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Abstract.

Incorporating hydro(geo)logical data, such as head and tracer data, into

stochastic models of (subsurface) flow and transport helps to reduce predic-

tion uncertainty. Due to financial limitations for investigation campaigns, in-

formation needs towards modeling or prediction goals should be satisfied ef-

ficiently and rationally. Optimal design techniques find the best one among

a set of investigation strategies. They optimize the expected impact of data

on prediction confidence or related objectives prior to data collection. We

introduce a new optimal design method, called PreDIA(gnosis) (Pre-posterior

Data Impact Assessor). PreDIA derives the relevant probability distributions

and measures of data utility within a fully Bayesian, generalized, flexible and

accurate framework. It extends the Bootstrap Filter (BF) and related frame-

works to optimal design by marginalizing utility measures over the yet un-

known data values. PreDIA is a strictly formal information processing scheme

free of linearizations. It works with arbitrary simulation tools, provides full

flexibility concerning measurement types (linear, non-linear, direct, indirect),

allows for any desired task-driven formulations and can account for various

sources of uncertainty (e.g., heterogeneity, geostatistical assumptions, bound-

ary conditions, measurement values, model structure uncertainty, a large class

of model errors) via Bayesian geostatistics and model averaging. Existing meth-

ods fail to simultaneously provide these crucial advantages which our method

buys at relatively higher compuational costs. We demonstrate the applica-

bility and advantages of PreDIA over conventional linearized methods in a

D R A F T December 28, 2011, 4:09pm D R A F T



LEUBE ET AL.: ASSESSING THE EXPECTED DATA IMPACT ON PREDICTION CONFIDENCE X - 3

synthetic example of subsurface transport. In the example, we show that in-

formative data is often invisible for linearized methods that confuse zero cor-

relation with statistical independence. Hence, PreDIA will often lead to sub-

stantially better sampling designs. Finally, we extend our example to specif-

ically highlight the consideration of conceptual model uncertainty.
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1. Introduction

Satisfying the requirements for a sustainable and safe water supply in an economic con-

text has led to increased challenges in monitoring and site characterization. Like many

other fields in engineering, hydro(geo)logical modeling applications suffer from high predic-

tion uncertainty. This limits the reliability of deterministic flow and transport predictions,

and has lead to the widespread use of stochastic techniques. Collecting hydro(geo)logical

data, such as water levels, flow velocity, head and tracer data, provides additional infor-

mation. Incorporating these into stochastic models helps to reduce parameter, model and

prediction uncertainty. Yet, sampling and investigation campaigns are restricted by lim-

ited budgets, or by physical constraints, and therefore should be addressed in a rational

and optimal way.

This leads to the optimal design (OD) problem of finding the best sampling design or

investigation strategy for the given problem at hand, i.e., the one that maximizes some

kind of utility function. The impact or utility of a design is defined as its individual capa-

bility to reduce uncertainty associated with a prediction goal, or to maximize some related

measure of data utility [e.g., Federov and Hackl , 1997; Uciński , 2005; Müller , 2007]. The

most important key ingredients to OD are adequate statistical or stochastic methodolo-

gies that properly transfer the uncertainty in model structure and parameters to model

predictions, whilst taking into account the impact of noisy measured and yet unmeasured

(planned) data. For stochastic problems in hydrology and heterogeneous subsurface en-

vironments, literature provides a range of methods that will be quickly reviewed below,

and their adequacy for OD will be discussed.
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Addressing the optimal design problem within a linear error propagation framework can

be accomplished using first-order second-moment (FOSM) methods. Successful applica-

tions with regard to optimal design are reported by, e.g., Kunstmann et al. [2002] and

Cirpka et al. [2004]. The key advantage of FOSM is the straightforward and computation-

ally efficient first-order propagation of mean and variance from parameters and data to

predictions via sensitivity matrices [e.g., Kitanidis , 1995]. Based on covariances, FOSM is

limited to linear and weakly non-linear problems [e.g., Schweppe, 1973]. Within geostatis-

tical applications, the size of the involved auto-covariance matrix of parameters can pose

difficulties for large-grid models unless using spectral methods [e.g., Nowak et al., 2003;

Fritz et al., 2009]. For various sources of uncertainty, the most efficient way to obtain

the sensitivity matrices is by employing adjoint states [e.g., Sykes et al., 1985; Sun, 1994;

Cirpka and Kitanidis , 2001]. This requires intrusion into simulation codes and is often

impossible for commercial software tools.

A strictly non-intrusive and straightforward method which avoids the handling of vast

auto-covariance matrices is the Ensemble Kalman Filter (EnKF) [e.g., Evensen, 2007].

The EnKF has recently been extended towards geostatistical inversion and parameter

estimation [e.g., Zhang et al., 2005; Nowak , 2009; Schöninger et al., 2011]. Successful

applications in OD can be found in, e.g., Herrera and Pinder [2005]; Zhang et al. [2005].

The main restriction of the EnKF is that it is optimal only for multi-Gaussian dependence

among all involved variables [e.g., Evensen, 2007], which is equivalent to an implicit linear

assumption [e.g., Nowak , 2009; Schöninger et al., 2011].

For many cases, linear approaches in OD pose a severe restriction. Only for truly

linear OD problems, best linear unbiased estimators (BLUE) such as Kriging and other
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linear statistical inference methods can be applied [e.g., Müller , 2007] whose estimation

variance is independent of actual measurement values [e.g. Deutsch and Journel , 1997].

By contrast, for non-linear problems, the estimation variance and more sophisticated

measures of data utility depend on the actual values of measurements, which are still

unknown prior to collection, i.e., during the OD procedure. Non-linear systems require

to consider the entire range of possible measurement values, such that one can obtain the

expected data impact on average over all the yet unknown future measurement values.

Hence, for non-linear problems, the conditional statistics have to be averaged over all

possible measurement values [e.g., Freeze et al., 1992; Diggle and Ribeiro, 2007]. The

problem gains further complexity when considering model structural uncertainty, which

leads, amongst other approaches to Bayesian model averaging [e.g. Hoeting et al., 1999].

As a matter of principle, any sufficiently accurate conditioning method or Bayesian

updating scheme can be employed in optimal design. This opens the path to all Monte-

Carlo (MC) based methods. Most of the available MC-based techniques, i.e., the Pilot

Point method (PP) [e.g. RamaRao et al., 1995] or Sequential Self Calibration (SSC) [e.g.,

Gómez-Hernández et al., 1997], iteratively correct individual model realizations until they

meet the data. However, they would need to solve an optimization problem for many

realizations, just in order to account for a single possible set of measurement values from

one single suggested sampling pattern. This leads to an infeasible computational load,

because non-linear OD forces to repeat the analysis for many (100...10,000) possible sets

of measurement values even per individual sampling pattern. This computational effort

would again multiply with the number of different competing sampling patterns (typically

100...100,000).

D R A F T December 28, 2011, 4:09pm D R A F T



LEUBE ET AL.: ASSESSING THE EXPECTED DATA IMPACT ON PREDICTION CONFIDENCE X - 7

Another representative class of MC-based conditioning methods is the Bootstrap Filter

(BF) or Particle Filter (PF) by Gordon et al. [1993]. The basic idea of BF is to weight

realizations according to their goodness of fit with given measurement values. BF does not

invest any effort to correct individual realizations for meeting a given data set. Therefore,

repetition for (1) many possible sets of data values per given design and (2) many possible

designs to be compared would be relatively cheap. We will found our optimal design

method on the BF. BFs are technically the same as the Generalized Likelihood Uncertainty

Estimator (GLUE) by Beven and Binley [1992] when using the latter with formal (e.g.

