grid refinement is to distribute the error resulting from the problem
itself equally over the whole spatial domain. This can be achived with the use of error
estimators. The indicators developed in this work are heuristically derived and therefore
not related directly to the resulting error, yet they are easy to implement and calculate
which qualifies them for practical engineering work.

The different indicators used to adapt the grid are based on different quantities:

e differences of saturation

e differences of mass fractions
e differences of pressure

e differences of flux

Their aim is to locate steep gradients of these quantities and to reduce the error resulting
therefrom. Saturations and mass fractions represent the advectively transported quanti-
ties of the model equations, and good solutions of these quantities are therefore of high
interest.

4.3.1 Indicator based on local differences

This error indicator is based on local differences of saturation and mass fraction. The
indicator values AS,,; and AX}; calculated in cell ¢ with neighboring cells j are defined
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as follows:

ASU,J; = max ’ Sw,i — Sw,j ‘ (41)
J

AXﬁi:maa:\X;”i—X;”j \ (4.2)
b j b 9.

Since saturations and mass fractions sum up to unity it is, in the case of 2p2c-flow,
arbitrary which saturation or mass fraction is used to determine the delta.

4.3.2 Indicator based on gradients

This error indicator is based on local gradients of saturation and mass fraction. The
indicator values V.S, ; and VX', calculated in cell ¢ with neighboring cells j are defined
as follows:

| Swi = Sw, |
- T7we Zwgl 4.
VSu, mjcw Av, (4.3)

w w
VXY — max| Xw,i - Xw,j |
w,i ; Axij

4.3.3 Indicator based on local pressure differences

This indicator is calculated the same way as the indicator based on local differences of
saturation and mass fraction, with the distinction that the pressures of the wetting and
the non-wetting phase are considered. The two indicator values of a cell are calculated
by

Apu,i = MAX [Pu,i — Pu] (4.5)

Ap,; = max |Pni — Dnjl (4.6)

4.3.4 Indicator based on component fluxes

For this error indicator the total flux of the considered components over the interfaces
of cell ¢ into the neighboring cells j is calculated. The total flux over an interface is
calculated by

Qrotatij = |Qu,ij| + |Qn.ijl (4.7)

and the indicator value inside cell 7 is calculated by
Qtotal,i = m]aX Qtotal,ij (48)

This way, areas of high velocities and regions where dense fluids flow are indicated.
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4.3.5 Refinement and coarsening

Several indicators used in this work have two indicator values: either one for saturation
and one for mass fraction or one for the wetting and the non-wetting pressure. Both
values control the process of refinement and coarsening, and the question arises how they
are applied correctly.

e Refinement:
For example, an element gets marked for refinement when comparison of either the
indicator value for saturation or the value for mass fraction with the refinement
tolerance tol,cfine leads to the refinement of an element. If either value is higher
than tol,eine a cell gets refined.

e Coarsening:
An element gets marked for coarsening only if comparison of both indicator values
with the coarsen tolerance t0l.oqrsen lead to coarsening of an element. If both values
are smaller than tol..qrsen @ cell gets marked for coarsening.

This way, refinement always dominates over coarsening and the quality of the solution
with respect to both considered quantities can be maintained. In case one phase vanishes
in the course of the simulation, the indicator value for saturation becomes redundant and
only the value for mass fraction controls the grid adaption process.

As part of this thesis, the procedure of coarsening was modified. Note that only sons
belonging to the same father cell can be merged into one new cell which has again the
same position in the grid and geometry of the former father cell. Originally, son cells were
merged when one of them was marked for coarsening. The error values of the brother cells
were not considered in this process. To further strengthen the domination of refinement
over coarsening, a new way to coarsen the grid was implemented in DuMu*. The new
procedure allows coarsening only if all sons belonging to the same father cell are marked
for coarsening.

4.4 Calculation of tolerances for refinement
and coarsening

Different approaches exist for the calculation of these tolerances, two of which are pre-
sented in this section. Generally, calculation of tolerances can be based on a representative
error 7). of the simulated problem scaled with a heuristic factor. The factor for the refine-
ment tolerance tol,.yine is ref, the factor to calculate tol oqrsen is cor. A good choice for
ref and cor has to be made, since they are crucial for the adaption process. A bad choice
may lead to the case that important features of the solution are not resolved and therefore
the adaptive scheme fails. For example, a value of ref = 0.6 means that elements with an
error value larger than 60 % of n will be refined, a value of cor = 0.2 leads to coarsening of
cells with an error value smaller 20 % of 1. To calculate tolerances, the following formulas
are applied:
Zfozr‘efine = Tef M

tOlcoarsen = cor - 1y
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4.4.1 The global maximum value method

One approach to calculate the tolerances is presented in [Bastian et al. [2012] and will
here be referred to as global maximum value method. In this method the error n; of a
cell i is compared to a theoretical global error value 1, = n#l°tal . This value represents a
theoretical maximum of the error. For an indicator based on, e.g., local differences of the

saturation 79'°% is calculated as follows:

global __ qglobal global
S - S

nmax mazx man

with S9/°bal and S9°2°* being the maximum and minimum values of saturation in the whole

max min

domain.

4.4.2 The maximum value method

As part of this thesis, a different method was implemented in DuMuX, called the maxi-
mum value method. For the maximum value method the error n; of each cell is compared
to the maximum value 7, = 7,4, inside the model domain. For an indicator based on
local differences of the saturation the value for 7, is calculated by:

Nmax — Max ASw,i’
i

where ¢ denotes all cells of the grid and AS,; is the indicator value calculated using
equation ({4.1). Both methods will be compared in Section [5.1}

4.5 h-adaptivity

The use of h-adaptivity allows to locally change the discretization length by coarsening
or refinement of the grid. Based on the indicator values calculated in each cell, cells are
marked for refinement or coarsening. For h-adaptive refinement in 2D or 3D two methods
can be distinguished:

e “Blue” refinement:
Blue refinement allows the anisotropic subdivision of elements. Let d be the dimen-
sionality of the problem, then cells are not refined in every spatial dimension but
only (d —1) in 2D or (d — k), k£ € 1,2 in 3D. This may be useful in case fronts
propagate parallel with one or two grid dimension.

e “Red” refinement:
The use of red refinement leads to isotropic subdivision of cells. A cell marked for
refinement gets divided into 27 sons. In the course of this work, only red refinement
will be applied.

The h-adaptive scheme used in this work is applied in a pre-time step of the IMPEC-
algorithm. Figure 4.2 shows the IMPEC-algorithm expanded by the h-adaptive scheme.
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Figure 4.2: The expanded IMPEC algorithm.

