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Key problems

● Non-equilibrium: dynamic effects

● Hysteresis
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Key problems

● Mixture theories

● Averaging theories 

●  Thermodynamically based modelling: 
 

● Thermodynamically constrained averaging theory [W. Gray & C. Miller]

● Interfacial area approach [W. Gray & M. Hassanizadeh, J. Niessner & M. Hassanizadeh]

Physical basis to describe macroscale multiphase system:
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Specific interfacial area

[M. Hassanizadeh, W. Gray, 1990 – 1993]
[J. Niessner, M. Hassanizadeh, 2008 – 2009]

a
wn

  [m2/m3] - area per volume

“saturation” of interfacial areas

Γ
wn

  [kg/m2] - mass per area

“density” of interfacial areas

Microscale Macroscale

solid

n w

solid

w

n

wn

We consider a two-phase system 
composed of wetting fluid (w) and non-
wetting gas (n) in a porous medium at 
the macroscale. The third continuum in 
a system is specific interfacial area.
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Hysteresis

Pc = f pc(Sw ,awn)

Rational thermodynamics of Hassanizadeh & Gray 
macroscopic capillary pressure depends on interfacial area:

f a(Pc , Sw)= a00+a01 Pc+a10 Sw+a11 Pc Sw+a02 Pc
2+a20 Sw

2
V. Joekar-Niasar, 2007:

P. Nuske, B. Flemisch 2009: f a(Pc , Sw)= (a1 + a2 ea3 Pc)(Swr − Sw)(1 − Sw)

awn

Pc

Sw

primary drainage

primary imbibition

awn

awn = f a(Sw , Pc)
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Dymanic effects

Pn−Pw = Pc Pn−Pw = Pc(Sw ,awn) + f (Sw ,
∂ Sw

∂ t
, awn )

Macroscale

equilibrium dynamic

Macroscopic pressure difference 
depends on the w-phase saturation, 
dynamic effects (        ) and memory 
effects (hysteresis)

∂t Sw

[S. M. Hassanizadeh, W. Gray, 1990 – 1993],
[A. Beliaev, S. M. Hassanizadeh, 2001]

 
Pn−Pw = Pc−τ

∂ Sw

∂ t
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Mass balance of the interfaces

∂t awn⏟
storage

+ ∇⋅(awn w)⏟
flux

= Ewn⏟
production

advectional transport of 
the interfaces

total change of the 
interfaces within an 

REV

production of the 
interfaces



10

What is a flux of interfaces?

∂t awn⏟
storage

+ ∇⋅(awn w)⏟
flux

= Ewn⏟
production

advectional transport of 
the interfaces

total change of the 
interfaces within an 

REV

production of the 
interfaces

Interfacial velocity w is a velocity of the 
center of mass of the interfaces in a 
control volume
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What is a source of interfaces?

∂t awn⏟
storage

+ ∇⋅(awn w)⏟
flux

= Ewn⏟
production

advectional transport of 
the interfaces

total change of the 
interfaces within an 

REV
production of the interfaces due to varied pore 
geometry, generation of new interfaces by entering 
of the fluid in pore branches,  destruction of the old 
interfaces due to fluid conjunction, and forming of 
the corner interfaces



12

What is a source of interfaces?

∂t awn⏟
storage

+ ∇⋅(awn w)⏟
flux

= Ewn⏟
production

advectional transport of 
the interfaces

total change of the 
interfaces within an 

REV

 Ewn  ≠ 0 
only under 

dynamic regime

production of the 
interfaces

Assumption:

[S. M. Hassanizadeh et al., 2011]
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Production term

Assumption: production term compensates the difference between interfaces 
at the moment, awn

dyn, and interfaces under equilibrium in the same conditions, 
awn

eq :

where α  is a porous medium characteristic specific to the drainage/ imbibition 
processes, 

E wn =  awn
dyn

− awn
eq

 ,

awn
dyn

= awn
dyn

(Pn − Pw , Sw) , awn
eq

= awn
eq

(Pc , Sw).

[S. M. Hassanizadeh et al., 2011]
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Production term

Assumption: production term compensates the difference between interfaces 
at the moment, awn

dyn, and interfaces under equilibrium in the same conditions, 
awn

eq :

where ε  is a porous medium characteristic specific to the drainage/ imbibition 
processes, 

The previous production term definition of Pop & Niessner was derived 
mathematically with assumption of  negligible flux of interfaces:

where

E wn =  awn
dyn

− awn
eq

 ,

E wn = −ewn

dSw

dt
,

ewn = −
∂ awn

∂ Sw

−
∂ awn

∂ pc
 dpc

dSw

process

awn
dyn

= awn
dyn

Pn − Pw , Sw  , awn
eq

= awn
eq

(Pc , Sw).

new

old

[S. Pop, J. Niessner, 2009]
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Overshoots observed in experiments

[S. Bottero, S. M. Hassanizadeh, 2008]

[S. Fritz, S. M. Hassanizadeh, 2012]
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Overshoots

What is the reason?
 

● dynamic effect
 

● hysteretic effect
 

● gravity
 

● wettability

● …

?
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Equations

● Phases, α = w, n:

● Phase velocity:

● Constitutive relationships:

2p dynamic model

● Unknowns: Sn pw

∂t  S  ∇⋅ v = q

v = −K
k 



∇ P −  g 

Pn = Pw  Pc − 
∂S w

∂ t
Sw = 1 − S n
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Equations

● Phases, α = w, n:

● Interfaces, wn:

● Phase velocity:

● Interface velocity: 

● Constitutive relationships:

2p dynamic model including interfacial areas

● Unknowns: Sn pw pc

∂t  S  ∇⋅ v = q

∂t awn  ∇⋅awn w  = Ewn

vα = −K
kα
μα

(∇ Pα − ρα g)

w = −K wn (∇ awn + Ψwn ∇ Sw)

Pn = Pw  Pc − 
dS w

dt
awn = awnPc , S w

Sw = 1 − Sn
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Example

We compare the cases:

- classical 2-phase dynamic model

- 2-phase dynamic model incl. balance of awn 
with old production term

- 2-phase dynamic model incl. balance of awn 
with new production term

[S. Manthey, 2006]
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Example: dynamic term
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Example: hysteresis

Pc
SC S w = P c

switch −  S w − S w
switch

P c Sw =

P c
MDC Sw if P c

SC Sw  P c
MDC Sw

P c
SC Sw if P c

MIC S w ≤ P c
SC Sw ≤ Pc

MDC Sw

P c
MIC

Sw if Pc
SC

Sw  P c
MIC

Sw

Play-type hysteresis: linear scanning curve 
with a stip incline
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[A. Papafotiou, 2008]

I

II
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Example: hysteresis
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Plan

● To combine two models: dynamic 
term + interfacial area and 
hysteresis

● To model the experiments with 
saturation overshoot and to test the 
new production term (Utrecht 
experiments from Susanne)

I

II
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Plan

● To combine two models: dynamic 
term + interfacial area and 
hysteresis

● To model the experiments with 
saturation overshoot and to test the 
new production term (Utrecht 
experiments from Susanne)
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Plan

Pc 
hysteresis

kr 
hysteresis

Dynamic 
term

Interfacial 
area

- - -

- -

-

✗

✗

✗

✗

✗
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