Gaussian) likelihoods. However, from a philosophical perspective, BF and GLUE pursue

rather different paths, and the informal likelihoods commonly associated with GLUE are

often being disputed in the scientific community [e.g., Mantovan and Todini , 2006]. In

order to stay clear from this field of conflicting ideas, we will solely refer to BF in the

remainder of our work.

Generally, all MC methods benefit from the fact, that statistical features of arbitrarily

high order are entirely preserved towards the prediction, if only the Monte-Carlo sample

is large enough. This is of particular interest when dealing with non-linear model predic-

tions, high-variability cases, or non-linear task-driven optimal design formulations. To the

authors knowledge, no such OD framework for preposterior analysis has been published

within the hydro(geo)logical community yet, other than by James and Gorelick [1994].

In our work, we will follow this principle, provide a method for improved convergence and

a measure to assess its accuracy, and demonstrate its advantages over linearized methods

in a synthetic example.
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Section 2 provides our concept and approach. Section 3 introduces the notation for a

fully Bayesian OD framework, and Section 4 presents our OD method. Section 5 applies

the method to an illustrative example taken form subsurface contaminant transport to be

discussed in Section 6.

2. Approach and Contributions

In this work, we propose an extension of the Bootstrap Filter (BF) [Gordon et al.,

1993] towards optimal design, i.e., to the optimal planning of data acquisition, aimed at

improved model confidence after conditioning a model on the data. We account for the fact

that data values are unknown at the planning stage of Optimal Design (OD) by averaging

over a sample of possible measured data values for each suggested sampling design. In

the resulting method called PreDIA(gnosis) (Pre-posterior Data Impact Assessor) we

use only one single sample for both MC steps and perform an internal cross-breeding

step. The sample of possible data sets and, likewise, the likelihood function may reflect

both measurement and model errors. Under the assumption that both error types are

multivariate Gaussian (typically uncorrelated), we analytically marginalize over possible

measurement and model errors (see Equations 8 and C2 in Appendix B and C). This acts

like a Kernel smoothing technique [e.g., Wand and Jones , 1995] and yields a substantial

gain in computational time for the optimal design problem. The Gaussian assumption,

however, poses no limitation to our methodological framework. Any kind of distribution is

allowed, and the analytical marginalization shown in the Appendix is a simple convolution

between two error distributions that can be performed for many other combinations of

parametric distributions of measurement and model errors.
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Due to the underlying strictly numerical MC framework, our method does not suf-

fer from linearity assumptions, and can handle all types of data in a similar fashion

to Zhang et al. [2005] and Murakami et al. [2010]. Also, it is not limited to multi-

normality assumptions of the parameters, which are subject to increasing criticism [e.g.,

Fogg et al., 1998; Gómez-Hernández and Wen, 1998; Bárdossy and Li , 2008]. It opens the

path to consider various sources of uncertainty, e.g., heterogeneity, geostatistical assump-

tions, boundary conditions, measurement values, model structure uncertainty or uncertain

model choice, and model errors with known parametric distributions. This helps to mini-

mize the strength or even necessity of possibly subjective prior assumptions on parameter

distributions and modeling assumptions, which would be hard to defend prior to data col-

lection [e.g., Chaloner and Verdinelli , 1995; Diggle and Ribeiro, 2007; Nowak et al., 2010].

The discussion of uncertain model choice and Bayesian model averaging [e.g., Hoeting

et al., 1999] is postponed to Section 4.4.

Many OD approaches invoke the framework of data worth, expressing the benefit of

having reduced uncertainty in monetary terms [e.g., James and Gorelick , 1994; Feyen and

Gorelick , 2005]. Liu et al. [2011] evolve a framework to assess the value of information

in DNAPL remediation via a BF, also expressed in monetary terms. Within the current

study, data impact is treated in a more general and not necessarily monetary way. In

our illustrative test cases, we define data utility via statistical and information-theoretic

measures. Possible statistical measures for the data impact include, e.g., reduction of

parameter or prediction variance, relative entropy [Cover and Thomas , 2006, p. 19], or the

possible significance level of hypothesis testing [Nowak , 2008]. Although monetarization
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is not the primary interest of this study, our framework could easily account for monetary

considerations similar to Liu et al. [2011].

3. Design Problem and the Framework for Bayesian Analysis

A design is a set of decision variables d that specify, e.g., the number, locations, types

and experimental conditions for measurements which shall be acquired in the vector of

measurement values y(d). If s is a vector of uncertain model parameters, the objective of

optimal design is to maximize, in some sense, the uncertainty reduction in the posterior

distribution p(s|y(d)) before even knowing the actual values in y.

Let s ∼ p(s|θ) be a ns × 1 vector of ns parameter values (e.g., spatially variable pa-

rameters drawn from a discretized random space function or more general catchment

properties) with structural parameter θ (e.g., geostatistical parameters that define the

distribution p(s), see Section 4.4). The ny × 1 vector of measurement values y(d) is

related to the parameters s through a model function y(d) = fy(s, ξ,k)+εy, where εy fol-

lows some distribution that accounts for the (typically white-noise) measurement error and

sometimes also model structure error. In particular, the Gaussian model εy ∼ N (0,Rε)

and assuming model structure error to be independent is common use in many fields of

science and engineering, including data assimilation [e.g., Evensen, 2007]). ξ is a set of

meta parameters for the model function (e.g., less obvious model parameters for bound-

ary condition values), and k is a (set of) parameter(s) which accounts for conceptual

discrete model choice (e.g., type of rainfall-runoff model, type of boundary condition, or

location of a leaky window in an aquifer). Rε is a ny × ny (typically diagonal) error

covariance matrix. Possible types of measurements include direct observations of s (e.g.,
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hydraulic conductivity values from grain size analysis) or indirect dependent quantities

(e.g., drawdown data from well tests, tracer concentrations or river stages).

In case the different model structures indicated by k require different numbers of pa-

rameters, the length ns of s will simply depend on k. In case εy also includes model error,

its distribution and, in specific, its covariance matrix Rε will also depend on k. In order

to keep notation short, however, we do not reflect these dependencies in our notation.

Then, for given parameters s, the residuals between simulated values fy(s, ξ,k) and

measurements y are assumed to be only due to the measurement and model error εy. This

allows deriving the likelihood function. For instance, assuming Gaussianity for εy (similar

to Feyen [2003], or Christensen [2004]) yields the likelihood function L(y(d)|s, ξ,k,θ) =

pdfNormal (fy(s, ξ,k),Rε), where fy(s, ξ,k) is the mean and Rε is the covariance matrix.

The conditional distribution of s given y(d) and all meta parameters ξ,k,θ is determined

by Bayes theorem:

p (s|ξ,k,θ,y(d)) ∝ L(y(d)|s, ξ,k,θ) p(s|ξ,k,θ). (1)

Of course, assuming known meta parameters ξ,k,θ cannot be justified prior to extensive

data collection (see Section 4.4). The marginal distribution of s given only y(d), called a

Bayesian distribution [Kitanidis , 1986], is:

p̃(s|y(d)) ∝
∫

ξ,k,θ

p(s|ξ,k,θ,y(d)) p(ξ,k,θ|y(d)) d (ξ,k,θ) , (2)

where the tilde denotes the Bayesian probability. Note that the entire distribution

p(s, ξ,k,θ) has been jointly conditioned on y(d).
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The final purpose is to predict a dependent nz × 1 vector of ny predictions z (e.g., a

contaminant concentration c) related to s, ξ and k via a physical model z = fz(s, ξ,k) (e.g.,

the transport equation). Typically, z does not have an additional independent stochastic

component other than the ones discussed above. One could, however, easily replace the

set of noise-free predictions z by noisy predictions z′ using yet another error εz with

appropriate distribution. In a hydrological context, z might be a water level connected

with a free-surface flow model. The conditional prediction p̃(z|y(d)) then becomes

p̃(z|y(d)) ∝
∫

s,ξ,k,θ

p(z|s, ξ,k) p(s|ξ,k,θ,y(d)) p(ξ,k,θ|y(d)) d (s, ξ,k,θ) , (3)

where p(z|s, ξ,k) is the raw distribution that reflects z = fz(s, ξ,k).

