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Comparison of Models for Fracture Tips

Fractured systems appear in many application fields, such as reservoir engineering, and are highly challeng-
ing for the numerical simulation. Characteristic properties are strongly discontinuous material coefficients
and geometrical anisotropic inclusions. At the tip of a fracture the simulation of the flow field is particu-
larly difficult. In highly permeable fractures the main flow direction is along the fracture and at the tip a
stagnation point occurs. Lower dimensional models should account for those constraints in a co-dimension
two/three region. In [1, 2], a comparison between the classical equi-dimensional two-point flux model and
a lower-dimensional model was carried out. Further investigation of such problems was carried out, e.g., in
[3, 4, 5].

The aims of this study are to extend the comparison between equi- and lower dimensional models
for fracture tips by including model developed in a PhD project (Nupus B15) where a rather simple, but
efficient treatment for fracture tips in a lower dimensional fracture model is proposed by

• giving a literature review of fracture tip treatment

• choosing appropriate test cases to compare the different models

• running simulations with the XFEM model and a standard DuMux model

• comparing the simulation results to the literature models.
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Abstract

Like in natural systems, fractures play a very important role in the numerical sim-
ulation of fractured porous media. As their properties such as the permeability can
vary by several magnitudes compared to the surrounding matrix, they have big in-
fluences on flow and transport processes and the pressure distribution inside the
medium. Equidimensional models have been used to simulate these challenging con-
ditions. Their strength is the ability to reproduce physical processes like flow at the
matrix-fracture interface where the heterogeneity is very strong. Supported by highly
resolved grids, various methods basing on equidimensional models have proved their
validity. However, these models and their calculation require lots of computational
time and costs. Therefore it is useful to find a model that deals with the physical
and numerical challenges in a more efficient way. A new approach is presented by a
lower dimensional model implemented in XFEM. The main goal of this thesis is to
compare this model with the equidimensional model implemented in DuMux, whose
results will be regarded as a reference. Of great interest in this comparison is the
treatment of the fracture tip as it is representing an especially challenging part of
the fracture simulation. To enable a comparison of the models with each other and
also with a literature reference, test cases from [Angot et al. 2009] have been chosen,
where an asymptotic approach using a lower-dimensional model was presented. The
test cases are two-dimensional porous media matrices containing fractures that end
inside the matrix. The simulations that are carried out on those test cases will use
a single phase fluid which is incompressible and non compositional. The simulation
constrains only on the pressure equation.
The results validate the ability of the lower-dimensional model in XFEM to simulate
ending fractures in porous media, whereas the equidimensional model in DuMux

failed to do so because of inconsistent results for a two-point flux approximation on
a not K-orthogonal grid. But even with a correct flux approximation that was found
in the mimetic finite difference method, the equidimensional model was not as effi-
cient as the new lower-dimensional model implemented in XFEM. Besides the effort
spent in grid creating, the simulation of the system with four-times more degrees of
freedom was extensive.
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Zusammenfassung

Das Ziel der vorliegenden Bachelorarbeit war die Validierung eines neuen Model-
lansatzes für die Simulation von geklüftet-porösen Medien anhand eines Vergleiches
mit einem Referenzmodell. Besonderes Augenmerk lag dabei auf der Simulation
von Kluftenden. Die verwendeten Modelle unterscheiden sich dabei grundsätzlich
durch verschiedene Methoden für die Kluftmodellierung. Das Referenzmodell mod-
elliert die Kluft in der gleichen Dimension wie die umgebende Matrix. In dem hier
verwendeten zweidimensionalen Fall bedeutet das, dass auch die Kluft durch eine
zweidimensionale Fläche dargestellt wird. Das zu testende Modell dagegen, mod-
elliert die Kluft niederdimensional als eindimensionale Linie in der Matrixebene.
Ermöglicht wird dies durch die natürliche Form der Klüfte. Sie sind für gewöhn-
lich sehr lang, bei vergleichsweise geringer Breite. Das equidimensionale Modell, das
bereits in das Open Source Simulationsprogramm DuMux implementiert wurde, hat
den Vorteil, Flüsse im Bereich der Kluft besonders einfach lokal massenkonserva-
tiv darstellen zu können. Selbstverständlich ist auch das niederdimensionale Modell
gefordert diese Bedingung zu erfüllen. Es ist in bereits in XFEM implementiert.
Die verwendeten Testfälle entstammen einer Literaturquelle, die ebenfalls als Ref-
erenz verwendet wird. Die Resultate zeigen, dass sich die beiden Modelle bei der
Simulation der Druckverteilung sichtbar unterscheiden. Doch es ist dabei das Ref-
erenzmodell, dessen Ergebnisse unzureichzend sind. Dies wird durch den Vergleich
mit der Literaturreferenz deutlich. Die Ursache für dieses Verhalten liegt in der Ver-
wendung einer Zwei-Punkt Fluss Approximation, die auf dem zugrunde liegenden
nicht K-orthogonalen Dreiecksgitter inkonsistent wird. Belegt wird diese Fehlerur-
sache durch die Verwendung einer sogenannten Mimetic Fluss Approximation für
das equidimensionale Modell. Sie ist in der Lage den Fluss für das verwendete Git-
ter korrekt darzustellen und erzielt Ergebnisse, die das niederdimensionale Modell
bestätigen.
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1 Introduction