4.5.1 Hanging nodes

As the cells on the leaf grid may have different levels, a method has to be developed to
connect these cells. The easiest method is to simply do nothing and to allow so-called
hanging nodes. Figure [4.3| shows adjacent cells with a hanging node resulting from red
refinement. The hanging node divides the intersection into two sub interfaces. This
results in numerical problems since pressure gradients are not orthogonal to the sub-
interfaces between the cells (see Section , leading to wrong approximation of fluxes
and numerical diffusion. Therefore, the use of MPFA-methods is advisable.

Another possibility is shown in Figure To prevent the problem that an intersection

hanging node

a

Figure 4.3: Hanging node on an adaptive grid.

between two adjacent cells is divided into two sub interfaces, a “green” or irregular element
is created. This way, each interface is shared by only two cells. Irregular elements cause
numerical problems as well since pressure gradients are not orthogonal to some of the
interfaces of the green element. In the course of this work the computational effort to
create irregular elements is saved, by allowing hanging nodes and using an MPFA.

4.5.2 Refinement ratio

Theoretically adjacent cells can have arbitrary levels. This causes problems when fluxes
over the interfaces have to be calculated. For the MPFA, a set of potential values of cells
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W_/

green element

Figure 4.4: Green refinement.

close to an interface is used to determine the fluxes (see Section [3.3.4]). For neighboring
cells with arbitrary level the choice of which potentials to base the calculation of fluxes on
is not an easy one. To allow a systematic application of the MPFA a refinement ratio is
introduced. The refinement ratio is defined as the minimum ratio of edge lengths of two
adjacent cells that is allowed on the grid. Since new cells on higher levels are obtained
from red refinement, the edge lengths of these cells are bisected. Therefore two adjacent
level 0 and level 1 cells have a refine ratio of 1:2, a level 0 and a level 2 cell a refine ratio
of 1:4. In this work the refinement ratio is chosen at 1:2. Figure |4.5 shows two different
refinement ratios on an adaptive grid.

Figure 4.5: Grid refinement ratios.

4.6 Transfer of information on adaptive grids

Since the grid is adapted before the beginning of a new time step and new cells may
be created, information has to be transferred from the old to the new grid. The coordi-
nates and sizes of the newly introduced cells differ from those of former fathers or sons.
Therefore, primary variables need to be interpolated to gain new values at the cell centers.
Conservation of mass has to be ensured by correct transfer of total concentrations and the
pressure has to be adapted reasonably. In the case of 2p2c-flow only one pressure needs
to be transferred since the other can be calculated via the capillary pressure. Secondary
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variables are also calculated from the transferred primary variables. This section shows
the ways in which interpolation for primary variables is done.

4.6.1 Transfer of pressure

When the grid is adapted and pressure values are assigned to the new cells, no fluxes
should be induced. Consider the 2D-case that a cell is refined and divided into ng,,s sub-
cells with surface area Ay, @ € [1, Ngons|. Hydrostatic conditions are assumed. If the
son cells were simply assigned the pressure value of the father cell, pressure differences
between the new cells and their neighbors would induce erroneous fluxes as the lower
son cells would be assigned a relatively small pressure value. Therefore the vector d; is
introduced pointing from the center of the father to the cell center of son ¢. Now, the
pressure of the new cells can be calculated by:

1
Pson,i = Pfather + ,OtotalgTdi = Dfather T 5 Z C?athergTdi (49)

In case son cells are merged into their father cell by coarsening the pressure of the father
cell can be calculated by:

1 Nsons

Pfather = Z Ason,ipson,ia (410)

Nsons Afather

with AfatheT == Zz Ason,i'

4.6.2 Transfer of total concentrations

Since total concentrations are volume specific masses of the components, their transfer
from one grid to the other is simple. The claim for conservation of mass and the assump-
tion of a rigid porous medium gives:

M father = Z Mson,iy (411)
leading to:
Cﬁa er CH
father : (4.12)

¢Vfather B i Qﬂ/;on,i
When the grid is coarsened, the total concentration of the new cell can be calculated by:

K

Cl;ather - ¢Vfather Z ! (413)

qﬂ/tson,i

If a cell is refined, the total concentration of the father cell is simply copied to the resulting
sons. Using this transformation results in a small volume error due to the fact that the
total concentration is a function of secondary variables like saturation, density and the
mass fractions, which again depend on the pressure. Since a comparatively large volume
mismatch exists anyway caused by the numerical scheme, this is assumed insignificant.



4.7. EFFICIENCY 43

4.7 Efficiency

To simulate multiphase-multicomponent-flow in porous media, the discretization pre-
sented in Chapter (3|is used. The efficiency of an adaptive discretization can be determined
by comparing the resulting error and the real running time of the simulation with a ref-
erence solution. For the processes simulated in this work no analytical solutions exist.
Therefore, the simulations carried out on adaptive grids are compared to a reference so-
lution calculated on a static fine grid. This section will explain how solutions on adaptive
grids are compared to reference solutions in the course of this work.

4.7.1 The error

When comparing two solutions, a global error e can be determined by calculation of an
L?-type norm defined as follows:

e = Z (Uref,i — Ui>2 Az (414)

Here u,.r,; denotes the value of the reference solution, u; the value of the adaptive solution,
7 1s the cell index and A; denotes the cell area. The error in each cell can be calculated
by

ei = (Upefi — ui)2 A; (4.15)

4.7.2 Mapping solutions from adaptive to reference grids

To be able to calculate the error presented above, the adaptive solution has to be mapped
from the adaptive to the reference grid. This procedure was implemented in DuMu”* as
part of this work using the following steps:

1. The grid is refined stepwise to the grid level of the reference solution. As for the
usual adaption process carried out during simulation, the total concentrations are
transferred using the method described in Section [4.6.2] The pressure, however, is
transferred in a different manner because consideration of differences in the geodetic
height would lead to a change of the adaptive solution (see Section . For the
mapping of the pressure solution, new cells are simply assigned the pressure values
of their fathers. This causes relatively great errors when comparing the pressure of
adaptive and reference solution.

2. Due to the methods implemented in DUNE;, cell indices change during the adaption
of the grid. The indices of adaptive and reference grid are not the same after the
first step of adaptation. Since iterators, running through all cell indices, are used
to traverse the grid, indices have to be the same for the sake of comparison. In
order to obtain the same indices for both grids, the values of the adaptive solution
are assigned a lexicographical index. In doing so, the adaptive solution is directly
connected to the geometry of the model domain.