The objective of optimal design is to maximize the uncertainty reduction in the condi-

tional prediction p̃(z|y(d)) or the conditional parameters p̃(s|y(d)). To this end, a task-

specific uncertainty reduction measure or utility function φ {d} that works on p̃(z|y(d)) or

p̃(s|y(d)) will be set up and maximized. Extensive lists of utility measures are discussed,

e.g., in Federov and Hackl [1997]; Chaloner and Verdinelli [1995]; Müller [2007]; Nowak

[2010]. Finally, we average the data utility function φ {p(z|y(d))} (or analogously for the

parameters) over the possible, yet unknown, measurement values via p̃(y(d)):

φ {d} ∝
∫

y(d)

φ {p̃(z|y(d))} p̃(y(d)) dy(d), (4)

where
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p̃(y(d)) =

∫

s,ξ,k,θ

L(y(d)|s, ξ,k,θ) p(s, ξ,k,θ) d (s, ξ,k,θ) . (5)

The optimal design dopt will depend on both available types and possible locations of

the measurements and, of course, on the prediction goal and the task-specific formulation

of the objective function. It will also depend on the level, character and composition of

uncertainties, and on the (suite of) model(s) used.

Equations 4 and 5 reveal that the prior distributions significantly influence the overall

results. It is also well-known in BMA that its results are directly conditional on the

set of models considered in the analysis. Therefore, the selection of model choices k,

structural parameters θ and prior assumptions on all distributions should be as general

(least subjective) to reflect the situation prior to the investigation. Lack of information

could, for example, result in a flat (least subjective as possible) prior or even improper

priors Kass and Wasserman [1996]. Please note that improper or flat priors in conjunction

with BMA may cause severe problems [Hoeting et al., 1999]. Maximum Entropy [Jaynes ,

1957] or Minimum Relative Entropy [Woodbury and Ulrych, 1993] can also be used to keep

the prior description as general as possible. Another option are reference priors [Kass and

Wasserman, 1996].

The optimal design will address the entire suite of uncertainties according to their

relevance towards the stated prediction goal. For example, the optimal design will be

informative with respect to model choice only, if reducing conceptual model uncertainty

can significantly contribute to minimizing the chosen objective function φ {d}. More

details on this topic are provided in Section 4.4.
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4. Method and Implementation

In the following, we assume that a (suite of) model(s) that reflects a given system under

investigation is already set up, their parameters already conditioned on all existing data,

and model weights already adjusted. Adequate methods for this task are abundant in

the literature (some of them listed in Section 1), and shall not be enumerated here. The

following Sections 4.1 and 4.2 are concerned solely with the search for optimal new data

acquisition strategies. In Section 4.1, we first look at how to evaluate the impact of new

data if the possible (future) data for a given design were already known hypothetically.

For the reasons discussed in the introduction, we do this using the Bootstrap Filter (BF).

Section 4.2 provides the necessary theoretical and numerical extensions of the BF that are

required to assess the impact of future data, averaged over all possible and yet unknown

data values for a given design. Section 4.3 discusses optimization of the design. Section 4.3

through 4.4 discuss the convergence, computational costs and Bayesian model averaging.

4.1. Bootstrap Filter (BF)

To simplify notation, we combine all individual parameter vectors s, ξ,θ,k in the aug-

mented vector S (see also Section 4.4). After this notational abbreviation, for the re-

mainder of this study, all model averaging, uncertain boundary conditions, etc., become

implicit. For n realizations of S independently drawn from p(S) and a (hypothetically

given) data set y0, the BF would evaluate an n × 1 weight vector w according to Equa-

tion (2) with wi = p(Si|y0). Weighted averaging of n prediction realizations zi = fz(Si),

i = 1...n, would yield the posterior expectation
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Ez|y
0
[z] ≈ 1

v1

n
∑

i=1

Zi wi, (6)

and the weighted variance

Vz|y
0
[z] ≈ v1

v21 − v2





n
∑

i=1

z2i wi −
(

n
∑

i=1

zi wi

)2


 , (7)

with v1 =
∑n

i=1 wi and v2 =
∑n

i=1 w
2
i . Ea[b] is the expected value of b over the distribu-

tion of a and Va[b] = Ea[b
2]− Ea[b]

2 the respective variance. Here, we approximate both

quantities in the weighted sample sense and, therefore, employ v1 and v2 [Weiss , 2006,

p. 355]. The corresponding correction factor in Equation (7) resembles the well-known

factor 1
n−1

for the non-weighted sample variance. This is an unbiased estimator of the

population variance even for small effective sample sizes.

4.2. Pre-posterior Data Impact Assessor (PreDIA)

Now, we move from conditioning on a hypothetically given vector of measurement values

y0 to the planning phase where the actual vector of measurement values is yet unknown,

but only the design d may be fixed. This situation reflects the evaluation of a single

design candidate d during the planning phase of optimal design, called the pre-posterior

stage [e.g., James and Gorelick , 1994]. We evaluate the weight vector w (Equation (2))

for m possible outcomes of the measurement vector y(d), drawn from p̃(y(d)). This is

implemented by calculating the weight vector w for m realizations of y(d), yielding an

n×m weight matrix W. A schematic illustration of this procedure is shown in Figure 1.

For detailed derivations and analytical marginalization over the unknown measurement

error εy, we refer to Appendices A and B. Extension to model structure error is discussed
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in Appendix C. Now, weighted averaging over n predictions and m possible vectors of

measurement values yields the expected conditional prediction variance

Ey(d)

{

Vz|y(d) [z]
}

≈ 1

m

m
∑

j=1

v1,j
v21,j − v2,j







n
∑

i=1

z2i · wij −
(

n
∑

i=1

zi · wij

)2






, (8)

In a similar fashion, other utility functions that act on p(z|y(d)) can be evaluated

numerically. As the alert reader may have noticed, Equation (8) might consume large

CPU resources. This is caused by the need to average over the yet unknown measurement

values. Hence, we suggest to keep the sample size for potential measurement values m

much smaller than for potential measurement simulations n, since an accurate expectation

over y(d) requires less realizations than the conditional variance of z (also see Section 4.5).

4.3. Optimization Scheme

In order to find the best among a set of allowable designs d, a utility function based on

Equation (8) has to be maximized:

dopt = argmax
d∈D

[φ{d}], (9)

where D is the space of admissible designs. The space of admissible designs may be

approximated as a grid of allowable locations at a certain series of time steps, restricted

in space by physical and practical constraints, and restricted in total by allowable costs.

The allowable space is, in most cases, extremely large, and it is often impossible to sys-

tematically evaluate all possible combinations.