The subsurface is of great interest for many engineering disciplines such as geotechni-
cal, hydraulic or petroleum engineering. For every technical operation it is necessary
to understand processes inside the subsurface, as it is discussed e.g. by [Sahimi 2012].
The precise evaluation of risks and dangers is the premise to ensure the protection
of ecological systems and human life. Hence, the subsurface and its processes are
subject of numerous research activities. This thesis thereby focuses on the model-
ing and simulation of flow at the tip of fractures inside porous media. The main
reason is that the flow field of porous subsurface systems is significantly influenced
by fractures and that the simulation of this flow field is particularly difficult at the
fracture tip. The main steps of modeling fractured porous media were described
by [Süß 2005] and summarized in Fig. 1.1. The highly complex natural structure

Figure 1.1: Transformation of a complex natural system to a simplified numerical
model, from [Süß 2005]

has to be simplified by a conceptual model, whose geometry is able to represent the
main properties of the original structure. In the next step a mathematical model is
needed to describe flow processes in the domain of interest. On top of that, a nu-
merical model is constructed that discretizes the problem and solves it using stable
algorithms. As this thesis focuses on the fracture tip treatment, the geometry of the
test cases that are used in this thesis reaches a high level of simplification. Neverthe-
less, it is important to observe the fracture treatment at every step of modeling and
simplification as it was done by [Silberhorn-Hemminger 2002]. Chapter 2 gives an
overview of the conceptual basis on which the used models have been constructed.
Chapter 3 shows and compares the results of the simulations. Finally, a conclusion
is drawn by summarizing the results and giving an outlook in Chapter 4
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2 Fractured Porous Media

The term fracture describes geological faults or fissures inside a solid rock matrix.
Fractures can be found in many geological formations and have diverse appearances.
What they have in common is that they present discontinuities in the homogeneous
soil matrix. Characteristically their length is very much larger as their width. Their
origin can have different causes. [Dietrich et al. 2005] for example name lithostatic,
tectonic or thermal stress that results in the formation of fractures. Their impact in
natural systems is immense. The accessibility of drinking water or petroleum reser-
voirs depends on fractures that permit a fast and steady flow through the naturally
rather impermeable soil matrix. To simplify these very complex natural systems
with models that can be transferred into numerical models, a basic set up has to be
chosen.
In general, the conceptual model of a fractured porous medium consists of three
different components as it is explained by [Dietrich et al. 2005]. First of all there is
the medium matrix that covers the biggest part of the volume inside a subsurface
domain. Its main properties are the porosity and, depending on it, its permeability.
The second part are the fractures that are located inside the matrix and can be
structured as a network of high complexity. [Odling and Roden 1997] indicate that
the influence of fractures is significant for both, permeable and impermeable rock
matrices. Their properties depend on geometrical characteristics such as fracture
size and orientation. However, the third component, the fracture filling, also influ-
ences the fracture’s properties. Being highly permeable it can provide a preferential
flow path and allow fast flow, whereas a filling of low permeability constrains flow
and transport processes inside matrix and fracture. In Section 2.1 the conceptual
models that are compared in this thesis are presented. Referring to Fig. 1.1 they are
created as the first step of modeling. Section 2.2 highlights the fracture tip treatment
in these models which is the subject of this thesis.

2.1 Conceptual Model

A Conceptual Model for fractured porous media should allow a simplification of the
natural complexity. Both models that are investigated in this thesis have a common
conceptual basis. Both select subsurface flow as the only relevant physical process.
Modeling subsurface flow for porous media generally depends strongly on the scale of
interest. [Assteerawatt 2008] differentiates between a microscopic and a macroscopic
scale. On a microscopic scale the exact geometrical properties of the matrix pores,
in which flow is enabled, have to be represented whereas on a macroscopic scale
the porous medium can be replaced by a continuum model as it is described by

2



2.1. Conceptual Model 3

[Helmig 1993]. The model replaces the porous medium geometry, consisting of solid
matrix and pore space, with a continuum that obtains the same properties at any
place. This allows an averaging of the properties like porosity or permeability inside
a continuum. Requirement for this averaging is the existence of a representative
elementary volume (REV). [Bear 1972] demanded an REV to be large enough to
be independent from microscopic physical effects, but also to be small enough to
describe the heterogeneity of the domain. As a result, constant parameters can
be used to describe the model domain. On this basis flow processes can now be
analyzed as it was done first by [Darcy 1856]. In his experiments he found out that
the flow q through a homogeneous sand domain is proportional to the gradient of
the piezometric head. Replacing the piezometric head with a pressure gradient 5p
Darcy’s law in dimensionless form can be written as

q = −K (5p)