3. A copy of the reference grid is created, then the adaptive solution is mapped to this
new grid using the lexicographical index.
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Using these steps makes it possible to compare adaptive and reference solution. Errors
can be calculated and visualized easily. As stated above, pressures are not well suited
to determine the errors of simulations. A relatively high error in the pressure field of
adaptive calculations is caused by the fact that coarser cells are allowed on adaptive
grids. In the process of coarsening, information on the pressure field is lost (see equation
(4.10)). Therefore, in most cases, the values of the total concentration of the non-wetting
component will be used as basis for the error.



Chapter 5

Results

In this chapter, the numerical tests carried out as part of this thesis are presented. All
simulations use the h-adaptive scheme. First different methods to calculate the tolerances
for indicator values are investigated. Then, the error indicators presented in Section
are compared and evaluated. A study on the convergence behavior of the adaptive scheme
is presented and the different methods to approximate fluxes, presented in Section [3.3]
are compared.

5.1 Comparison of methods for the calculation
of tolerances

For the calculation of tolerances for refinement and coarsening several different approaches
exist. The two approaches, discussed in more detail in section [4.4] are compared. A
simulation is carried out to identify the favourable method.

5.1.1 Description of the problem

For the comparison of the two methods, a problem resembling the BUCKLEY-LEVERETT-
Problem is simulated in 2D. In this simulation the non-wetting phase is air, the wetting
phase is H5O and the model domain is 50 m long and 20 m high. The properties of the
porous medium are listed in Table [5.1]

Gravity is neglected but capillary effects are considered. The domain is initially fully

Table 5.1: Soil properties

Pd A Swr Snr K (b
1000 2 O 0 1le-12 0.15

saturated with pure water. On the left boundary a DIRICHLET condition is applied with
pw = 13.5-10° Pa and S,, = 1. No-flow conditions are fixed on the top and bottom
boundary and on the right end of the domain a flux of water with a rate of 0.01 [kg/sm)] is
extracted. Table gives an overview of the grid levels, showing the number of cells on
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the uniform grid levels and the discretization length Ax. The CFL-factor acpy is chosen
at 0.9 and fluxes are approximated using MPFA. The parameters for the adaptive scheme

Table 5.2: Overview of grid levels

grid level cells Az

0 40 )
1 160 2.5
2 640  1.25
3 2560 0.625

are listed in Table [5.3]

Table 5.3: Parameters for the adaptive scheme

indicator levely, levely,.. ref  cor

based on differences 0 3 0.925 0.2

5.1.2 Results

Figure shows the grids for both tolerance calculation methods after 5-10% s, 1-10° s
and 1.5-10° s. In each figure, the grid of the global maximum value method is depicted in
the upper half, the grid of the maximum value method in the lower half. The figures show
that the global maximum value method is only at an early stage of simulation capable of
capturing the saturation front. With increasing simulation time the front gets no more
resolved and the grid is coarsend to the minimum level in the vicinity of the front at
the end of the simulation. This is due to the representative error n9/°%a wwhich is used to
calculate the tolerances with the global maximum value method. It is not related to the
error at the saturation front. The differences of saturation at the left and right boundary
determine the value of ngl%al  As explained in Section m cells are only refined if the
indicator value of the cell is higher than tol,efine. The differences of saturation at the
front become smaller in the course of simulation, and therefore the indicator values at the
front become too small to trigger refinement.

For the maximum value method this is not the case since the representative error 7,,,, is
directly determined by the differences of the saturation at the front. Smaller differences
of saturation at the front cannot lead to the case that no more refinement is triggered.
Additionally, normed indicator values ranging from zero to one can be obtained using
the maximum value method. When indicator values are related to 7,4, the resulting
maximum indicator value is always one. When flow processes are simulated in such a way
that fronts of saturation and mass fraction do not spread over the whole model domain,
a minimum value of zero for the indicator should always be obtained. Figure shows
the tolerances for the indicator value of the saturation for both methods. As can be seen,
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the tolerance for refinement of the maximum value method lies far below the one of the
global maximum value method. As cells are only refined if their indicator value is higher
than the according tolerance, the maximum value method is much more sensitive to the
occurring local gradients of saturation and mass fraction in the course of simulation.
The peaks of the curve representing the refinement tolerance of the global maximum
value method are caused by fluctuations of the saturation on the left boundary where the
non-wetting phase enters the model domain. The representative error 792 is calculated
as the difference of saturation between the left boundary where S,, is low and the right
part of the model domain where S, is constantly equal to one. With fluctuations of the
saturation on the left boundary the value of 79/°% changes, and therefore, the refinement
and coarsening tolerances. A stronger time step limitation with a lower CFL-factor acpy,
could solve this problem.

Figure [5.3| shows the tolerances for the indicator values based on the mass fraction of
water in the wetting phase. The changing values of the representative error 7),,,, of the
maximum value method lead to less stable tolerances for refinement and coarsening. This
may lead to inefficient adaption of the grid which was, however, not observed in the course
of this work. The circumstance that oscillations of the tolerances did not affect the adap-
tion process may be owed to the way in which coarsening and refinement are steered by
two indicator values (see Section [4.3.5)).

Note that the parameters ref and cor were chosen such that the flaw of the global max-
imum value method, its insensitivity to the occurring gradients of saturation and mass
fraction, could be demonstrated. With a good choice of ref and cor the global maximum
value method is well applicable. Nevertheless, the maximum value method is used in this
work due to its better sensitivity.
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Figure 5.1: Grids resulting from the use of different methods to calculate tolerances after
5-10%s, 1-10° s and 1.5-10% s. In each figure: Upper half: global maximum value method.
Lower half: maximum value method.
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Figure 5.2: Tolerances for the indicator value based on the saturation.
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Figure 5.3: Tolerances for the indicator value based on the mass fraction.
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5.2. COMPARISON OF INDICATORS 1 o1

5.2 Comparison of indicators based on
local differences and gradients

The first indicator developed as part of this work was the indicator based on local differ-
ences of saturation and mass fraction. Since neighboring cells on adaptive grids can have
different levels, the distance between cell centers is variable. This led to the development
of an indicator based on the local gradients of saturation and mass fraction which con-
siders the different distances between cell centers. To decide whether an indicator should
be based on local differences or on gradients, an investigation was carried out which will
be presented in this section.

