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Abstract Numerical simulation of non-isothermal multi-phase flow and transport processes in porous
media is a very challenging task; Even more so, if miscibility effects cannot be neglected. One of the
main reasons why miscibility tends to be problematic, is the need to incorporate phase transitions: On
one hand, phase transitions are essential for the flow behaviour, on the other hand convergence of the
nonlinear solver is severely impaired or even non-existent if they are not handled robustly.

In this work, we present a new and mathematically sound way of including these phase transitions
into the nonlinear system of equations. First, they are formulated as a set of local inequality constraints;
Thereafter, these are integrated directly into the nonlinear solver using a nonlinear complementarity
function. By this, we can achieve local superlinear convergence of Newton’s method. The improved
robustness of the scheme is illustrated by several complex numerical examples.
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1 Introduction

Many practically relevant multi-phase problems for flow and transport in porous media require knowl-
edge of the composition of the involved fluid phases in order to adequately approximate the underlying
physical processes. Among others, these applications include CO2 sequestration and storage [19], gas
diffusion layers of polymer membrane fuel cells [1], and in-situ ground remediation [31]. One major
issue of contemporary multi-phase multi-component models are phase transitions. A sound incorpo-
ration of these transitions into the flow model is essential since the appearance or disappearance of a
fluid phase changes the underlying physics of the local problem. If not handeled properly, this tends
to cause numerical oscillations when solving the nonlinear system of equations. Previous approaches
like presented in [5, 8] locally adapt the choice of the primary variables to the phase state. Although
this approach is applicable to some multi-phase, multi-component problems, it often leads to irregular
convergence behaviour if the phase states are quickly changing, and to a drastic reduction of the time
step size. Hence, there is a strong demand for a robust implicit numerical scheme for handling phase
transitions, which is the goal of the present paper. For approaches involving explicit time integration
and flash calculations, we refer to [9].

As shown in [5], a phase (dis)appears if some physical quantity excesses a given threshold. Based on
this, we formulate the conditions for the local composition of the phases in a specific way, namely as a set
of so-called complementarity or Karush–Kuhn–Tucker (KKT) conditions, leading to the mathematical
structure of a variational inequality [7, 11, 23]. As similar conditions also occur in other important
applications like contact or obstacle problems [22], there exist many different approaches to treat
these nonlinear complimentarity constraints; we refer to [10] for an overview of most of the methods.
In this paper, we make use of the fact that the KKT conditions can equivalently be reformulated
as a non-differentiable but semismooth equation, termed nonlinear complementarity (NCP) function
[2, 7, 14, 26]. Combined with the balance equations, a system of nonlinear equations is obtained that
can be solved by means of a semismooth Newton method with locally superlinear convergence [7, 29].
As the KKT conditions and the nonlinearities of the material are handeled within the same Newton
loop, a nested iteration for the determination of the local phase state is avoided. Due to the local
character of the phase conditions, the Newton method can efficiently be implemented in terms of an
active set strategy [14, 15, 20]. The generality and robustness of this approach has been shown in, e.g.,
[12, 21, 24, 28].

The rest of this work is structured as follows: In Section 2, we specify the general physical con-
servation equations as well as the KKT conditions describing the phase transitions. In Section 3, we
sketch the discretization method, show that the local inequality constraints can be reformulated as a
semismooth equation, and outline how the resulting problem can be solved by a semismooth Newton
method. Section 4 contains the numerical results; after specifying some technicalities of the implemen-
tation in Section 4.1, the physical correctness of our new approach is verified by means of a benchmark
example. In Subsection 4.3, the model is compared with the primary variable switching approach pro-
posed in [5], followed by a three-dimensional example simulating the sequestration of carbon dioxide.
Finally, we conclude in Section 5.

2 Governing equations

We consider a Mp-Nc system with N different components (·1 to ·N ) as well as with M different
phases, ordered by their wettability with ·1 being the least wetting one (gas phase). Assuming that the
fugacity of any component K is the same in all phases, we have a priori the following MN+2M+N+1
unknowns summarized in Table 1.