with K as a resistance tensor operating against the flow. This equation is a special
solution of the Navier-Stokes formula respecting several restrictions that have been
summarized by [Hubbert et al. 1956]. It will be used by simulation methods to com-
pute the pressure distribution and, depending on that, the flow-field.
However, contrary to homogeneous porous media, fractured media are not as eas-
ily to model with REVs. The small size of fracture elements can even inhibit the
existence of an REV because of the strong heterogeneity presented by the fracture
that can not be averaged in cells larger than the fracture itself without disrespecting
the discontinuities. For this reason the continuum model used for porous media has
to be expanded. [Helmig 1993] names the possibility of a discrete fracture model
which is neglecting flow inside the solid matrix and only focuses on the fractures.
However, the matrix is very important for subsurface flow, so that this approach is
not useful in this case. [Dietrich et al. 2005] recommend another model which allows
a proper consideration of both, the matrix and the fracture. It couples a discrete
fracture model and a continuum model for the matrix to idealize a domain where
single fractures and the rock matrix are dominant.
There are two ways of discretizing the fracture domain inside the matrix. The equidi-
mensional approach, described in [Neunhäuserer et al. 2002] considers the matrix to
be of the same dimension as the surrounding matrix. In the two-dimensional test
case the fracture itself also represents a two-dimensional domain. This method al-
lows a physical exact conceptual model of the geometry inside a fractured porous
media which enables a simulation to produce reasonable results. However, simula-
tion methods are challenged by the small aperture of the fracture which require a
grid with a high resolution. Otherwise it would not be possible to deal with the
huge gradients of parameters between the matrix and the fracture. As a result, the
equidimensional approach requires long computational time and produces high costs
by simulating the complex processes on very dense grids.
The lower-dimensional approach in contrast models a fracture with one dimension
less to represent the geometry. In the test cases of this thesis the fracture results to
be a one-dimensional line inside the two-dimensional matrix. This simplified model
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(a) lower-dimensional model (b) equidimensional model

Figure 2.1: Schematic discretization models for fractured porous media with gray
fracture area. Here, the equidimensional model is generally depicted
with a triangular fracture grid inside a rectangular matrix grid.

is still required to be mass and pressure conservative at the interface between matrix
and fracture. Both approaches are visualized in Fig. 2.1. The conceptual structure
of the fractured porous medium is chosen to be a two-dimensional problem with
fractures of constant aperture and linear orientation. A detailed overview of the test
cases will be given in section 3.2.
For the numerical simulation two different methods are used depending on the chosen
discretization model for the fractured porous medium. An overview of discretization
methods for two-dimensional matrix-fracture problems is given by [Hægland et al.
2009]. The equidimensional model has already been implemented in DuMux, an
open-source simulator for flow and transport processes in porous media. DuMux is
a simulation toolbox based on DUNE, the Distributed and Unified Numerics Envi-
ronment and has been developed at the University of Stuttgart. For more details
see [Flemisch et al. 2011]. For the lower-dimensional model an XFEM approach is
used which is subject of the PhD project of [Schwenck 2011]. The XFEM method,
based on the work of [Mohammadi 2008], is adapted to the simulation of fractured
porous media and presents a numerical model that allows the effective simulation
of fractures with a discrete model. It enriches the elements in which fractures are
placed with additional degrees of freedom and multiplies the basis functions with
discontinuous functions. This allows the model to deal with the discontinuity of the
fracture inside the matrix so that the pressure inside the fracture and the pressure
jumps across it can be computed.
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2.2 Fracture Tip Treatment

Depending on the model and the numerical method, fracture tips turn out to be
another challenge for simulations. Equidimensional models for example may cause
numerical problems like oscillations or singularities. These problems can be the result
of the strong discontinuity of the properties at the interface between matrix and
fracture. Generally the grid that resolves the fracture elements has to be embedded
into the matrix grid. If we consider triangular grid cells that are larger than the
fracture dimensions like in Fig. 2.2 we see the occurring problem of deformed grid
cells like narrow triangles in the matrix or fracture grid. Their geometrical form can

Figure 2.2: Different fracture tips in equidimensional triangular grids, from [Neun-
häuserer 2003]

cause singularities of the resulting pressure and velocity distribution. [Neunhäuserer
2003] evaluates the results of the rectangular shaped fracture tip to produce the best
results but already states that refined grids are necessary to avoid oscillations for
fracture tips. This means that the grid cells towards the fracture tip have to become
smaller so that it is possible to couple the fracture and the matrix grid without
using deformed triangles. On this account only refined grids with a high resolution
towards the fracture are used for the simulation of the equidimensional model in this
thesis. Of course the effort spend on grid creation is a disadvantage as well as the
more complex simulation due to the high number of cells. However, the detailed
grid allows a correct modeling of the flux at the interface of fracture and matrix in
the matter of conservation of mass and momentum. See section 3.3.2 for a detailed
description of the created grids.
In the lower-dimensional model the fracture tip is a zero-dimensional point, that is
coupled to the surrounding matrix. In contrast to other points along the fracture
the flow across the fracture tip into the matrix has to be observed at this point.
Neglecting this flow is the easiest way to avoid any coupling of flow at the fracture
tip but not helpful for this thesis. In the chosen XFEM model two different coupling
methods are implemented although the model has not been adapted for detailed
fracture tip investigations. One possibility is to couple fracture and matrix by a
source or sink term in the pressure equation of the matrix. This implementation has
been used for all lower-dimensional simulations in this thesis. Another possibility is
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to define the pressure at the fracture tip to be equal to the pressure in the matrix
grid cell. This method has not been further investigated in this thesis due to time
constraints and remains subject of further research activities.