Still, the above optimization can be managed by a broad spectrum of optimization

schemes that do not scan the entire design space. Available options include Sequential
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Exchange (SE) or Greedy Search (GS) [Christakos , 1992, p. 411], or heuristic methods

like Genetic Algorithms (GA) [e.g. Goldberg , 1989; Reed et al., 2000]. Because OD is a

non-linear case of extremely high-dimensional optimization, none of these can guarantee to

find the global optimum. Heuristic methods introduce additional parameters that control

the algorithm and the quality of the results, while SE is an algorithm that at least leads

to Pareto optimal designs. Although we will use SE in our later example, our method

does not require or prefer any specific choice for the optimization algorithm.

4.4. Implicit Bayesian Model Averaging and other Uncertainties

The lack of information is ubiquitous in environmental simulation problems, especially

prior to a planned investigation effort. Given our quite general inability to fully validate

the underlying processes occurring in geosciences [Oreskes et al., 1994], the selection of

a single geostatistical, structural or conceptual model is often unjustifiable. Instead, a

selection or an entire spectrum of models may compete. Any corresponding assumptions

to restrict oneself to a unique model selection would be hard to defend prior to deeper

investigation and data acquisition. To reduce the subjectivity of such prior assumptions,

one may admit different model alternatives and weight them according to their a-priori

credibility. The modeling task is performed with all model alternatives, and posterior

credibilities are assigned after comparison with available data. This procedure is called

Bayesian model averaging (BMA) [e.g., Hoeting et al., 1999; Neuman, 2003].

A recent advancement of BMA shifts the problem of discrete model choice to a continu-

ous parameter problem, introducing a continuous spectrum of model alternatives [Nowak

et al., 2010]. These authors parameterized the choice among different covariance models

via a shape parameter that allows to embrace the desired different models as special cases.
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They referred to this as continuous BMA. Continuous BMA should be seen as an elegant

alternative to BMA, if applicable, but not as a limitation to general BMA.

Following the above rationales, our method can account for various additional sources

of uncertainty. We distinguish between uncertainties of structural parameters θ related

to potentially involved geostatistical models, uncertainties of boundary/initial condition

parameters ξ associated with each physical/conceptual model (in geostatistical inversion

this has been first been suggested by Kitanidis [1995], while hydrology, oceanography and

the atmosphere sciences are much more used to consider them as uncertain [e.g. Evensen,

2007]), and uncertain conceptual model selections within k, e.g., uncertain zonation or

model forcing. All uncertainties and choices can be handled either discretely or often

continuously.

Note that, in our formulation, averaging over the unknown meta-parameters θ, bound-

ary/initial conditions ξ and model choice indicators k is done implicitly by averaging over

the augmented parameter vector S. We refer to this as implicit Bayesian model averag-

ing. In Section 5, we will show an example that exclusively addresses uncertain conceptual

model selections.

4.5. Convergence

In order to obtain robust Monte Carlo (MC) statistics, a sufficient amount of realizations

is needed. MC statistics (e.g., mean and variance) converge at a rate proportional to

N−1/2, where N is the sample size [e.g., Caflisch, 1998; Ballio and Guadagnini , 2004].

That is why averaging an objective function such as Equation (8) over possible data

values y(d) is relatively unproblematic. Variance reduction schemes [e.g., Russell , 1986]

can help to further improve the situation. Diggle and Lophaven [2006] and Neuman et al.
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[2011], for example, found empirically that their statistics stabilize at n = 100 or n = 200

sets of randomly drawn data sets for averaging conditional variances for a given design.

This is drastically different for computing the conditional variance of z itself, for an

individual possible set of data values. The Bootstrap Filter (BF) or Particle Filter (PF)

assigns likelihoods to the individual realizations in order to reflect conditioning. If one of

the likelihoods is much larger than all the other likelihood values, the posterior statistics

are approximated by only a single point of probability mass. This will impact negatively

on the accuracy of all posterior statistics and occurs mostly when conditioning on large

data sets with small measurement errors. These limitations, also called as the ”curse

of dimensionality” or ”filter degeneracy”, have been the scope of many studies in the

past [e.g. Liu, 2008; Snyder et al., 2008; Van Leeuwen, 2009]. One common way to

avoid filter degeneracy is resampling, where realizations with low weights are discarded

and additional realizations are generated in order to stabilize the posterior estimation.

The filter degeneracy can be measured by the Effective Sample Size (ESS) [Liu, 2008]

which, expressed in common sense, counts the number of weights that still contribute

substantially to the posterior estimation:

ESS =

(

n
∑

i=1

(wi)
2

)−1

. (10)

Obviously, PreDIA inherits the curse of dimensionality. Resampling strategies do not

make sense in the context of PreDIA, because resampling from all possible posterior dis-

tributions is equivalent to enlarging the entire sample right from the start. However,

the problem of filter degeneracy is mitigated to a substantial extent because we analyti-

cally marginalize the likelihood function over measurement and model errors of predicted
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potential data values. This widens the likelihood (see Appendix B), acts like a kernel

smoothing technique [e.g., Wand and Jones , 1995], and so averages out statistical noise

in conditional variances. It is important to understand that this marginalization is not

an assumption or approximation that would artificially weaken the data or compromise

the Bayesian framework. It is merely an analytical step within an otherwise numerical

framework that takes advantage of the two Gaussian distributions. The kernel smoothing

properties of this step are a crucial aspect of PreDIA, because informative and low-error

data sets are exactly what one desires to have, and to optimize in applications.

In order to quantify filter degeneracy of PreDIA, we average the Effective Sample Size

over all possible data values to obtain the Averaged Effective Sample Size (AESS):

AESS =
1

m

m
∑

j=1

(

n
∑

i=1

(wij)
2

)−1

, (11)

and record it during the optimization procedure. Too low values will indicate that the

current analysis requires a larger sample.

4.6. The Impact of Complexity on Computational Costs

The more freedom in model and parameter choice is admitted, the more complex the

model may become. As a general property of MC, this does not affect the convergence rate

of MC statistics, unless the involved statistical distributions of model predictions become

more complex, e.g., exhibiting heavy tails. Therefore, the convergence properties of the

BF and related methods may depend on the variance and higher moments of simulated

data, but do not generally depend on model complexity. However, when looking at more

complex problems, e.g., 3d instead of 2d, two additional problems may arise.
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First, the effects of the curse of dimensionality may be different, because the multivariate

structure of possible data may become more complex. For example, when sampling only

hydraulic conductivity or hydraulic heads in 3d versus 2d, their spatial variations remain,

in principle, the same. In such cases, the number of required realizations for MC, BF or

PreDIA does not increase. For concentration measurements, however, the multivariate

structure in 3d is much more complex than in 2d, because a transported solute plume has

more spatial degrees of freedom in 3d. In such cases, the required number of realizations

may increase at a higher rate, as the number of considered measurements increase. To

guarantee proper preposterior statistics, the AESS has to be monitored carefully.

Second, the design space increases when switching to 3d or when optimizing the sched-

ule of an experimental design for dynamic systems rather than static patterns. With

more potential measurement locations, the burden of high-dimensional optimization in

Equation (9) increases. This is, however, not an artifact of our proposed PreDIA method,

but rather a general problem shared by all OD methods. This problem will require more

future research on adequate optimization algorithms.

As for implicit BMA, it is important to stress that PreDIA can principally handle un-

certain discrete choice between structurally different model alternatives at no additional

conceptional costs within the data analysis (again see Section 4.4). Our method merely

requires convergence of the overall (combined) sample statistics and not necessarily indi-

vidual convergence for each single considered model.

5. Application

To demonstrate the properties, advantages and relevance of our method, we design a

synthetic application which involves a groundwater contamination scenario. We choose an
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example from subsurface contaminant transport, since this allows to illustrate aspects of

model choice and uncertain boundary conditions, and because subsurface transport reveals

strongly non-linear and well-researched dependencies between predictions and parameters.