5.2.1 Description of the problem

This setting is based on the heterogeneous mesoscale experiment carried out in the
VEGAS-facility described in [Braun, 1996]. The model domain containing a heterogene-
ity is depicted in Figure 5.4 The model domain is 6 m in width and 3 m in height.
The porous medium of the model domain consists of coarse sand and a lense of fine sand

gn = 0.162[kg/sm]

No flow I¢ I/ No flow
hydrostatic
pressure —>>
o000
Sw=1

vy

coarse sand

No flow boundary

Figure 5.4: Schematic diagram of the simulated problem.

with soil parameters given in Table [5.4] The intrinsic permeability is assumed to be
isotropic. The whole model domain is initially fully saturated with pure H,O. On the

Table 5.4: Soil properties of coarse and fine sand

sand type  pg A Sy Sur K )

coarse 200 2 005 0 4.6e-10 0.39
fine 1800 3.5 0.18 0 9e-12  0.43

left a DIRICHLET condition is used: hydrostatic conditions are assumed and S,, = 1. For
all other boundaries NEUMANN boundary conditions are applied. On the right, water is
extracted at a rate of 0.017 [kg/sm|. Top and bottom boundaries are no-flow boundaries
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except for the middle part of the top where a flux of 1,1,2-Trichlorethane (TCE) enters
the domain at a rate of 0.162 [kg/sm] at a lenght of 0.25 m during the first 5400 seconds
of the simulation. Gravitational and capillary effects are considered. The CFL-factor for
the time step limitation acpy, is chosen 0.5 since higher values cause stability problems.
The duration of the simulation is 7500 s. Table 5.5 shows the number of cells and the di-
cretization length of the different uniform grid levels. For the adaptive scheme the global
maximum value method is applied and the indicator based on local differences (presented
in Section is used. Standard values for the tolerances are used being ref = 0.05
and cor = 0.001. Fluxes are calculated with the MPFA presented in Section |3.3.4 The
minimum grid level is 1, the maximum grid level is 3.

Table 5.5: Overview of grid levels

grid level cells  Ax

0 72 0.5
1 288  0.25
2 1152 0.125
3 4608 0.0625

5.2.2 Results

Two adaptive simulations using the two different indicators were compared to the refer-
ence solution, calculated on a fixed level-3 grid, after 2000 s, 4000 s and 7500 s. For each
time the global error e was calculated based on the values for the mass fraction X/ using
equation . Additionally, the error in each cell e; was calculated via and the
correlation coefficient between the indicator value for mass fraction and the cell errors
was determined. Table shows the values for the global error at the different times of
simulation for both indicators. Table 5.7 shows the correlation coefficients.

The calculated correlation coefficients are close to zero. At the beginnig, error and

Table 5.6: Global error values for different indicators.

time based on gradients based on differences

2000 7.386e-10 5.465e-10
4000 3.321e-9 2.363e-9
7500 1.241e-8 5.813e-9

indicator values have a higher correlation. This is because errors and indicator values
differ from zero only in a small area of the model domain. In the course of simulation, as
fronts propagate through the system, it becomes clear that neither indicators based on
local differences nor indicators based on gradients are really correlated to the occurring
error. This is a major flaw of indicators when compared to error estimators.

Figure [5.5 shows the reference solution of the mass fraction X7, the indicator value for
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Table 5.7: Correlation coeflicients between cell error and the indicator value of the mass
fraction X, for different indicators.

time based on gradients based on differences

2000 0.202 0.197
4000 0.107 0.12
7500 0.077 0.096

the mass fraction XV and the distribution of the error in mass fraction at the end of
the simulation. From these figures it becomes clear that no direct connection between
occurring errors and the values of the indicators exists. Errors occur mainly where the
distribution of the mass fraction is diffusive, while the indicator values are high where
large local differences of the mass fraction exist.

As can be seen from Table [5.0 the value of the global error increases in the course of
the simulation for both indicators. This is caused by the propagation of fronts. At the
beginning of the simulation errors occur only in a small part of the model domain. Along
with the fronts, the regions which contribute to the error spread through the system. The
errors resulting from the use of the indicator based on local gradients are significantly
higher especially at the end of the simulation. This is because the discretization length
Ax enters the calculation of gradients. The smaller the distances between cell centers,
the bigger the gradients and indicator values. This results in relatively small indicator
values for coarse cells, leading to preferred refinement of smaller cells.

As a result of the investigation for future simulations, the indicator based on local differ-
ences is applied.
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Figure 5.5: Top: Reference solution of the mass fraction at t=7500 s. Middle: Indicator
values of the mass fraction at t=7500 s. Bottom: Cell errors based on the mass fraction
at t=7500 s. Red indicates large values, blue small values.
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5.3 Evaluation of indicators based on total flux and
pressure differences

To obtain a good solution of the model equations, it is desirable to minimize the error
of the pressure field. When using the IMPEC-scheme, pressure differences are the only
driving force for transport. Therefore, a solution as exact as possible of the pressure field
allows to calculate a good solution of the transport equation. For this reason, indicators
based on the total flux and pressure differences, presented in Sections [4.3.4] and [4.3.3]
were implemented. To test the influence of these indicators on the adaptive scheme, two
different problems were simulated and the results were compared to the solution obtained
by the use of the indicator based on local differences of saturation and mass fraction.

5.3.1 Description of the first problem

In this simulation a heterogeneous permeability field was created using gstat, which is a
program for geostatistical modelling, prediction and simulation [Pebesma and Wesseling,
1998| [Pebesmal, 2004]. For this purpose, a heterogeneous porosity field was created and
the corresponding permeability was calculated via with C' = 150.

The 2D model domain is 9 m wide and 4 m high and depicted in Figure[5.6 The properties
of the porous medium are listed in Table [5.8

No flow boundary

»

Gw = 0.02[kg/sm]
Pw = 2e5[Pa]

v

Sw =1

v

No flow boundary

Figure 5.6: Schematic diagram of the simulated problem.

Table 5.8: Soil properties

Pd A Swr Sm"
1000 2 O 0.1

The created permabilities range from 1.261 - 107 to 8.786 - 1077,
The center of a circle shaped contamination with a radius of 0.6 m and a saturation of the
non-wetting phase S,, = 5, = 0.1 is located at x = 2 m and y = 2 m. Cappillary forces
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are considered and gravity is not regarded. Except for the region of the contamination,
the porous medium is fully saturated with pure H,O. On the upper and lower boundaries
of the model domain no-flow conditions are applied. On the left a DIRICHLET-condition
with p,, = 2-10° [Pa] and S,, = 1 and on the right boundary a NEUMANN-flux of ¢,, = 0.02
[kg/sm] is given. The CFL factor acpy, is chosen at 0.5 and fluxes are approximated using
the MPFA-method. Table[5.9| gives an overview of the grid levels used for this simulation.
The simulated time span is 3.2-10* s and the errors calculated in comparison to a reference
solution on a static level 4 grid are calculated based on the total concentration of the non-
wetting component.