3 Comparison Of Models For Fracture
Tips

As introduced in the previous chapters, there are different models for fracture tips
and different methods for their numerical simulation. The classic equidimensional
model is expected to produce physically reasonable data and therefore will be chosen
as the reference model in this thesis. The numerical simulation will be executed
using DuMux. This model will be compared to a new lower-dimensional modeling
approach which is the subject of a current PhD project of [Schwenck 2011]. Its
implementation in XFEM has to be validated for the simulation of fracture tips
and therefore is expected to produce comparable results in a more efficient way. To
assess both models a literature reference is used in which an asymptotic approach was
chosen for the simulation of a lower-dimensional model for fractured porous media.
It also provided adequate test cases for the comparison of models for fracture tips.

3.1 Literature Review

In their study "Asymptotic And Numerical Modeling Of Flows in Fractured Porous
Media", published in "Modelisation Mathématique et Analyse Numérique 23, 2
(2009) 239–275", Philippe Angot, Franck Boyer and Florence Hubert present an
asymptotic approach for the numerical modeling of flow in fractured porous media.
They focus on the single-phase flow of an incompressible fluid inside a saturated
medium. The conceptual set-up consists of the discrete modeling of a single or
four unconnected fractures. All fractures have in common that they reach from
the boundary of the domain straight ahead into the matrix where they end. The
discretization of the fracture is executed using a lower-dimensional approach that
couples both domains on the interface. The simulation is carried out with a cell-
centered finite volume scheme using orthogonal meshes that are refined towards the
fracture. Flow is described with Darcy flow, mass conservation and without gravi-
tational influences. The unknowns are the pressure and the filtration velocity. The
matrix and the fracture domain have different permeability values. Because of the
large differences that are possible for the permeability properties of matrix and frac-
ture, the asymptotic model is challenged to deal with jumps of pressure and velocity
across the fracture. The matrix permeability is chosen to be constant and isotropic,
whereas the permeability tensor for the fracture is orthotropic and varies for different
test cases. The coupling at the fracture tip is simplified with a Neumann now-flow
boundary condition. The authors state that the small aperture of the fracture allows
them to neglect the flow across the tip of the fracture. The test cases used for the

7



3.2. Test Cases 8

numerical simulation of the asymptotic model are the same that are described in
this thesis and are simple geometrical set-ups with varying boundary conditions and
properties. To evaluate their results, [Angot et al. 2009] compared their results with
an equidimensional Darcy model using a modified "Discrete Duality Finite Volume
method" on a locally refined orthogonal grid. The meshes used for both methods are
refined until grid convergence is reached. Comparison of the results shows that the
asymptotic model is able to produce the same results as the global Darcy model for
any type of fracture property from impermeable to highly permeable. By pointing
out that the asymptotic model uses 6 times less degrees of freedom for the given
grids, the efficiency of this method is underlined. However, the limits of the asymp-
totic model are reached for a high permeability along and low permeability across
the fracture. In this case the main flow direction is along the fracture and into the
matrix at the fracture tip. Because of the no-flow condition set at the fracture tip,
the tested asymptotic model is not able to represent the flow field correctly. As an
outlook the authors state that a further investigation of the fracture tip treatment
in their model is necessary.

3.2 Test Cases

For the comparison of fracture tip models, the geometry of test domains is not
demanded to be as complicated, as it would be the case for other problems like
fracture networks or large scale fracture systems. Therefore, the six test cases created
by [Angot et al. 2009] are used for the comparison. For the test cases 1-3 there is
a single fracture ending in the middle of the matrix domain, whereas the test cases
4-6 consist of a system of 4 ending fractures. The general geometry of the two-
dimensional test case domains can be seen in Fig 3.1. The length of the fracture is

K f,ν
K f,τ

bf

0, 5

1

1

Km

(a) Test cases 1,2 and 3

K f,ν

K f,τ

bf

0, 2

1

1

Km

0, 7

(b) Test cases 4,5 and 6

Figure 3.1: Geometry of the two test case domains, after [Angot et al. 2009].