5.1. Scenario Definition and Configuration

The synthetic scenario assumes a drinking water well or a similar sensitive location

threatened by a recent but continuous contaminant source located upstream. The goal

is to find the sampling pattern which optimally reduces the uncertainty of predicting

the long-term (steady state) contaminant concentration to be expected at the sensitive

location.

For simplicity, but not as a limitation of our methodology, the test case considers steady-

state groundwater flow in a 2d depth-averaged heterogeneous aquifer without sources or

sinks:

∇ · [T (x)∇h] = 0, (12)

where T [L2/t] is the locally isotropic transmissivity and h[L] is the hydraulic head. All

flow boundaries are specified as Dirichlet boundaries with ĥ(x). Contaminant transport

from a continuous source at late time (steady-state) is modeled according to

v · ∇c−∇ · (Dd∇c) = 0. (13)

with concentration c [M/L3], velocity v [L/t] = q/ne, Darcy specific flux q, porosity

ne and pore-scale dispersion tensor Dd [L2/t] according to Scheidegger [1954]. Transport

boundary conditions are specified as Dirichlet boundaries with ĉ(x) = 0 at all outer

boundaries and ĉ(x) = c0 at the source. For simplicity, we normalize the problem to
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c0 = 1. All known flow- and transport parameters and their values are summarized in

Table 1. An overview of the domain geometry including the source and the sensitive

location is provided in Figure 2. The source location (xS, yS) = (80m, 80m) and its width

ls = 20m are assumed to be known. The sensitive location is at (xW , yW ) = (180m, 86m).

Within the geostatistical concept provided below, this is about seven expected-integral

scales downstream of the contaminant source and about half an integral scale offset from

the center line of the expected plume path.

Figure 2 also depicts a possibly present hydraulic barrier (width = 10 m) due to un-

certainty in geological medium boundaries. For the sake of scenario variation, we assume

that local hydrogeologists are uncertain about the extent of a narrow zone filled with a

different geological facies which might be present in that area. For simplicity, we imple-

ment this as a rectangle with a different mean value of log-conductivity at T (x) = ln10−7.

The prior probability of this alternative model is set to 30%. Please note that the possibly

present barrier is only considered in one scenario variation.

In our example, we consider the global transmissivity field uncertain, following a geo-

statistical approach. As an example for model choice, the geostatistical model will be

kept uncertain. We define T (x) as a discretized random space function represented by

cell-wise values within the parameter vector s. Following classical geostatistical ideas, we

use E[s] = Xβ with deterministic trend functions X and trend coefficients β1, β2, and

assume that s′ = s−E[s] is second-order stationary with a covariance function C(h) that

only depends on the separation vector h.

Bayesian geostatistics [Kitanidis , 1986] open the path to a more general consideration

of uncertainty. Let θ = (σ2, λi, κ) contain uncertain structural parameters of the geosta-
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tistical model, where σ2 accounts for the field variance, and λi are the correlation length

scales in spatial directions xi. Several recent studies, including Feyen [2003], Nowak et al.

[2010] and Murakami et al. [2010], suggest to use the Matérn covariance function [Matérn,

1986]:

C(l) =
σ

2κ−1Γ(κ)
(2
√
κl)κBκ(2

√
κl)

l =

√

(

∆x1

λ1

)2

+

(

∆x2

λ2

)2

, (14)

with Gamma function Γ(·). Bκ(·) is the modified Bessel function of the third kind

[Abramowitz and Stegun, 1972]. The additional shape parameter κ controls the shape of

the covariance function, e.g.: κ = 0.5 is the exponential and κ = ∞ the Gaussian model.

The benefits of the Matérn family have been discussed extensively by, e.g., Handcock and

Stein [1993] and Diggle and Ribeiro [2002]. The relevance of the Matérn family within

Bayesian geostatistics has recently been pointed out by Nowak et al. [2010]. This is an

example of continuous Bayesian model averaging, where model structural uncertainty can

be mapped onto parametric uncertainty (see Section 4.4). Our intention for this choice is

to illustrate the application of continuous BMA within BF and PreDIA.

The values for the Dirichlet flow boundary condition are determined by two uncertain

angles γ and ν which define the regional head gradient via its slope γ and orientation

ν relative to the northern/southern boundaries. All uncertain geostatistical parameter

θ, boundary parameters ξ and conceptual models k are drawn from their respective

distributions (see Table 2).
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Concentrations c are considered to be not available as measurement data, because the

spill just happened and the plume has not evolved yet. Instead, head and transmissivity

data shall be optimally collected in order to maximize uncertainty reduction associated

with the prediction based on Equation (8). We define transmissivity T and hydraulic head

h with measurement errors σr,T and σr,h, respectively, to be measurable at the point scale,

e.g., by disturbed core-samples and small monitoring wells. For instructive reasons, we

decide not to sample transmissivity T at the same locations as hydraulic head h by default,

since this will help to better exhibit and discuss the underlying physics associated with

the respective choice of location and data type. Locations where T is informative may not

be informative for h measurements, because different physical flow and transport-related

phenomena may co-ordinate the individual data types to different informative locations.

However, our framework could easily handle constraints such that T and h measurement

locations have to coincide.

The implementation is done in the MATLAB environment. For generating geostatistical

random fields and simulating groundwater flow and solute transport, we use the same code

already used in Nowak et al. [2008] and Nowak et al. [2010]. A large sample size of 50,000

realizations has been chosen to ensure that our discussion of the method and resulting

designs is not compromised by statistical noise. We use the sequential exchange algorithm

(see Section 4.3) in order to optimize the design, and the utility of each design candidate

is evaluated with PreDIA, based on Equation (8) as objective function.

5.2. Scenario Variations

We consider two different scenario objectives. They will serve to show that PreDIA

can include arbitrary prediction goals regardless of their non-linearity and that it can
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include arbitrary task-driven formulations. A third scenario is then exclusively addressing

(not done in cases 1a - 2b) the consideration of conceptual model uncertainty, i.e., via

incorporating a hydraulic barrier:

• Minimum-variance prediction of a contaminant concentration c at the sensitive loca-

tion. To emphasize the difference to conventional linear methods, we compare the results

of our method to results from an Ensemble Kalman Filter (EnKF) [e.g. Herrera and Pin-

der , 2005; Evensen, 2007]. Therefore, we run the first scenario with PreDIA (case 1a)

and compare the results to a sampling pattern obtained from an EnKF (case 1b).

• Maximum-confidence prediction of whether a critical concentration threshold will be

exceeded. This is equivalent to predicting an indicator quantity z = I(c > ccrit), with

E[I] = P (c > ccrit). Since the indicator is a discrete variable that depends very non-

linearly on model parameters, it does not meet the requirements under which EnKFs

can be used for comparison. Instead, two threshold values are considered with PreDIA:

ccrit = P15 (case 2a) and ccrit = P75 (case 2b), where P15 and P75 are the c-values below

which 15 % and 75 % of the c-values may be found, respectively.

• Consideration of a hydraulic barrier and minimum-variance prediction of a contami-

nant concentration c at the sensitive location (case 3).

6. Results and Discussion

In this section, we present and discuss the sampling patterns resulting from the synthetic

test case and its variations defined in the previous section.

6.1. Sampling Pattern Optimized for Predicting Concentration (Case 1a)
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Case 1a features optimal sampling for minimum-variance prediction of concentrations

at the sensitive location. The resulting sampling pattern, obtained with PreDIA, is shown

in Figure 4. Figure 3 shows the respective variances of T , h and c prior to investigation.