Table 5.9: Overview of grid levels

grid level cells  Ax

0 36 1

1 144 0.5
2 576 0.25
3 2304  0.125
4 9216 0.0625

Differences in pressure, saturation, mass fractions and total flux cannot be easily com-
pared. The ranges in which pressures and fluxes vary are completely different from the
ranges of saturations and mass fractions. Therefore, for each indicator, the values of the
tolerances for refinement and coarsening, ref and cor, are adjusted such that the average
number of cells for each calculation is about the same. Table [5.10 shows the tolerances
and averaged numbers of cells for each indicator.

Table 5.10: Tolerances and average number of cells for simulations using different indica-
tors

indicator ref cor  av. number of cells
saturation & mass fraction 0.05 0.001 1193

pressures 0.65 0.6425 1197

total flux 0.77 0.7325 1218

5.3.2 Results of the first problem

Table shows the global errors and the CPU-time of the different simulations.

In comparison to the error resulting from the use of the indicator based on local differences
of the saturation and mass fraction X, the indicators based on pressure and total flux
cause very high errors. For the indicator based on the flux this is due to the boundary
conditions and the properties of the porous medium.

The flux boundary condition on the right of the model domain causes a relatively homo-
geneous flow field in the whole model domain. This circumstance in combination with



5.3. COMPARISON OF INDICATORS II o7

Table 5.11: Global error and CPU-time for simulations using different indicators

indicator global error CPU-time
saturation & mass fraction 0.423 100.889

pressures 19.079 97.418

total flux 103.689 135.249

the heterogeneities causes the failure of the indicator. Regions of high permeability cause
higher fluxes, leading to refinement of heterogeneities and therefore to a static, locally
refined grid which is not adaptive to changes in the transported quantities (see Figure

57).

absolute permeability
E.?Bée-?

8e-9
“6e-9
4e9

E?e-’i)
1.261e-9

Figure 5.7: Permeability field and simulation grid created using the flux indicator.

The indicator based on pressure differences was also found unsuitable to adapt the grid
reasonably. This is caused by the way in which the pressures get transferred from one grid
to another during the course of adaptation. As explained in Section [£.6.1], the pressure
in a cell created by coarsening is calculated from the pressure values of the former son
cells. This causes relatively high local differences in pressure, leading to anew refinement.
Additionally, the relaxation scheme explained in Section |3.1.3[aims to correct the volume
mismatch by changing the pressure locally. This may lead to local refinement as well. To
achieve a more stable adaption the global maximum value method was applied with the
indicator based on pressure. This way, more stable tolerances are achieved as explained in
Section [5.1.2] Nevertheless, the indicator based on pressure differences leads to unstable
adaption and was no further investigated. Figure [5.8 shows the number of cells over the
simulation time for the indicators investigated.

As previously explained, the indicator based on the total flux does not respond to trans-
port in the model domain and causes a static grid with a constant number of cells. The
pressure indicator causes unstable adaption and the number of cells fluctuates from time
step to time step.

The peak in the curve representing the simulation using the pressure indicator is caused
by a fluctuation of the pressure field. The representative error 7994 of the global max-

max
imum value method, which was applied with the pressure indicator, is calculated, based
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Figure 5.8: Number of cells over simulation time for the diffferent indicators.

on a maximum global difference of pressure. When the peak occurs, the maximum global
pressure difference decreases significantly and, therefore, ngl°ta!. This leads to reduced
tolerances for refinement and coarsening, which causes the refinement of a high number
of cells.

The occurring fluctuation of the pressure is not fully understood and further investiga-
tions should be carried out. In order to do so, more information on the temporal and
spatial distribution of the indicator values, as well as information on the discretization

error is needed. An idea, how to obtain these informations is given in Section |6.2]

5.3.3 Description of the second problem

In this simulation the ability of the flux indicator to capture density driven flow is inves-
tigated. The problem simulated resembles the one described in Section [5.3.1] so only the
differences will be named. In this case, the model domain is 8 m high and wide and grav-
itational forces are considered. The center of the contamination is located in the middle
of the top boundary resulting in a half circle shaped contamination. All boundaries have
no-flow conditions except the bottom boundary where p, = 1.1 -10° [Pa] and S, = 1.
The model domain is depicted in Figure [5.91 The simulated time is 5000 s. Again, the
tolerances ref and cor were adjusted to make the results of the simulations comparable.
Table [5.12] shows the tolerances and the average number of cells for each indicator.

Table 5.12: Tolerances and average number of cells for simulations using different indica-
tors

indicator ref  cor average number of cells

saturation & mass fraction be-5 1le-7 930
total flux 0.1 0.05 962
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Figure 5.9: Schematic diagram of the simulated problem.

5.3.4 Results of the second problem

Table [5.13] shows the global error and CPU-time for the two different simulations.

Table 5.13: Global error and CPU-time for simulations using different indicators

indicator global error CPU-time
saturation & mass fraction 0.039 76.6
total flux 0.025 R2.773

In the case which was simulated, the use of the flux indicator results in a smaller global
error than the use of the indicator based on saturation and mass fraction. Possible
reasons for this are hard to identify but most likely the slightly higher number of cells of
the simulation using the flux indicator to adapt the grid is responsible. Figure [5.10|shows
the number of cells over the simulation time.

It can be observed that the flux indicator, in the case of strictly density driven flow, is
able to capture the transport processes. As fluxes are induced by a difference in densities,
which again strongly depend on the phase composition, the flux indicator is also an
indicator for differences in mass fractions and saturations. The gradient of the number of
cells over the simulated time span is smaller for the flux indicator than for the indicator
based on saturation and mass fraction. This is because more permeable regions aside the
propagating front are refined as well.

Figure shows the mass fraction of the non-wetting component in the wetting phase
and the distribution of the flux indicator values in the model domain at the end of the
simulation.

The distribution of the values of the flux indicator gives a good understanding of the flow
process. As the denser DNAPL flows downwards, balancing fluxes upwards result. This
is captured by the indicator and regions where the almost pure wetting phase flows with
high velocity are refined as well.
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Figure 5.10: Number of cells over simulation time for the different indicators.

5.4 Grid convergence and efficiency of the adaptive
scheme

To show the grid convergence and the efficiency of the adaptive scheme, again the problem
described in Section [£.2.1]is simulated.

Since the grid used in this work to discretize the model domain is not able to resolve
the exact geometry of the problem presented in |Braun| [1996], no validation of the sim-
ulation results is possible. To verify the results of the simulations a convergence study
of the adaptive scheme was carried out. For this purpose, three reference solutions were
calculated on static level-1, level-2 and level-3 grids. Then, three adaptive solutions were
compared with these reference solutions, each calculated with level,,,, equal to the level
of the reference solution and level,,;, = level,,.. — 1. The final simulation time of this
investigation was chosen at 4500 s. The adaptive simulations are run using MPFA.