0.5 for the test cases 1-3 and 0.7 for the fractures in the test cases 4-6. All fractures
have the aperture bf = 10−2. The matrix properties are also the same for all test
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cases with Km = Id. The test cases 1-3 and 4-6 differ in the fracture properties and
the boundary conditions as it can be seen in Fig. 3.2 and Fig. 3.3
The properties given in the test cases do not comply with physical dimensions as
the original asymptotic approach was mathematically based. However, the results
created with DuMux and XFEM should be comparable for this non-dimensional
properties. The boundary conditions of the test cases 1-4 have been slightly adjusted
to avoid a boundary condition of p = 0.
Test case 1 consists of a highly permeable fracture with K f,τ = 106 and K f,ν = 102.
Boundary conditions are all Dirichlet boundary conditions with p = 1 on the bottom
and upper boundary and a pressure gradient from the left boundary with p = 2
towards the right boundary with p = 3.
Test case 2 represents an impermeable fracture with K f,τ = K f,ν = 10−7. The
bottom and top boundary conditions are Neumann boundary conditions with q = 0.
The pressure is p = 1 on the left boundary and p = 2 on the right boundary.
Test case 3 shows intermediate properties for the fracture with K f,τ = K f,ν = 102.
There are also Neumann boundary conditions with q = 0 on the bottom and upper
boundary, except for the fractures upper boundary where the pressure is given with
p = 2. The pressure on the side boundaries remains the same with p = 1 on the left
and p = 2 on the right boundary.
Test case 4 is created using a different geometrical system with 4 ending fractures.
Both fractures from the left boundary are rather impermeable with K f,τ = K f,ν =
10−2. The fractures on the right side are also impermeable but only vertical towards
the fracture orientation with K f,ν = 10−2. Along the fracture they have permeable
properties with K f,τ = 102. The boundary conditions are given with q = 0 on the
left and right boundary, p = 1 on the bottom and p = 2 on the top.
Test case 5 uses a lower permeability for the fractures from the right side with
K f,τ = 1. The boundary conditions are p = 1 on the left, p = 2 on the right and
p = (2x− 1)(3x− 1) on the bottom and top boundary.
Test case 6 gives the fractures on the right side a permeability of K f,τ = 10 and
uses the same boundary conditions as in test case 5.

p = 1

p = 1

p = 3p = 2

(a) test case 1

q = 0

q = 0

p = 2p = 1

(b) test case 2

q = 0

q = 0

p = 2p = 1

q = 0 p = 2

(c) test case 3

Figure 3.2: Boundary conditions for the test cases 1, 2 and 3, adapted from [Angot
et al. 2009]
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p = 2

q = 0q = 0

p = 1

(a) test case 4

p = (2x−1)(3x−1)

p = 2p = 1

p = (2x−1)(3x−1)
(b) test case 5 and 6

Figure 3.3: Boundary conditions for the test cases 4, 5 and 6, adapted from [Angot
et al. 2009]

3.3 Equidimensional Model

The equidimensional model, whose conceptual approach has been described in section
2.1, is treated as the reference model. It uses a two-point flux approximation for the
cell-centered Finite Volume Method on a refined triangular grid. Its implementation
in DuMux is validated for many applications. The implementation of the application
used in this thesis is explained in section 3.3.1. The grid creation process is described
in section 3.3.2.

3.3.1 Implementation In DuMux

Basis for the implementation of the equidimensional model in DuMux was the "de-
coupled one-phase test" model that solves the pressure equation. Several adaptions
were made to simulate the test cases of this thesis. First of all the "input file" was
edited. Only one time step was set to be simulated as the initial pressure distribution
is stationary. Furthermore, the used grid was inserted into the input file by a Dune
Grid File (.dgf). In order to use these files, the "problem file" had to be adapted.
Originally it executed the grid creation. This process had to be replaced by the
insertion of the grid file using the "dgf parser" for "UGGrid" and the "DgfGridCre-
ator" class instead of the "CubeGridCreator". Additionally the "problem file" was
used to set the boundary conditions using the global position criteria. Last step of
adapting was the change to "SuperLU", a direct solver for asymmetric systems of
linear equations.1 The heterogeneity of the permeability in matrix and fracture was
inserted in the "spatial parameter" file, also using the global position criteria as the
geometrical set-up of the fractures was simple enough to be described therewith.
In this thesis the following DUNE revision states have been used:
dumux: Revision: 13118
dumux-devel: Revision: 12965

1http://crd-legacy.lbl.gov/∼xiaoye/SuperLU/
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dune-common: Sun Jan 19 20:31:45 2014 +0100
dune-geometry: Tue Jan 14 10:29:23 2014 +0100
dune-grid: Tue May 7 11:51:10 2013 +0200
dune-istl: Fri Jan 17 15:54:05 2014 +0100
dune-localfunctions: Thu Sep 5 09:25:48 2013 +0200
dune-multidomain: Fri Sep 6 11:44:03 2013 +0200
dune-multidomaingrid: Tue Aug 27 09:10:39 2013 +0200
dune-pdelab: Mon Sep 9 09:18:42 2013 +0200
dune-typetree: Tue Jan 14 11:01:15 2014 +0100

3.3.2 Grid Creation With ICEM CFD

The creation of the grids for the test cases of the equidimensional model was executed
using the meshing software ANSYS ICEM CFD 14.5. Respecting the geometry of
the test cases, the goal was to create a grid which is fine enough to represent the
physical processes in the fracture but as wide as possible to save computational time
and resources. Especially for the homogeneous matrix domain a wider grid was suf-
ficient as its properties are constant. The resulting demands on the grid, larger cells
in the matrix domain and a higher resolution towards the fracture and its interface
with the matrix, lead to the choice of triangular grid cells. Their maximum size was
varied in order to compare the results for different grid resolutions and so to find
grid convergence of the results. The following grid types were created:

• Grid 1: A wide grid with a maximum size of 0.1 in the matrix and 0.0025 in
the fracture

• Grid 2: A finer resolution of the matrix with a maximum size of 0.005 and
0.0025 in the fracture