In Figure 4, we also included the expected conditional variance of transmissivity (top),

hydraulic head (center) and predicted concentration (bottom), according to Equation (8).

The basic characteristics of the design pattern mostly coincide with the results found

in Nowak et al. [2010] who considered a similar scenario. However, there are important

differences since they used an EnKF and we employ PreDIA. With regard to the sampling

pattern, we find two predominant groups: (1) measurements gathering around the source

and (2) measurements flanking the expected migration path of the plume. Near-source

measurements are exclusively occurring as transmissivity measurements. They are highly

informative since they provide information about the volumetric flow rate through the

source area. The flow rate through the source, in turn, is a dominant factor that dictates

the total contaminant mass flux, the expected width and the dispersion characteristics of

the plume further downstream [de Barros and Nowak , 2010].

The measurements flanking the plume are head measurements which capture both the

large-scale drift of the plume (due to the uncertain regional head gradient) and the meso-

scale meandering of the plume (caused by heterogeneity).

In principle, the prediction task leads to information needs that manifest themselves

most in those regions where the statistical dependency between the measurable quantities

(transmissivity or hydraulic head) and the prediction goal is highest, while avoiding mutu-

ally too close measurements that would merely convey to redundant information. Figure 5

shows the statistical dependencies between observable quantities at potential measurement
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locations and the prediction target for a near-source transmissivity measurement location

(A) and a near-boundary head measurement location (B). The statistical dependencies

are obtained by plotting the sample of possible measurement values against the sample

of predicted concentrations. We additionally illustrate the non-linear dependency in the

scatter plot by a moving average line.

Obviously, T at the near-source location (A) has a mostly linear relation to the predicted

concentration. The higher the transmissivity at the source, the higher is the source

discharge and the broader is the plume on average after leaving the source. Therefore, the

plume is far more likely to maintain high concentrations even over long travel distances,

and is more likely to hit the target [de Barros and Nowak , 2010].

Opposed to that, h at the near-boundary location (B) exhibits a non-linear dependency

to the prediction goal. Extreme angles of the regional flow gradient divert the plume away

from the target location, for both positive and negative values of the angle. By contrast,

regional flow in the straight uniform direction drives the plume, most likely, through the

target. The resulting dependency between hydraulic heads close to the boundary and the

predicted concentration has an almost purely quadratic behavior, and shows almost no

correlation in a linear sense, i.e. has almost zero covariance.

Figure 6 (left) illustrates how the individual transmissivity or hydraulic head mea-

surements added during sequential design reduce the variance of the prediction goal and

related physical quantities. The latter include the total solute mass flux through the

source, the angle of the boundary condition (causing a large-scale drift), the width of the

plume at the target (lateral spreading) and the lateral position of the plume’s centroid

(also affected by meso-scale meandering caused by heterogeneity).
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We can clearly see that transmissivity measurements located closely to the source greatly

reduce the prediction uncertainty of the total solute flux (also see Figure 6) for this case,

while the head measurements along the flanks are almost not informative to the total

solute flux. Instead, the uncertainty of the boundary condition (regional flow direction)

is greatly reduced by the head measurements, whereas the transmissivity measurements

around the source contribute almost no related information (also see Figure 6). Likewise,

the position of the plume center is revealed almost solely by head measurements. For the

plume width at the prediction target, we find a sensitivity to both head and transmissivity

measurements, where the first two transmissivity measurements at the source are clearly

the most valuable ones.

As addressed in Section 4.5, we recorded the Averaged Effective Sample Size (AESS)

during the optimization procedure in order to monitor and avoid filter degeneracy. Fig-

ure 6 (left) indicates the AESS (scale shown on the right axis) during the optimization

scheme. The AESS drops from initially 50,000 to about 500. This is fully sufficient in

order to calculate noise-free maps of the expected conditional variance (see Figure 6) and

evaluate the objective function reliably.

6.2. Comparison to EnKF (Case 1b)

The sampling pattern provided by the Ensemble Kalman Filter (EnKF) relies on ex-

actly the same geostatistical and boundary parameters used in case 1a, and hence uses the

very same sample data. For technical insights in the EnKF formalism, please be referred

to Herrera and Pinder [2005] or Evensen [2007]. The resulting pattern is shown in Fig-

ure 4 (right column). The underlaid maps of expected conditional variance are evaluated
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by PreDIA, because the maps provided by the EnKF are inaccurate and would not be

comparable to those shown in the left part of Figure 4.

Compared to the PreDIA-based sampling pattern (case 1a), we find again the group of

transmissivity samples in the source area. However, the number of measurements in this

group is much larger. The next fundamental difference to the PreDIA-based sampling

pattern is that the group of head measurements at the northern and southern domain

boundary is smaller in favor of head measurements in the corners of the design domain.

Apparently, the relevance of the variable boundary conditions that induce large-scale drift

of the plume is also recognized, but judged differently by the EnKF analysis scheme.

The EnKF assesses statistical dependencies only via covariances, which are a measure

for linear dependence only. It is unable to capture even-order (e.g. quadratic) dependen-

cies such as between head measurements near the northern and southern boundary and

the prediction goal (see Figure 5). Therefore, it simply ignores these head measurement lo-

cations as potential sources of valuable information. Hence, crucial information about the

meso-scale meandering of the plume is neglected. However, four measurement locations

were placed at the corners of the allowable design locations. Apparently, their non-linear

dependency exhibits a sufficiently large linear component due to the slight asymmetry of

our setup.

Overall, this leads to a significantly worse performance in reducing the uncertainty as-

sociated with the plume center, even though the EnKF captures the uncertain boundary

condition reasonably well. This can be seen by comparing the expected conditional vari-

ance within Figure 6 (left and right). With a higher relative emphasis on the mostly linear

source transmissivity information, the plume width and total solute flux are determined
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comparably well. Still, the overall prediction quality of concentration c is reduced by ig-

noring and misinterpreting non-linear information, such that PreDIA clearly outmatches

the EnKF. In our setup, PreDIA achieves 25 % more uncertainty reduction with the same

number of sampling positions than the EnKF.

In more general terms, EnKFs and all linear(ized) methods can only measure correlation,

which is a very incomplete access to statistical dependence. For example, zero correlation

between a zero-mean variable and its square does not imply at all that a squared value is

independent of its square root. Hence, the limitations of linear(ized) methods illustrated

in our specific example generalize to all non-linear applications.

6.3. Sampling Patterns Optimized for Predicting Exceedance Probability

(Case 2a & 2b)

In this test case, we desire maximum-confidence prediction whether a critical concen-

tration value (e.g. imposed by a regulatory threshold) will be exceeded or not. The

PreDIA-based sampling patterns for cases 2a and 2b are shown in Figure 7, again ob-

tained from the same sample.

Case 2a (ccrit = P15) exhibits a sampling pattern which is mainly based on head mea-

surements at near-boundary and towards-target locations. Transmissivity measurements

exploring the source region are practically absent. For predicting low threshold values, it

is only important, and therefore sufficient, to know that the plume misses the sensitive

location. This information is obtained by head measurements flanking the plume, which

can reveal transverse gradients that could divert the plume from hitting the sensitive

location.
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Case 2b (ccrit = P85) shows an inverted behavior, where the source is sampled repeat-

edly using six transmissivity samples that are hardly distinguishable in Figure 7. Two

additional transmissivity samples north of the source support the near-source samples by

addressing the contrast in transmissivity between the source and its surroundings. In-

stead, head measurements closely flanking the plume are disregarded. This is a direct

consequence of the different information needs between case 2a & 2b. For high threshold

values, it is necessary to know whether the plume preserves its initial peak concentration

over large travel distances up to the sensitive location. Highly conductive sources favor

this behavior, and can be identified by increasing the source sampling density. In addition,

highly conductive sources statistically imply an increased downstream plume width. With

the plume sufficiently wide, the chances of bypassing the sensitive location by meso-scale

meandering decrease and only a globally rotated mean flow direction can prevent the

plume from hitting the sensitive location. That is the reason why (1) transverse gradients

and the related head measurements are not closely flanking the plume, and (2) there are

more remote head samples at the northern and southern boundaries that help to infer the

global flow direction.