As already explained in Chapter [I} the efficiency of a simulation depends on the time
needed to calculate the solution and on its accuracy. To demonstrate the efficiency and to
determine favorable values for the paramters level,,;, and level,,,., a worst-case-scenario
on a static level 0 grid was simulated and three adaptive simulations were run, each with
a higher maximum grid level, starting with level,,.., = 1. The global errors of these
simulations were calculated after 7500 s.

5.4.1 Results: grid convergence

Table [5.14] shows the global error values resulting from the comparison of the three adap-
tive simulations with the corresponding reference solution. In the name of the adaptive
solutions, mpfa stands for use of the MPFA-method to approximate fluxes and the fol-
lowing pair of digits stands for minimum and maximum level. With increasing values for
level,,;, and level,,q, the global error of the solution decreases, which shows convergence
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Figure 5.11: Left: Distribution of the mass fraction of TCE in HyO at t=5000 s. Right:
indicator values based on the total flux.

Table 5.14: Global errors of the adaptive simulations.

simulation global error

mpfa 01 0.078
mpfa 12 0.012
mpfa 23 0.011

for the adaptive scheme.

5.4.2 Results: efficiency

Figure [5.12 shows the logarithm of the CPU-time over the simulation time for the worst
case, the reference solution and the three adaptive solutions. As the reference solution is
calculated on a fine grid, the high injection rate of TCE at the beginning of the simulation
causes a strong restriction of the time step, which leads to a strong increase of the CPU-
time in the beginning of the simulation. For the adaptive simulations this influence is
smaller, since in large areas of the model domain the grid is coarsened after the first time
step. Therefore, dependent on the problem, a high amount of the CPU-time can be saved
in the beginning of adaptive simulations.

In the course of simulation the curves representing adaptive simulations approach the
curve of the reference solution. This is because refined areas propagate through the
model domain and CPU-time is proportional to the number of cells on the grid.

As explained in Section [.7.2] pressures are not well suited to determine the errors of
simulations. To calculate the error presented in Section the total concentration of
TCE is used. For the reference solution the error is by definition zero. Figure shows
the resulting errors and the final CPU-times of the different solutions.

The worst case scenario has the shortest CPU-time but the resulting error is extremely
high. With increasing values of level,,,, the CPU-time increases and the error decreases
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Figure 5.12: CPU-time over simulation time for worst case, reference and adaptive simu-
lations.

significantly. The closer global error and CPU-time are to zero, the higher the efficiency
of a simulation. To evaluate a saving of CPU-time with respect to the accuracy of a
simulation is difficult. If one second of CPU-time saved was as important as a decrease of
the global error by one, then both values could simply be multiplied and the product of
both would represent the efficiency of the solution. In this case the adaptive simulation
with level, ., = 3 would be the most efficient. But whether a quick or an accurate solution
is more important clearly depends on the application of the simulation. Therefore, the
adaptive simulation with level,,,, = 2 could also represent an optimum when a quick
solution is essential.

The values of the minimum and maximum levels for the different simulations are listed
in Table as well as the corresponding error values and the CPU-time.

Table 5.15: Global errors and CPU-time of the adaptive simulations.

simulation global error CPU-time

worst case  83504.904 1.15
mpfa 01 51260.729 3.51
mpfa 02 22251.961 20.44
mpfa 03 5.607 161.24
reference 0 737.55

5.5 TPFA versus MPFA

As explained in Section different approaches to calculate fluxes over interfaces exist.
The TPFA-method has the flaw that it causes numerical diffusion on non-K-orthogonal
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Figure 5.13: Error over CPU-time for worst case, reference and adaptive simulations.

grids and on grids with hanging nodes. The calculation of fluxes with the MPFA-method
is more complex but causes no numerical diffusion. Two different problems were inves-
tigated to compare the different approximation methods and to show their influence on
the efficiency of simulations.

5.5.1 Description of the first problem

In this setting, an injection of air into a heterogeneous porous medium is simulated. The
model domain consists of coarse sand and four lenses of fine sand with the same properties
as listed in Table[5.4l Figure shows the location of the heterogeneities in the system.
Because of the heterogeneities in the system, capillary diffusion locally dominates over
advective flow processes. A measure for the domination of advection or diffusion is the
PECLET number Pe as defined in [Helmig, 1997 by Pe = "'3””. Here, v represents the
velocity in the system, Az the discretization length and D is a representation of diffusive
effects. For |Pe| << 1 diffusion dominates, for |Pe| >> 1 advection dominates. For
the discretization used, diffusive effects are mainly caused by capillary effects. For the
IMPEC scheme this is disadvantageous since only values for p. of the old time steps are
used to calculate the primary pressure variable. In case of diffusion dominated flow, this
causes relatively large errors which overlay the errors resulting from the adaptive scheme.
These errors caused by capillary effects make it impossible to compare solutions using
TPFA and MPFA. Therefore capillarity is not regarded in the examples of this section.
The model domain is 16 m wide and 10 m high and initially fully saturated with pure
H,0O. On the top boundary a value for p, = 1-10° [Pa] is given and the saturation of
the wetting phase is one. All other boundaries have a no-flow condition except an area of
1 m in length in the middle of the bottom boundary where air is injected with a rate of
¢,=0.01 [kg/sm]. Gravitational forces are regarded.
Table [5.16| gives an overview of the grid levels used to discretize the problem. To compare
TPFA to MPFA and to show the influence of different tolerances for refinement and coars-
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Figure 5.14: Schematic diagram of the simulated problem.

ening, 12 different adaptive simulations were run and compared to a reference solution
calculated on a fixed fine level 3 grid. Three different sets of tolerances were used for the
adaptive scheme which will be referred to as low, medium and high. Table [5.17 shows
the tolerances for the three different cases which were chosen such that the ratio of ref
to cor is 1:50 for all three cases.

For each of these cases four adaptive simulations were run with level,,;,=1 using either

Table 5.16: Overview of grid levels

grid level cells Az

0 160 1
1 640 0.5
2 2560  0.25
3 10240 0.125

Table 5.17: Tolerances for the adaptive scheme

parameter low medium high

ref 0.05 0.25 0.5
cor 0.001 0.005 0.01

TPFA or MPFA and level,,,. either 2 or 3.
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5.5.2 Results of the first problem

Figurel|5.15/shows the comparison of the breakthrough curve of the non-wetting component
over the simulation time. The curves representing the two flux approximation methods
are based on the data obtained from the simulations with level,,,, = 3. The curve
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Figure 5.15: Breakthrough curve of the non-wetting component for the reference solution
and simulations using TPFA and MPFA.

representing the simulation using MPFA is hardly visible since the differences between
the reference and the adaptive solution are very small. The solution obtained from the
use of the TPFA-method is erroneous and therefore differs significantly from the reference
solution.