• Grid 3: A finer resolution of the fracture with a maximum size of 0.0013

• Grid 4: A very fine resolved grid at the fracture with a maximum size of 0.0001
in the fracture

Comparing the results for the different grid resolutions showed that grid 2 delivers
sufficiently exact results. Grid 1 turned out to be too wide in the matrix area, whereas
further refining in grid 3 and 4 only increased computational effort without improving
the result. Grid 2, for which grid convergence was reached, consists of 40111 nodes
for the test cases 1-3 and 44754 nodes for test cases 4-6 where 4 fractures had to be
resolved. A detail of grid 2 can bee seen in Fig.3.4.
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Figure 3.4: Detail of the fracture tip of the used grid 2

3.4 Lower-dimensional Model

With the equidimensional model in DuMux that has been adapted to the test cases
as reference, the lower-dimensional model is challenging this reference with a new
XFEM approach that claims to be more efficient while producing the same results.
The XFEM method also accesses the DUNE toolbox for solvers and grid creators.
However, the chosen numeric method to solve the problem is a Finite Element
Method that has been expanded for the simulation of fractures in porous media. The
elements of the two-dimensional matrix that are affected by the lower-dimensional
fracture are enriched with additional function spaces. Discontinuous base functions
allow the method to compute the discontinuities that occur due to the heterogeneity
of the properties at the fracture.

3.4.1 XFEM Model

The XFEM model is operated easily via an "input file" where the .art-file that
describes the fracture network information is included. The fractures are defined by
two points and a connecting edge that already contains parameters like aperture,
tangential and normal permeability of the fracture. The input file also defines the
number of elements for matrix and fracture. In this thesis the simulations were
executed with 111 x 111 cells for the matrix and 26 elements for the fracture. This
is resulting in a total number of 12385 elements. The grid creation and fracture
input are executed independently, so it is not necessary to make laborious changes
for every test case. The model recognizes itself which grid cells are affected by the
fracture network and have to be enriched. For the boundary conditions there is a
separate file.
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3.5 Comparison Of Simulation Results And Literature
Reference

The results of the simulations come in form of pressure distributions inside the test
case domains. Their visualization is done with Paraview 4.1.0 with red for higher
pressure over green to blue for lower pressure. The direct comparison of both models
does not allow an evaluation of the results even though the equidimensional model
is regarded as the reference model. Furthermore, another reference is used to assess
both models that thus are compared with the results for the asymptotic model from
[Angot et al. 2009]. In their conclusion, the authors state that their asymptotic
approach produced the same results as the "Global Darcy model" which they used as
reference. Therefore, the graphs named "Angot" in the graphs consists of the results
of the lower-dimensional asymptotic model. As these results only were accessible
via the graphs in the manuscript, the Engauge Digitizer Tool was used to convert
the graphs back into comparable data. Of course this procedure bears the risk of
a loss of data and accuracy but the created graphs that compare all three models
show an adequate and comparable result. The graphs on the left hand side show the
pressure along a cutline crossing the fractures at y=0.75 for test cases 1, 2 and 3 and
x=0.65 for test cases 4, 5 and 6. On the right hand side the pressure along fractures
is plotted.

3.5.1 Results For Test Case 1

(a) equidimensional model (b) lower-dimensional model

Figure 3.5: Resulting pressure distribution for test case 1

For test case 1 in Fig. 3.5, where the fracture is permeable and all boundaries are
given by Dirichlet boundary conditions, the influence of the fracture is clearly visible.
It provides a path for fast flow and pressure distribution. The influence of the top
boundary condition is spread into the domain. Both models produce comparable
results and show the same pressure distribution. For the first test case in Fig. 3.6
the visually analyzed compliance of the models is confirmed. The pressure plotted
across the cutline in Fig. 3.6a matches the results of the literature reference perfectly.
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Figure 3.6: Comparison of results for test case 1

Figure 3.6b shows the weak pressure increase towards the fracture tip. The steps
represent the control volumes of the Finite Volume Method respectively the fracture
elements of the XFEM approach. The results from the graphs of the asymptotic
model came on the scale of 10−1 so that it was not possible to extract comparable
data for the here applied scale of 10−4.

3.5.2 Results For Test Case 2

(a) equidimensional model (b) lower-dimensional model

Figure 3.7: Resulting pressure distribution for test case 2

Fig. 3.7 shows the results for test case 2 where the fracture presents an imperme-
able zone that blocks flow from the right to the left. This leads to a high pressure
difference at both sides of the fracture. Again both methods produce comparable
pressure distributions. The resulting graphs of all three methods match as well. The
strong pressure gradient across the fracture is simulated equally as shown in Fig.
3.8a. The pressure oscillations along the fracture, as it can be seen for the equidi-
mensional model in Fig. 3.8b, can be explained with the unstructured mesh. The
plot over x = 0.5 cuts through cells that are located on the left and right side of the
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Figure 3.8: Comparison of results for test case 2

fracture’s middle section. For high pressure gradients across the fracture, the change
of pressure from cell to cell causes the oscillations.