In order to emphasize the task-specific character of the individual design patterns to-

wards their respective prediction goal, we applied each design pattern to the prediction

goals of all other test cases. This yields the performance indices summarized in Table 3.

The performance indices show that the PreDIA-based design pattern (1a) clearly out-

matches the EnKF (1b) for all three prediction goals. The EnKF-based design pattern

is even surpassed in its own objective by the PreDIA-based sampling patterns designed

for cases 2a (low threshold) & 2b (high threshold). The worst performance was found for
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pattern 2a (low threshold) when applied to the objective of case 2b (high threshold). This

can be explained by the fact that these two patterns lay their focus on opposed features in

their respective design objectives, i.e. on meso-scale meandering versus source conductiv-

ity. The opposite case (applying pattern 2b to case 2a) performs better. Obviously, in our

specific examples, many source conductivity measurements are more generic all-purpose

information than head measurements populating the boundaries.

6.4. Sampling Patterns Accounting for Conceptual Model Uncertainty (Case

3)

The optimized sampling pattern for case 3 is shown in Figure 8. Opposed to the previous

cases, case 3 also considers conceptual model uncertainty, represented by a possibly present

hydraulic barrier. If present, the barrier causes a flow regieme which forces the plume to

swerve northwards and so increases the chance that the plume hits the sensitive location.

The strong dependence of the predicted concentration on the presence of the hydraulic

barrier requires an adequate model choice. Therefore, the sampling pattern reacts to

this additional uncertainty. Compared to case 1a, three transmissivity measurements are

placed in the area of the possibly present barrier, whereas most other design features are

preserved.

Although we did not use model choice as objective function for the design (the im-

portance of model choice is only implicit via its role in our chosen prediction goal), the

reliability of correct model choice is improved by the adapted sampling pattern provided

by PreDIA. This effect can be illustrated best by computing the preposterior weights of

the two different hypothesized models: Among all possible data sets generated with the

barrier, the model with barrier obtains (on average over all those data sets) a weight of
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of 98%. Among all possible data sets generated without the barrier, the model without

the barrier receives an average weight of 50%. Weighting both preposterior cases by their

prior probabilities to occur (i.e. 70% and 30% respectively) yields an expected reliability

of 85% to choose the correct model. This is a significantly increased reliability compared

to the prior stage, where the reliability lies at 58%.

PreDIA also allows to perform a full BMA analysis including measures like preposterior

inter-model and intra-model variances, because all statistics are available. However, we

omit this analysis here for the sake of brevity. As for the computational costs and conver-

gence issues, the AESS drops in scenario 3 from 500 (cases 1 and 2) to about 200. This

is owed to the increased variability and uncertainty in hydraulic conductivity introduced

by the possibly present hydraulic barrier.

7. Conclusions

In this work, we introduced a method for information processing, called PreDIA, which

assesses the expected data utility of proposed sampling designs, such as the expected im-

pact of data on prediction confidence, in an optimal design framework. The method oper-

ates via a purely numerical Monte-Carlo implementation of Bayes theorem and Bayesian

model averaging, combined with an analytical marginalization over measurement and

model errors. Since the actual measurement values at the individual planned measure-

ment locations are unknown during the planing stage of optimal design, PreDIA averages

the utility of designs over all possible measurement values that a given sampling design

could produce. The method can be seen as an extension of the Bootstrap Filter (BF) or

to Particle Filters (PF). Due to its full numerical character, PreDIA allows to incorpo-
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rate various sources of uncertainty and is able to manage highly non-linear dependencies

between data, parameters and predictions with ease.

We applied the method to an optimal design problem taken from contaminant hydro-

geology, where we illustrated its applicability to different sources of uncertainty, various

prediction tasks and task-driven objective functions. Within a groundwater quality ex-

ample, we considered non-co-located hydraulic head and transmissivity measurements.

In order to show the limitations of linearized methods, we compared the optimal design

patterns obtained via PreDIA to those from an EnKF. We find the following conclusions

most important:

1. PreDIA outmatches linearized methods (such as EnKFs) because linear methods fail

to recognize relevant non-linear relations between potential measurement locations and

the prediction goal, and hence oversample locations considered to be most informative

from the limited viewpoint of linearized analysis.

2. PreDIA can handle arbitrary task-driven formulations of optimal design. We demon-

strate this in a scenario variation that involves predicting the exceedance of a regulatory

threshold value, which is important for risk management [e.g., de Barros et al., 2009].

The sampling pattern for the task-driven prediction strongly depends on the level of the

threshold value, because different information needs are triggered by the underlying flow

and transport physics. Neither this difference nor such classes of task-driven formulations

could be handled by linearized methods.

3. The number of Monte-Carlo realizations needed by PreDIA for convergence rises with

the number of planned sampling points and their measurement accuracy. This is inherited

from BFs in general. The Averaged Effective Sample Size (AESS) serves as a sound
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measure to monitor statistical convergence. Averaging analytically over measurement

and model-structural error and over the yet unknown data values drastically improves

convergence. However, the problem of filter degeneracy is still a challenge when planning

extensive sampling campaigns. An extension of PreDIA towards more efficient stochastic

methods would help to further increase the affordable sampling size. Here, linear methods

are superior as they benefit from fast analytical solutions.

4. Bayesian model averaging is implicit in PreDIA at no additional conceptual costs,

and allows to reduce the subjectivity of prior assumptions on, e.g. geostatistical pa-

rameters, boundary parameters or physical/conceptual model alternatives (like hydraulic

barriers). Introducing more variability to models might increase the computational costs

or leads to a decrease in the AESS. Incorrect prior assumptions could negatively affect

the quality of the resulting optimal designs.

5. Our specific illustrative example showed that the uncertain direction of a regional

groundwater flow has a significant impact on the uncertainty of predicting contaminations,

and should hence not be neglected. This additional uncertainty can be quickly reduced

by hydraulic head measurements at large distances.

6. In our specific case, the optimal design predominantly addressed uncertainty in head

boundary conditions and contaminant source hydraulics, rather than structural uncer-

tainty in the geostatistical model. This will change according to the relative importance

of individual sources of uncertainty, and the availability of data types that are adequate

to address these individual uncertainties.