Tables [5.18 and show the global errors in the total concentration of the non-wetting
component at the end of the different simulations for the cases low, medium and high.
Tables [5.20] and show the corresponding CPU-times. Figure depicts the global
error and the CPU-time for the adaptive simulations, and the influence of the different
tolerances is shown.

Table 5.18: Global errors for simulations using TPFA with different tolerances and max-
imum grid levels.

simulation low medium high

tpfa 12 0.135 0.135 0.135
tpfa 13 1.757e-4  2.909¢-4 3.535e-4

For the adaptive simulation with level,,,, = 2 the errors of the simulations using TPFA
and MPFA are very small. However, the errors of the adaptive solutions with level,,.., = 3
differ significantly. A higher maximum level of the grid results in more hanging nodes
and therefore the approximation of fluxes at these nodes becomes more influential for a
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Table 5.19: Global errors for simulations using MPFA with different tolerances and max-
imum grid levels.

simulation  low  medium high

mpfa 12 0.135 0.135 0.135
mpfa 13 4.9e-5 7.798e-5 8.689e-5

Table 5.20: CPU-times for simulations using TPFA with different tolerances and maxi-
mum grid levels.

simulation low medium  high

tpfa 12 50.271  49.186 48.32
tpfa 13 306.093 288.199 280.836

correct calculation of the solution. The smaller the values for ref and cor are chosen the
more refined cells are created on the grid. As the CPU-time is proportional to the number
of cells on the grid, smaller values of ref and cor cause longer calculation times. Tables

and show the average number of cells of the grid on which the calculations were
carried out for the different adaptive simulations.

As the MPFA is less diffusive, fewer cells are needed to refine the regions of propagating
fronts. For simulations with level,,,, = 3 the influence of the smaller number of cells
dominates over the more complex calculation of fluxes at the hanging nodes for MPFA,
and a shorter CPU-time is needed to calculate a better solution.
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Table 5.21: CPU-times for simulations using MPFA with different tolerances and maxi-
mum grid levels.

simulation low medium  high

mpfa 12 50.889  49.288 48.78
mpfa 13 305.264 287.021 278.279
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Figure 5.16: Logarithm of the global error over the CPU-time for simulations using TPFA
and MPFA.

Table 5.22: Average number of cells for simulations using TPFA with different tolerances
and maximum grid levels.

simulation low medium high

tpfa 12 873 850 837
tpfa 13 1709 1621 1567

Table 5.23: Average number of cells for simulations using MPFA with different tolerances
and maximum grid levels.

simulation low medium high

mpfa 12 871 849 837
mpfa 13 1706 1615 1560
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5.5.3 Description of the second problem

To further investigate the influence of TPFA and MPFA, a problem resembling the one
presented in Section [5.3.1] is simulated. Again, a heterogeneous permeability field is
created based on a porosity field created with gstat as explained in Section [5.3.1] this
time with a higher spatial correlation of the porosity values. Except from the new K-
field, all simulation parameters are the same.

As a consequence of the results presented above, simulations using TPFA and MPFA are
run with varying tolerances with the aim to obtain approximately similar values for the
global error for both methods. If the errors of the adaptive simulations are approximately
the same, and for the MPFA-method higher tolerances can be applied, CPU-time can be
saved. As higher tolerances lead to fewer refined cells and CPU-time is proportional to the
number of cells, using MPFA increases the efficiency of the discretization. Three different
sets of tolerances low, medium and high are used in this investigation and listed in Table
.24l The ratio of ref to cor is 1:50 for all sets. For each combination of tolerances and

Table 5.24: Tolerances for the adaptive scheme

parameter low  medium high

ref 0.005 0.05 0.5
cor 0.0001  0.001  0.01

flux approximation method investigated, three adaptive solutions were calculated. All
have a minimum grid level of 1 and a maximum grid level of either 2, 3 or 4. The global
errors are calculated based on the total concentration of the non-wetting phase. For this
purpose, adaptive simulations are compared to a reference solution calculated on a fixed
fine level 4 grid.

5.5.4 Results of the second problem

Figure[5.17shows a breakthrough curve of TCE calculated at the vertical cell interfaces at
x = 5 m. The values of the accumulated mass flux are taken from the adaptive solutions
with level,,., = 4. Heterogeneities and hanging nodes cause high numerical diffusion in
the solution using TPFA. Therefore, the mass flux is underestimated by this method.
The curve representing the simulation using MPFA is hardly visible as differences to the
reference solution are small.

Figure [5.18| shows the logarithm of the global error over the CPU-time for the different
simulations. Table shows the values of the global error of case medium, Table
shows the corresponding CPU-times. The global errors of the simulations using TPFA
with case low and MPFA with case high are listed in Table [5.27] Table [5.28 shows the
corresponding CPU-times.

With increasing values of level,, ... the global error decreases while CPU-time increases.
Comparison of the simulations using medium tolerances shows that the global error of
the simulations using MPFA is lower than for the simulations using TPFA except for the
simulations with level,,,, = 2. In case of the simulations with level,,,, = 4 the global
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Figure 5.17: Breakthrough curve of the non-wetting component for the reference solution
and simulations using TPFA and MPFA.

Table 5.25: Global error of adaptive simulations for case medium. Left: TPFA. Right:
MPFA.

simulation global error simulation global error
tpfa 12 0.591 mpfa 12 0.602
tpfa 13 0.294 mpfa 13 0.274
tpfa 14 0.014 mpfa 14 1.51e-4

errors of simulations using MPFA are significantly smaller.

To decrease the error of the simulations using TPFA, lower tolerances were applied. As
a consequence, the error of the simulation with maximum grid level 4 increases (compare
Table left and Table left). This is because more refined cells lead to more hanging
nodes on the grid, which again cause numerical diffusion.