3.5.3 Results For Test Case 3

(a) equidimensional model (b) lower-dimensional model

Figure 3.9: Resulting pressure distribution for test case 3

However, in test case 3 where the fracture is set to be more permeable than the
matrix with K f,τ = K f,ν = 102 the results in Fig. 3.9 differ. In the equidimensional
model the influence of the fracture inside the matrix domain is visible up to the tip.
The pressure given at the top boundary of the fracture is distributed through the
whole fracture. In the lower dimensional model there is no difference between matrix
and fracture in the fracture tip area. The lower pressure at the fracture tip indicates
a faster flow and higher pressure loss along the fracture. As it was already visible in
the pressure distributions, test case 3 produces the first differing results in the graphs.
Both, the literature and the equidimensional reference, compute higher pressure at
the fracture tip. On the scale of Fig.3.10a this difference seems not significant but
Fig.3.10b shows a remarkable deviation for the lower-dimensional model.
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Figure 3.10: Comparison of results for test case 3

3.5.4 Results For Test Case 4

(a) equidimensional model (b) lower-dimensional model

Figure 3.11: Resulting pressure distribution for test case 4

The test cases 4, 5 and 6 with the set of four parallel fractures show visible differ-
ences in the pressure distributions that need to be further investigated. In test case
4, whose results are shown in Fig. 3.11, a pressure gradient from the bottom to the
top boundary is applied. Both boundaries at the left and right side are Neumann
no-flow boundaries. The pressure distribution from the bottom to the top is con-
strained as all fractures have the normal permeability of K f,ν = 10−2 in the main
direction of the pressure gradient. However, the equidimensional model does not
show the pressure differences at both sides of the fractures as strong as the lower-
dimensional model. The results in Fig. 3.12 show a perfect agreement of the XFEM
model with the literature reference, whereas the equidimensional reference model is
not able to deal with the pressure gradients across the fractures. The pressure jumps
at the fractures are smaller than for the other models. Also, the pressure inside the
fracture is lower.
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Figure 3.12: Comparison of results for test case 4. The legend suits both graphs.

3.5.5 Results For Test Case 5

(a) equidimensional model (b) lower-dimensional model

Figure 3.13: Resulting pressure distribution for test case 5

In test case 5 the main direction of the pressure gradient is along the fractures from
the right and to the top respectively the bottom boundary. The pressure is hereby
distributed along the fractures. Fig. 3.13 indicates that the lower-dimensional model
shows a stronger pressure distribution towards the fracture tips from the right side.
Furthermore, the pressure gradient across the fracture is bigger than for the equidi-
mensional model as already seen in test case 4. In the equidimensional model the
influence of the fractures on the right side on the pressure field is weaker and almost
not visible. The graphs for test case 5 in Fig. 3.14 continue the deviation for the
equidimensional model. Again, the pressure gradient across the fracture is not repre-
sented properly. Furthermore, the pressure between the fractures inside the matrix
is lower as for the lower-dimensional model. The influence of the pressure given at
the boundary is weaker inside the matrix. For test case 2, the equidimensional model
was able to simulate the pressure gradient across the fracture but here, with four
fractures inside the domain, the results are questionable and have to be evaluated.
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Figure 3.14: Comparison of results for test case 5. The legend suits both graphs.

3.5.6 Results For Test Case 6

(a) equidimensional model (b) lower-dimensional model

Figure 3.15: Resulting pressure distribution for test case 6

The results of test case 5 are confirmed by Fig. 3.15 and the results of test case
6. Again, the influence of the fractures is weaker just like the pressure distribu-
tion from the right side into the domain. In test case 5 and 6 the results of the
lower-dimensional model produced with XFEM and the results from the asymptotic
approach, that so far used to be nearly identical, differ. However, regarding the
results that were digitized from the graphs in [Angot et al. 2009] raises critical ques-
tions. The pressure plotted across the cutline is obviously not the pressure that has
been simulated for x = 0.65. Given the boundary conditions on the top and bottom
boundary for test case 5 and 6, the pressure can be computed to be p = 0.285. How-
ever, the graph indicates that the cutline has been plotted for an x-value that creates
a boundary condition with p = 0. It definitely can not be plotted for x = 0.65 as
described in the text. Trying to understand the results, the XFEM results have also
been plotted over the cutline for x = 0.5 and x = 0.33. Both values represent the
roots of the boundary condition function which is p = (2x−1)(3x−1) but the results
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Figure 3.16: Comparison of results for test case 6. The legend suits both graphs.

did not give an explanation for the results from the literature reference. As a result
this reference is of no use for the test cases 5 and 6. However, the results of test
case 4 with similar properties give a hint for the validation of the lower-dimensional
model and the incapability of the equidimensional model to simulate four parallel
fractures under the given conditions.
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3.6 Discussion Of Results