Appendix A: Derivation of the Weight Matrices
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In formal Bayesian updating, the likelihood Lij of parameter vector Si given the syn-

thetic noise-free ny × 1 vector of measurement values fy(Sj) resembles a multivariate nor-

mal distribution in ∆ = fy(Sj)− fy(Si) with mean zero and covariance matrix Rε
∗ = 2Rε

(Appendix B), where Rε is the covariance matrix of measurement errors. Hence:

Lij =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

∀ i 6= j (A1)

Lij = 0 ∀ i = j. (A2)

Since, for i = j, Si and Sj would not be drawn independently, we discard i = j and

instead to set all Lii to zero. Normalizing according to Bayes theorem yields

wij =
Lij

∑n
i=1 Lij

. (A3)

Appendix B: Weight Matrix Marginalized over Synthetic Measurement Error

The commonly used concept to simulate noisy data is yj = fy(Sj) + εj, where εj ∼

N (0,Rε) with covariance matrix Rε. In order to compute the likelihood of a realization

j and a given data set d0, a bootstrap filter (BF) would use the residual vector ∆0 =

d0 − fy(Sj) and, for ny measurement values, set:

p(d0|Sj) =
1

((2π)ny detRε)
1/2

exp

[

−1

2
(∆0)

T R−1
ε (∆0)

]

. (B1)

Since we need to marginalize over all potential data values that might populate d0, we

use dk = fy(Sk)+εk to generate realizations of potential data, again with εk ∼ N (0,Rε).

This yields

p(Sk|Sj, εk) =
1

((2π)ny detRε)
1/2

exp

[

−1

2
(∆+ εk)

T R−1
ε (∆+ εk)

]

, (B2)

with ∆ = fy(Sk) − fy(Sj). Now, we can average over all possible potential measurement

error values of εk via the marginalization p(Sk|Sj) =
∫ +∞

−∞
p(Sk|Sj, εk) · p(εk) d εk. After
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some manipulations and using the statistical independence between εj and εk, this results

in

p(Sk|Sj) =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

, (B3)

with R∗
ε = 2Rε. This is equivalent to using noise-free potential data, but doubling Rε in

the likelihood analysis.

Appendix C: Implementing Model Errors

Following the procedure of Appendix B, a model error εm can be accounted for in the

same fashion. Both synthetic and potential data are then simulated by yj = fy(Sj) +

εj + εmj and dk = fy(Sk) + εk + εmk . Following the precisely identical procedure as in

Appendix B, the likelihood becomes

p(Sk|Sj, εk, ε
m
j , ε

m
k ) =

1

((2π)ny detRε)
1/2

exp

[

−1

2

(

∆+ εk + εmj + εmk
)T

R−1
ε

(

∆+ εk + εmj + εmk
)

]

,(C1)

with ∆ = fy(Sk) − fy(Sj). If εm is assumed to be Gaussian with εm ∼ N (0,Rm
ε ) and

covariance matrix Rm
ε it can again absorbed into Rε such that

p(Sk|Sj) =
1

((2π)ny detR∗
ε)

1/2
exp

[

−1

2
(∆)T R∗−1

ε (∆)

]

, (C2)

with R∗
ε = 2Rε + 2Rεm.

Notation

d set of decision variables

dopt set of optimized decision variables

fy physical measurement model

fz physical prediction model

εy measurement error
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εz prediction error

εm model error

k set of discrete model choice parameters

ns number of physical parameter values

ny number of physical potential measure-

ment values
nz number of physical predictions values

n number of simulated measurement

values
m number of potential measurement

values
Rε error covariance matrix

Rm
ε

model error covariance matrix

s set of uncertain model parameters

S augmented set of uncertain model

parameters
θ set of uncertain structural parameters

w weight vector posterior to measure-

ment (e.g., BF)
W weight vector prior to measurement

(e.g., PreDIA)
ξ set of uncertain boundary parameters

y set of potential measurement values

y0 hypothetical measurement values

z set of predictions
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Figure 1. Schematic illustration of PreDIA (Pre-posterior Data Impact Assessor)

enveloping the BF (Bootstrap Filter). Both are nested together in the optimization pro-

cedure.
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Figure 2. Spatial configuration of the synthetic test case involving a contaminant

release at (xS, yS) = (80m, 80m) with source width ls = 20m, prediction target at

(xW , yW ) = (180m, 86m), and a possibly present hydraulic barrier due to a different

geological zonation (considered in application case 3). For further details, we refer to

Table 1.
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Numerical Domain

Domain size [L1, L2] [m] [320, 220]

Grid spacing [∆1,∆2] [m] [0.25, 0.125]

Design Domain

Domain size [L1, L2] [m] [260, 160]

Grid spacing [∆1,∆2] [m] [2, 2]

Transport Parameters

Head gradient γ [-] 0.01

Effective porosity ne [-] 0.35

Local-scale dispersivities [αl, αt] [m] [0.5, 0.125]

Diffusion coefficient Dm [m2/s] 10−9

Transversal plume dimension ls [m] 20

Known Geostatistical Model Parameters

Global mean β1 = lnT [-] ln 10−5

Trend in mean β2 [-] 0

Measurement Error Standard Deviations

Hydraulic conductivity σr,T [-] 1.00

Hydraulic head σr,h [m] 0.01

Table 1. Known parameters for the flow, transport and geostatistical model.
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Uncertain structural parameters θ

Variance σ2
T [-] N (µ = 2.0, σ = 0.3)

Integral scale λ [m] N (µ = 15, σ = 2.0)

Matérn Kappa κ [-] U(a = 5, b = 36)

Uncertain Boundary Parameters ξ

Deviation from center ν [◦] N (µ = 0.0, σ = 10)

Uncertain Conceptual Models k

Existence of hydraulic barrier - [-] B(p = 0.3)

Table 2. Uncertain structural and boundary parameters and their assigned distribu-

tions.
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Figure 3. Prior uncertainties (variance) associated with transmissivity (top), hydraulic

head (center) and concentration (bottom) based on the uncertain structural and boundary

parameters listed in Table 1 and 2.
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Figure 4. PreDIA-based (left, case 1a) and EnKF-based (right, case 1b) sampling

pattern optimized for minimum prediction variance of concentration at the sensitive loca-

tion. Head measurements (crosses), transmissivity measurements (circles), source (box)

and target (diamond). Maps in the background are expected preposterior variances for

transmissivity (top), hydraulic head (center) and concentration (bottom).
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Figure 5. Scatter density plots depicting the relation between the sample of predicted

concentrations and the sample of transmissivity values at a near-source location A (left)

and hydraulic head values at a near-boundary location B (right). The solid line illustrates

the relation via moving average.
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Figure 6. Expected variance reduction (Equation (8)) for PreDIA (left, case 1a) and

EnKF (right, case 1b) during initial placement of samples for different auxiliary quanti-

ties. The sequential exchange phase is not shown in details but only indicated by the gray

lines. Hydraulic head measurements are denoted by cross marks and transmissivity mea-

surements by circle marks. The right axis quantifies, for the PreDIA-based optimization,

the respective Averaged Effective Sample Size (AESS).
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Figure 7. PreDIA-based sampling pattern optimized for predicting the exceedance of

a low ccrit (left, case 2a) and high ccrit (right, case 2b). Head measurements (crosses),

transmissivity measurements (circles), source (box) and target (diamond). Maps in the

background are preposterior variances for transmissivity (top), hydraulic head (center)

and indicator variable (bottom). A selected near-source location is marked by A, whereas

a near-boundary location is marked by B.

D R A F T December 28, 2011, 4:09pm D R A F T



LEUBE ET AL.: ASSESSING THE EXPECTED DATA IMPACT ON PREDICTION CONFIDENCE X - 57

Pattern 1a Pattern 1b Pattern 2a Pattern 2b

Case 1a/b 100.00 % 75.14 % 79.10 % 95.99 %

Case 2a 81.41 % 76.03 % 100.00 % 69.01 %

Case 2b 90.43 % 38.79 % 27.54 % 100.00 %

Table 3. Performance indices for every sampling design when applying on different

prediction goals.

Figure 8. Sampling pattern (case 3) when considering conceptual model uncertainty

exemplary represented by a hydraulic barrier.
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