T temperature
pα pressure in phase α ∈ {1, . . . ,M}
Sα saturation of phase α ∈ {1, . . . ,M}
fK fugacity of comp. K ∈ {1, . . . , N}
xKα mole fraction of comp. K ∈ {1, . . . , N} in phase α ∈ {1, . . . ,M}

Table 1: List of physical unknowns
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In the following, we derive several relations for the above unknowns, originating from the physical
balance laws and constitutive equations based on local thermodynamic equilibrium.

2.1 Balance equations

φ porosity
qK mass source term of component K
qh heat source term
K permeability tensor
g gravity acceleration vector
MK molar mass of component K
ρs density of the solid phase
cs specific heat capacity of the solid phase

µα(T ) viscosity of phase α
ρmol,α(pα, x

K
α , T ) molar density of phase α

ρmass,α(pα, x
K
α , T ) mass density of phase α

uα(pα, x
K
α , T ) specific internal energy of phase α

hα(pα, x
K
α , T ) specific enthalpy of phase α

krα(Sα) relative permeability of phase α
λpm(pα, x

K
α , Sα, T ) heat conduction coefficient

Table 2: List of physical parameters. The dependence on the unknowns stated in Table 1 is indicated.

We assume that the multiphase Darcy law is valid as the equation for conservation of momentum;
thus, we obtain N + 1 partial differential equations describing the balance of component masses and
energy. Each balance equation has the form

∂ξ

∂t
−∇ · Ψ − q = 0, (1)

with a storage term ξ, a flux term Ψ and a source term q. Assuming that diffusive mass fluxes can be
neglected in all phases [5], conservation of mass for component K ∈ {1, . . . , N} is given by (1) with

ξ = φ

M∑
α=1

ρmol,αx
K
α Sα, (2)

Ψ =
M∑
α=1

(
krα
µα

ρmol,αx
K
α K (∇pα − ρmass,αg)

)
, q = qK ,

with the supplementary equation

ρmass,α = ρmol,α

N∑
K=1

xKαM
K .

The conservation of energy yields relation (1) with

ξ = φ

M∑
α=1

ρmass,αuαSα + (1− φ)ρscsT, (3)

Ψ =
M∑
α=1

(
krα
µα

ρmass,αhαK (∇pα − ρmass,αg)
)

+ λpm∇T, q = qh.

In (2) and (3), we have used the parameters stated in Table 2.
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2.2 Constitutive relations

Next, we look at the constitutive relations between the quantities given in Table 1, for which we assume
the system to be in local thermodynamic equilibrium. Starting with the sum of the saturations, we get

M∑
α=1

Sα = 1. (4)

For the phase pressures pα, we obtain the following (M − 1) equations, due to the assumed order of
the wettabilities:

pα−1 − pα = pc,(α−1)α, α ∈ {2, . . . ,M}, (5)

with the capillary pressure pc,(α−1)α = pc,(α−1)α(Sα) depending on the saturation Sα of the phase with
higher wettability [27]. For the modeling of the capillary pressure, the approaches of Brooks and Corey
or van Genuchten are commonly used, depending on the structure of the porous medium [13].

Next, we discuss the relations between the fugacities fK , K ∈ {1, . . . , N}, and the mole fractions
xKα , K ∈ {1, . . . , N}, α ∈ {1, . . . ,M}. For this, we need to distinguish between the gas and the liquid
phases. For the gas phase, the fugacity fK can be determined from the corresponding mole fractions,
the total gas pressure p1 and the fugacity coefficient ΦK = ΦK(p1, x

1
1, . . . , x

N
1 , T ):

fK = ΦKxK1 p1, K ∈ {1, . . . , N}. (6)

In the common special case that the gas phase can be considered as an ideal gas, we have ΦK = 1, and
(6) simplifies to fK = xK1 p1 for any component K.