Summarizing the comparison of the equidimensional and lower-dimensional model,
both produce reasonable data and are comparable to the literature reference. How-
ever, the differences in the results have to be further evaluated. Especially the obvious
problems of the equidimensional model for the test cases 4-6 has to be explained.
Regarding the equidimensional implementation in DuMux on an unstructured grid,
problems can be caused by the two-point flux. [Aavatsmark et al. 1998] and [Chen
et al. 2008] explain that for grids that are not K-orthogonal the two-point flux ap-
proximation becomes inconsistent. This is the case for the used grid that contains
triangular cells that are irregularly arranged in order to create a better resolution to-
wards the fractures. Being aware of this problem different flux approximations need
to be tested in order to find out if the differing results between the equidimensional
and lower-dimensional model can be explained by an inconsistent flux approxima-
tion.
To evaluate different flux approximations, the equidimensional model was tested
again, this time using the "diffusion test" model. The same adjustments as for the
"one-phase test" model have been made using the properties of test case 6. The
diffusion model is designed for the use of two phases of which the non-wetting phase
has been deactivated for this problem. Basically, the diffusion model contains three
different flux approximations. Unfortunately the multi-point flux model that has
been implemented in DuMux does not work on a triangular grid. These results
would have been very interesting to compare as the convergence of this method has
been proved by [Aavatsmark et al. 2006]. Remaining is the "Finite Volume Diffusion
model" that uses two-point flux like the one-phase test model and therefore should
create the same results. The third flux approximation is the "Mimetic Finite Differ-
ence method" that has been applied to flow in porous media by [Hyman et al. 2002].
It is known to produce correct results for the applied problem.
The results of the comparison between the equidimensional implementations using
two-point flux ("one phase test" and the "Finite Volume Diffusion test") or mimetic
flux and the lower-dimensional implementation in XFEM shows the following results,
that are plotted in Fig. 3.17. It is very interesting to see that the two-point flux mod-
els match each other as expected, whereas the mimetic method matches the XFEM
lower-dimensional results. So as a conclusion we can see, that the difference in the
results of the equidimensional reference of this thesis and the new lower-dimensional
approach is the same as the difference between the results of the Diffusion Model
with different flux approximations. This difference is caused by the two-point flux
approximation of the equidimensional implementation in DuMux, which is not able
to produce right results for not K-orthogonal grids. Although this fact has been
familiar before it is remarkable how big the failure is. Even for the very simple
and basic test case problem of this thesis, the difference was visible in the resulting
pressure distribution.
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Figure 3.17: Comparison of the results with the results from the diffusion test model
to evaluate different flux approximations. The legend suits both graphs.



4 Conclusion

In this thesis different models for fractured porous media were compared in their
ability to represent the pressure distribution at the fracture tip of fractures ending
inside the matrix. The six test cases that were implemented for the comparison
were taken from a literature reference. The equidimensional model implemented in
DuMux was adapted to the test case problem and was treated as the reference model
that was challenged by a lower-dimensional approach implemented in XFEM. The
results for the six test cases were compared with each other and with the results
from the literature reference.

4.1 Summary

The results of the simulation allow diverse conclusions. The equidimensional model
that was treated as a reference model turned out to produce inaccurate results be-
cause of the incompatibility of the used two-point flux approximation and the un-
structured and not K-orthogonal triangular grid. The visible error was evaluated
by a comparison of flux approximations for the equidimensional model. Looking
back, a suitable flux approximation could have easily been chosen and used but it
was interesting to see how significant the failure of the basic two-point flux was for
a rather simple test case set-up. Nevertheless, the literature reference allowed an
evaluation of the lower-dimensional model and its new promising implementation in
XFEM. The results proved that this approach is able to produce accurate results for
the chosen test cases, although there is no special implementation for the fracture
tip treatment.
The efficiency of the model manifests itself in the numbers of used elements for the
grid. 40111 elements for the equidimensional model versus 12385 elements for the
lower-dimensional model in the test case 1-3 show a clear reduction of necessary
degrees of freedom. Furthermore, the grid creation process is not needed for the
lower-dimensional model. It is capable to deal with all kinds of fractures inside the
domain that have only to be defined with a start and ending point. In the equidi-
mensional model a special grid has to be created for every problem application. This
costs time and effort, especially for grids of a higher complexity as the one that was
used in this thesis.
However, the XFEM results from test case 3 show a deviation of the results at the
tip. In this test case the main pressure gradient was applied across the fracture but
at the same time the boundary condition at the fracture created a pressure gradient
along the fracture. For this special cases the fracture tip treatment should be taken
under further investigation. For test cases 5 and 6 the literature reference was not

22



4.2. Outlook 23

usable due to obviously wrong results. The validity of the lower-dimensional model
was still proven by the comparison with the equidimensional model using the mimetic
finite difference method for test case 6.

4.2 Outlook

After this thesis has been finished there are still some aspects that are worth to
be further investigated. In order to fix the two-point flux inaccuracy, a grid that
is K-orthogonal but still able to refine towards the fracture could be created for
the equidimensional model. Graded grids are a basis for this approach. Another
possibility would be to focus on the "diffusion test" model from DuMux and to
implement other test cases, as so far only test case 6 has been tested. Here, the
multi-point flux could be of interest, provided that a suitable grid is found. The
lower-dimensional model also could be further investigated regarding the fracture tip
treatment. Another coupling approach is already implemented and therefore easily
to test in order to confirm the results of this thesis. Especially test case 3 challenged
the lower-dimensional model. In this case it would be interesting to explain the
deviation of the result for the lower-dimensional model that produced correct results
for all other cases. Furthermore, the complexity of the given fracture structure could
be increased as the test cases of this thesis present rather simple fractures.
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