To obtain approximately equal values of the global error, simulations using MPFA with
high tolerances were run. The resulting errors of these simulations are in the range
of the errors of the simulations using TPFA with low tolerances, and the CPU-time is
considerably smaller (see Tables and [5.28). As a result, the use of MPFA allows
to choose higher tolerances, leading to shorter CPU-time and a higher efficiency when
compared to simulations using TPFA. In the case simulated about 50 % of the CPU-time
could be saved using MPFA.
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Table 5.26: CPU-time of adaptive simulations for case medium. Left: TPFA. Right:
MPFA.

simulation CPU-time simulation CPU-time
tpfa 12 4.157 mpfa 12 3.829
tpfa 13 17.366 mpfa 13 16.292
tpfa 14 83.765 mpfa 14 75.463

Table 5.27: Global error of adaptive simulations. Left: TPFA case low. Right: MPFA
case high.

simulation global error simulation global error
tpfa 12 0.591 mpfa 12 0.613
tpfa 13 0.292 mpfa 13 0.29
tpfa 14 0.015 mpfa 14 0.0161

Table 5.28: CPU-time of adaptive simulations. Left: TPFA case low. Right: MPFA case
high.

simulation CPU-time simulation CPU-time
tpfa 12 5.261 mpfa 12 3.967
tpfa 13 20.935 mpfa 13 12.317
tpfa 14 98.519 mpfa 14 49.839
1.0E40
"
Yym,,
1.0E-1 \,\ .................
% : ~v ............ T | N tpfa low
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Figure 5.18: Logarithm of the global error over CPU-time for simulations using TPFA
and MPFA.
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Chapter 6

Conclusion

In this thesis, the h-adaptive scheme implemented in DuMu® was expanded to 2p2c-
flow. Different approaches to calculate tolerances for refinement and coarsening were
investigated and several new indicators steering the process of adaption were implemented
and compared. A study on the convergence and efficiency of the adaptive scheme was
carried out. The influence of different flux approximation methods on the quality of the
discretization was discussed and a new module allowing the comparison of solutions of
h-adaptive simulations with simulations carried out on a static grid was implemented in
DuMu”™.

6.1 Summary

A comparison of the two approaches to calculate tolerances for refinement and coarsening
showed that the maximum value method is favorable. Using a theoretical maximum
of the indicator values to calculate the tolerances leads to a reduced sensitivity of the
adaptive scheme to the solution of the discretized model equations. Occurring fronts, e.g.
of saturation or mass fraction, may not be resolved, as they smooth out over time, which
causes the failure of the adaptive scheme.

The calculation of indicator values dependent on the discretization length prooved to be
disadvantageous. Calculations of indicator values based on gradients lead to preferred
refinement of smaller elements. This results in larger discretization errors. The use of
indicators based on local differences of quantities is therefore preferable. A larger influence
of the adaptive scheme on the values of indicators should be avoided.

The newly implemented indicator based on local phase pressure differences turned out to
be unsuited to adapt the grid properly. Again, this is for the reason explained above. The
transfer of pressure values to newly created cells results in relatively large local differences
of the phase pressures. Additionally, the relaxation scheme aiming to reduce the volume
mismatches of the IMPEC-scheme causes local pressure differences. For these reasons, the
adaptive scheme is dominated by the adaption process itself, which leads to the failure of
the indicator.

The applicability of the indicator based on the total flux is strongly dependent on the
choice of boundary conditions. The use of flux conditions on large parts of the boundary
results in a flow field with only very small local differences of the total flux. In this
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case heterogeneities dominate these differences and the adaptive scheme fails. For strictly
density-driven flow, the application of indicators based on flux is suited to adapt the grid.
As fluxes are mainly induced by differences in density, the indicator is able to resolve
propagating fronts of advectively transported quantities.

For all indicators developed, a different set of parameters, ref and cor, has to be applied
to reasonably adapt the grid. Finding these values for each problem simulated and each
value is not simple and, up to now, making an educated guess is the procedural method.
The comparison of adaptive simulations using TPFA and MPFA showed the importance
of the correct approximation of fluxes at hanging nodes. With an increasing number of
hanging nodes on the grid, the numerical diffusion caused by TPFA leads to relatively
large discretization errors. This error becomes even slightly larger when smaller values
for the refinement and coarsening tolerances are used. An increasing number of refined
cells on the grid results in more hanging nodes, which again causes numerical diffusion.
This shows that TPFA is not suited to calculate fluxes on a grid containing hanging
nodes. When compared to TPFA, using MPFA allows to choose higher tolerances for the
adaptive scheme. This leads to a reduction of CPU-time and, consequently, to an increase
in efficiency of the simulation.

6.2 Outlook

So far, the comparison of adaptive and reference solutions is only possible at the very end
of the simulation. In order to do so, the adaptive grid is refined stepwise to the grid level
of the reference solution, as explained in Section[4.7.2] During this process all information
on the geometry of the adaptive grid is lost.

Implementing methods to store this grid information and reloading it would make it pos-
sible to compare solutions during multiple time steps of the simulation. This way deeper
insight on the adaptive scheme could be gained. For example, movies of the error dis-
tribution during the simulation could be made allowing to investigate the discretization
errors of different numerical methods. On top of that, plots of the global error over the
simulation time could be generated which may yield further understanding. More tem-
poral and spatial information on the distribution of indicator values could be gained.

A new method to determine refinement and coarsening tolerances, independent of the pa-
rameters ref and cor, could be implemented. This could be done based on the cumulative
frequency of the indicator values at a certain time. Consequently, a more or less fixed
percentage of cells on the grid could be refined or dynamic tolerances could be obtained.

For the purpose of further ranking the efficiency of adaptive simulations using the IMPEC-
scheme, a way to compare decoupled adaptive simulations with fully coupled simulations
could be implemented.

Up to now, the only fully coupled method implemented in DuMu* is the fully implicit
box scheme, which is based on the Finite Element method as well as on the Finite Vol-
ume method. When using this method, values of the solution are obtained on the cell
vertexes and are interpolated in between. This is not the case for the IMPEC-scheme as
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it is based on the Cell Centered Finite Volume Method. Values of the solution are stored
at the cell centers and are constant inside each cell. For this reason a comparison of
both methods is impossible. The implementation of a fully coupled Cell Centered Finite
Volume Method would allow the comparison of decoupled and fully coupled solutions, as
well as decoupled-adaptive and fully coupled solutions. Reference solutions could then be
calculated on fixed fine grids using the fully coupled method.

In addition to the adaptive scheme used, a multiphysics approach could be implemented.
Using more complex models in regions of high interest and less complex models in regions
where physical processes are simpler would enhance the efficiency of the scheme even fur-
ther.

All indicators used in this work are heuristically derived and their correlation to errors is
low. Hence the implementation of a posteriori error estimators could be a promising task.
Though calculation of a posteriori error estimates is connected to a higher computational
effort, errors resulting from the adaptive scheme can be further reduced. Investigations on
the efficiency of an h-adaptive scheme using a posteriori error estimators could be carried
out.
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