For the liquid phases, we make use of the activity coefficients γKα = γKα
(
pα, x

1
α, . . . , x

N
α , T

)
, α ∈

{2, . . . ,M}, to obtain the relations

fK = γKα x
K
α , K ∈ {1, . . . , N}, α ∈ {2, . . . ,M}. (7)

Using (5), (6) and supposing that the gas pressure p1, the composition of the gas phase and the temper-
ature T are known, (7) can be interpreted as a nonlinear system for the mole fractions {xKα }K∈{1,...,N}.
In the following, we assume that this system can uniquely be solved for the latter quantities, leading
to some nonlinear relations

xKα = gKα
(
p1, x

1
1, . . . , x

N
1 , T

)
, K ∈ {1, . . . , N}, α ∈ {2, . . . ,M}. (8)

As in the case of the fugacity coefficients ΦK a common special case exists: If the miscibility of the
components is very low, the function gKα in (8) can easily be determined by combining the relations of
Henry and Raoult, as outlined for the case M = N = 2 in Example 1 below.

Example 1 We consider a two-phase, two-component system with nonwetting (·1) and wetting phase
(·2). Further, we suppose that component ·1 is air and ·2 is water. Assuming the gas phase behaves as
an ideal gas, we can compute the fugacities from (6):

f1 = x1
1p1, f2 = x2

1p1.

We remark that in this case, the fugacities correspond to the partial pressures of the components in
the gas phase.

Further, supposing that the mole fraction x2
2 of water in the wetting phase is close to one, Raoult’s

law gives the relation

f2 = p2
vapx

2
2 → x2

2 =
f2

p2
vap

=
p1

p2
vap

x2
1, (9)

with p2
vap = p2

vap(T ) denoting the vapor pressure of water.
The remaining mole fraction x1

2 of air in the wetting phase can be determined from (7) and Henry’s
law with the Henry coefficient H1

2 = H1
2 (T ):

f1 = H1
2x

1
2 → x1

2 =
f1

H1
2

=
p1

H1
2

x1
1. (10)
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Remark 1 We assume that the relations (6) and (8) hold even if one of the phases involved, e.g., phase
α, is not present at the given spatial point. In this case, there is no physical interpretation of the molar
fractions xKα , K ∈ {1, . . . , N}. Hence, these values can in principal be chosen arbitrarily which we do
by means of (6), (8). The conditions for the presence of phase α are described in the next subsection.

2.3 Phase transitions

So far, we have obtained MN + M + N + 1 equations for the MN + 2M + N + 1 unknowns stated
in Table 1. The missing M relations are derived from the number of phases present at a given spatial
point. For each phase α ∈ {1, . . . ,M}, we observe that the sum of the corresponding mole fractions is
bounded from above by one, with equality holding if the phase is present:

N∑
K=1

xKα ≤ 1,
N∑
K=1

xKα = 1 if phase α is present. (11)

Combining (11) with the nonnegativity of the saturation Sα, we obtain the following complementarity
conditions:

1−
N∑
K=1

xKα ≥ 0, Sα ≥ 0, Sα

(
1−

N∑
K=1

xKα

)
= 0, α ∈ {1, . . . ,M}. (12)

The last equation in (12) expresses the fact that a strict inequality in (11) can only hold if the phase
is not present, i.e., if the saturation is zero.

2.4 Choice of primary variables

For the solution of the coupled system (1), (12), most of the MN+2M+N+1 unknowns are eliminated
by means of the constitutive laws stated in Section 2.2. For this, we reformulate (4) and (5) to

S1 = 1−
M∑
α=2

Sα, pα = p1 −
α∑
β=2

pc,(β−1)β(Sβ), α ∈ {2, . . . ,M}. (13)

Substituting the relations (6), (8), (13) into the system (1), (12), we can reduce the number of unknowns
to N +M + 1, which we choose as

κ :=
(
p1, x

1
1, . . . , x

N
1 , S2, . . . , SM , T

)
, (14)

In other words, our primary variables are the pressure of the gas phase, its mole fractions with respect
to the N components, M − 1 saturations and the temperature.

Remark 2 In [5], the phase transition constraints are also considered as constitutive relations, leading
to a system with only N +1 primary variables whose choice depends on the composition of the phases.
To illustrate this approach, we consider the 2p-2c system of Example 1. If for example only the wetting
phase is present at a given spatial point, we have x1

2 + x2
2 = 1 from (11) and S2 = 1 from (4). Hence,

taking the unknown x1
1 as primary variable, the remaining mole fraction x2

1 can be calculated from (9),
(10) and (11). In contrast, if both phases are present, all mole fractions can be computed from (11)
and the saturation S2 becomes the primary variable.

Our approach is different, as we have a larger but fixed set of primary variables and include the
KKT conditions (11) into the system to be solved at each time step. Because of N +M + 1 > N + 1,
this a priori leads to a larger system matrix. However, due to the local nature of (11), we can easily
reduce the size of the tangent system to N + 1 by static condensation. Details are given in Section 3.3.
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Remark 3 The choice (14) is not unique. Instead of the mole fractions xK1 , one can for example use the
fugacities fK or, if only a two-phase system is considered, the mole fractions xK2 of the wetting phase.
For the numerical results in Section 4 dealing with a 2p-2c system, we have used the latter possibility,
i.e., the primary variables are chosen as

κalg :=
(
p1, x

1
2, x

2
2, S2, T

)
. (15)

The resulting coupled system that needs to be solved for (14) contains the nonlinear partial differ-
ential equations (1) as well as the inequality constraints in (12); hence, it cannot be solved analytically.
In the following section, we describe how the exact solution of this complex problem is approximated
numerically.

3 Discretization and numerical algorithm

3.1 Discretization

Equations (1) are discretized on an unstructured conforming mesh Th with mesh size h consisting of
triangles and quadrilaterals in the case of two spatial dimensions or tetrahedra, pyramids, prisms and
hexahedra for three dimensions. For Th we chose the space of the lowest order conforming finite element
functions Vh and the space of test functions Wh for which we select the characteristic functions of
vertex centered finite volumes [13]. Using the implicit Euler discretization in time and the abbreviation
(u, v)Ω =

∫
Ω
uv dx, we get the discrete form

1
tk+1 − tk

[(
ξk+1, wh

)
Ω
−
(
ξk, wh

)
Ω

]
−
(
∇ · Ψk+1, wh

)
Ω
−
(
qk+1, wh

)
Ω

= 0 (16)

for all test functions wh ∈Wh. The superscripts ·k and ·k+1 are associated with the time levels tk and
tk+1. After inserting a basis function representation

κ =
∑
j∈N

κ̂jNj (17)

of the unknown finite element functions for the N + M + 1 primary variables κ given in section 2.4
(where Nj denotes the j-th finite element ansatz function, N is the set of nodes in the mesh Th, and
κ̂j ∈ IRN+M+1) and evaluating the integrals, we obtain a system of nonlinear algebraic equations for
the coefficients κ̂j :

F(κ) = 0. (18)

Here, the vector κ = κk+1 ∈ IR(N+M+1) |N | contains all unknowns at time tk+1, but in the following
we omit the time index ·k+1 for ease of notation. The time levels tk and tk+1 as well as the last known
solution κk are known parameters of the nonlinear function F : IR(N+M+1) |N | → IR(N+1) |N |.

3.2 Semi-smooth equality conditions

As we have N + M + 1 > N + 1, the nonlinear system (18) needs to be completed with the nodal
version of the complementarity conditions (12) given by

1−
N∑
K=1

(xKα )j ≥ 0, (Sα)j ≥ 0, (Sα)j

(
1−

N∑
K=1

(xKα )j

)
= 0, (19)

for every α ∈ {1, . . . ,M}, j ∈ N . In order to treat (18) and (19) within the same Newton iteration,
we rewrite the latter constraints as an equality by means of the following equation:

(Sα)j −max

{
0, (Sα)j − cα

(
1−

N∑
K=1

(xKα )j

)}
= 0. (20)

with a fixed constant cα > 0. With this, we obtain the following lemma:
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Lemma 1 The inequality constraints (19) are equivalent to the equality (20) for any constant cα > 0.

Proof First, we show that (20) implies (19), omitting the lower indices j, α for ease of notation. Let
c > 0 be a fixed constant. We distinguish between two different cases, according to the value of the
max-function in (20):

(i) S − c
(

1−
∑N
K=1 x

K
)
≤ 0:

In this case, (20) simplifies to S = 0, implying that c
(

1−
∑N
K=1 x

K
)
≥ 0 holds. With c > 0,

the complementarity conditions (19) follow.
(ii) S − c

(
1−

∑N
K=1 x

K
)
> 0:

In this case, (20) becomes c
(

1−
∑N
K=1 x

K
)

= 0, such that S > 0 is necessarily fulfilled. Again,
the inequality constraints (19) are satisfied.

The implication (19) ⇒ (20) can be shown similarly and is omitted here.

Remark 4 There are other possibilities than (20) to define a nonlinear complementarity function that
is equivalent to (19) (see, e.g., [7] and the references therein). The reason for using Equation (20) is
its piecewise linearity with respect to the variables Sα, xKα .

The proof of Lemma 1 directly implies that the degrees of freedom of the solution of (19) can be
partitioned into the following (in)active sets:

Aα :=

{
j ∈ N : (Sα)j − cα

(
1−

N∑
K=1

(xKα )j

)
> 0

}
, Iα := N\Aα. (21)

In combination with (20), the degrees of freedom in the active set Aα, α ∈ {1, . . . ,M}, correspond to
those nodes where the phase α is present.

Using (8) and (13), we can rewrite the phase change constraints (20) in terms of the primary
variable vector κ given in (18), yielding the system of nondifferentiable equations

C(κ) := (Cα(κj))
α∈{1,...,M}
j∈N = 0 (22)

with

C1(κj) := 1−
M∑
α=2

(Sα)j −max

{
0, 1−

M∑
α=2

(Sα)j − c1

(
1−

N∑
K=1

(
xK1
)
j

)}
, (23a)

Cα(κj) := (Sα)j −max

{
0, (Sα)j − cα

(
1−

N∑
K=1

gKα (κj)

)}
, α ∈ {2, . . . ,M}. (23b)

3.3 Newton scheme

The complementarity functions (23) are piecewise differentiable and thus in particular semismooth
[7], such that a generalized variant of the Newton scheme for semismooth problems can be used to
solve the system (18), (23). The procedure is basically the same as the standard Newton method
in all regions where the functions are differentiable; at the other points, the values of the partial
derivatives are defined by extending one of the derivatives from the neighborhood of this point. For
the exact definition of semismoothness, we refer to [4, 7, 14], a detailed overview of Newton methods
for nonlinear problems is given in [6].

If κ(l) stands for the values of the primary variables after the l-th Newton iteration, a linear system
has to be solved for the Newton update ∆κ(l), leading to the next iterate κ(l+1) = κ(l) + ∆κ(l). The
partial derivatives of the smooth but highly nonlinear function (18) can be computed approximately
using central differences. This is not feasible for the NCP functions (23) which are only piecewise
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smooth; however, due to their rather easy structure, the partial derivatives can be calculated explicitly.
At the l-th Newton iteration, the values of (23) depend on the following approximate active sets

A(l)
1 :=

{
j ∈ N : 1−

M∑
α=2

(Sα)(l)j − cα

(
1−

N∑
K=1

(
xK1
)(l)
j

)
> 0

}
, (24a)

A(l)
α :=

{
j ∈ N : (Sα)(l)j − cα

(
1−

N∑
K=1

gKα

(
κ

(l)
j

))
> 0

}
, (24b)

and the corresponding inactive sets I(l)
α := N\A(l)

α , α ∈ {1, . . . ,M}. These sets may change several
times during the Newton loop, but if the Newton method converges, the final active sets are the same
as those defined in (21).

Remark 5 The consistent treatment of the phase transitions within the Newton loop has the advan-
tage that no outer fixed point iteration for the determination of the physically correct phase state is
necessary. This saves a substantial amount of computation time. Furthermore, the Newton iteration is
rather robust with respect to the initialization of the active sets (24), such that larger time steps can
be used. Some numerical examples are presented in Section 4.

Using (24), we can easily compute the Newton equation of (23):

C1(κ(l)
j ) :


M∑
α=2

(∆Sα)(l)j = 1−
M∑
α=2

(Sα)(l)j , j ∈ I(l)
1 ,

N∑
K=1

(∆xK1 )(l)j = 1−
N∑
K=1

(xK1 )(l)j , j ∈ A(l)
1 ,

(25a)

Cα(κ(l)
j ) :


(∆Sα)(l)j = −(Sα)(l)j , j ∈ I(l)

α ,
N∑

K,L=1

∂gKα
∂xL1

(κ(l)
j )(∆xL1 )(l)j = 1−

N∑
K=1

(∆gKα )(l)j , j ∈ A(l)
α ,

(25b)

with the abbreviation

(∆gKα )(l)j := gKα (κ(l)
j ) +

∂gKα
∂p1

(κ(l)
j )(∆p1)(l)j +

∂gKα
∂T

(κ(l)
j )(∆T )(l)j .

From (25), one can see that the value of the constants cα does not influence the equations of the
Newton iteration. Furthermore, the special form of (25) can be used for a local static condensation,
reducing the total size of the tangential system to (N + 1)|N | × (N + 1)|N | which is the same size as
for the method presented in [5]. The condensation procedure is illustrated by means of the following
example for N = M = 2, with the same notation as in Example 1.

Example 2 We consider a node j ∈ N with j ∈ I(l)
1 ∩ A

(l)
2 , i.e., only the wetting phase ·2 is present

at the l-th Newton iteration. For simplicity, we omit the upper index ·(l) and the lower index ·j . From
Example 1, we obtain that the functions gK2 are only dependent on xK1 , leading to

2∑
K,L=1

∂gKα
∂xL1

(κ)∆xL1 =
2∑

K=1

∂gKα
∂xK1

(κ)∆xK1 =
p1

H1
2 (T )

∆x1
1 +

p1

p2
vap(T )

∆x2
1.

For this case, the Newton equations (25) read

∆S2 = 1− S2, (26a)
2∑

K=1

∂gKα
∂xK1

(κ)∆xK1 = 1−
2∑

K=1

∆gKα . (26b)
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Fig. 1: The setup of the heat pipe problem used for physical validation.

For p1 > 0, (26b) can for example be resolved for ∆x2
1:

∆x2
1 =

p2
vap(T )
p1

(
1−

2∑
K=1

∆gKα −
p1

H1
2 (T )

∆x1
1

)
. (27)

Substituting (26a), (27) into the global Jacobian matrix yields a system with only three local unknowns
(∆p1, ∆x

1
1, ∆T )(l)j instead of the former five local variables. The remaining two unknowns (∆S2, ∆x

2
1)(l)j

can be computed afterwards in a local post-processing step using (26a), (27).

4 Numerical results

4.1 Implementation

The nonlinear system (18), (22) is solved using the Newton method described in section 3.3 with a
variable time step size. In order to get an estimate of the robustness of the scheme, we use the following
heuristic to determine the convergence radius of the Newton method: If the computation with a given
time step size tk+1− tk converges within at most 40 iterations, tk+1− tk is increased by 25% while tk is
held constant and the Newton method is started anew with the solution of the previous time level (i.e.
κk+1,(0) ← κk). This procedure is repeated until convergence cannot be achieved anymore, whereupon
tk+1 is advanced by the result from the largest converged time step. This procedure allows to estimate
the robustness of our method by comparing the obtained time step sizes with those obtained by using
the primary variable switching model presented in [5].

As linear solver, a stabilized bi-conjugate gradient method is used in combination with an incom-
plete LU-decomposition as preconditioner [30]. To store the global Jacobian matrix, the compressed
row storage layout is used [3] in conjunction with nested (N + M + 1) × (N + M + 1) matrices. It
should be noted that – depending on the ratio of the largest and the smallest activity coefficients γKα
in any liquid phase α ∈ {2, . . . ,M} – the blocks on the main diagonal of the tangential matrix may
be quite ill-conditioned. For example, the rather typical water-air system outlined in Example 1, may
exhibit ratios between the maximal entries of two different rows of a block in excess of 18 decimal
orders of magnitude at T = 25 ◦C and p1 = 1 bar. But by using an incomplete LU decomposition as
preconditioner, this does not pose a problem for convergence of the linear solver.

4.2 Physical validation

We verify the physical and numerical accuracy of our model by applying it to the heat pipe effect as
described by Udell [32]. The setup of this problem with M = 2 phases and N = 1 component consists
of an insulated pipe containing a porous medium which is initially fully saturated by liquid water and is
depicted in Figure 1. At the left side of the pipe, a Dirichlet condition of 70 ◦C for temperature, liquid
saturation of 100 % and liquid phase pressure of 1 bar is applied, while at the other end of the pipe, an
electric heating element is modeled by a energy influx Neumann condition of Qel = −100 W/m2. The
steady-state solution for this problem can be obtained by observing that the mass flux of the liquid
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Analytic
Numeric

(a) Liquid saturation

Analytic
Numeric

(b) Temperature

Fig. 2: Results for the semi-analytic and the numerical solutions of the heat pipe effect with respect to the
position x. The origin of the x-axis is set to the position where the two-phase region starts.

phase is the reverse of the flux of the gas phase and that the sum of the energies transferred due to
thermal conductivity of the porous medium and due to enthalpy transport of the fluids is equal to the
power of the heating element. If gravity is neglected, this leads to the following system of ordinary
differential equations which is valid for the two-phase region and can be solved using Runge-Kutta
methods:

∂p1

∂S2
=

∂pc

∂S2

1 + ν2
ν1
kr1
kr2

,
∂x

∂S2
= − ∂p1

∂S2

λ
(
∂pvap
∂T

)−1

+ hvap
kr1
ν1

Qel

In this context,
λ = λdry +

√
S2(λwet − λdry)

stands for the heat conductivity of the medium at a given liquid saturation, pvap represents the satu-
ration pressure of water, ν2 and ν1 are the kinematic viscosities of the liquid and the gas phases and
hvap is the specific enthalpy of vaporization of water. For the fluid properties of water, the IAPWS
industrial formulation is used [16, 18].

As capillary pressure relation, we use the Leverett function [25]

pc = p0γ
(

1.263(1− S2)3 − 2.120(1− S2)2 + 1.417(1− S2)
)
,

where γ = 0.05878Nm−1 stands for the surface tension of water at 100.5◦C, and p0 =
√
φ/K is

the scaling pressure. The latter assumes that the diameter of the meniscus of an average capillary is
proportional to the porosity φ and reciprocal to the hydraulic conductivity K of the medium. The
relative permeabilities are defined by

kr2 = S3
2 , kr1 = (1− S2)3

for the liquid and gas phase, respectively.
For the semi-analytic solution, the temperature is obtained by inverting the saturation pressure

function, i.e. T = p−1
vap(p1); For the numerical simulation, the domain size chosen is 2.4 m and is

discretized using 200 uniform one-dimensional line segments. We remark that the size of the domain
is irrelevant provided that it is large enough to contain the entire two-phase region.

The results obtained using our numerical model are in good agreement with the semi-analytic
solution, as can be seen from Figure 2. Figure 2a shows the liquid phase saturation with respect to
the distance from the position where the two-phase region starts, while 2b displays the temperature.
These results demonstrate that the approximate solutions obtained from our model are physically
meaningful.
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4.3 Comparison to primary variable switching

Fig. 3: The domain, initial and boundary conditions for the “obstacle” problem.

Next, we compare our model with the approach based on local switching of the primary variables as
proposed by Class et al. [5]. For this purpose, we simulate the two-dimensional water injection problem
outlined in Figure 3 with M = N = 2. The domain has a size of 60 m in the horizontal and 40 m in the
vertical direction, with an acceleration of −9.81 m/s2 in vertical direction due to gravity. The domain
features a rectangular obstacle consisting of a medium with low permeability which is embedded into a
material with higher permeability. The temperature is assumed to be constant at 25◦C, and the whole
domain is initially fully saturated by molecular nitrogen at p1 = 1 bar. No-flow Neumann boundary
conditions are chosen everywhere except for the lower left and the lower right boundaries. The lower
right serves as an inlet of liquid water, with a pressure of p1 = 2 bar and S2 = 100%, while the lower
left is chosen as outlet with p1 = 1 bar and S2 = 0%. We use the IAPWS industrial formulation [16, 18]

(a) t = 6 · 105 s (b) t = 5.5 · 106 s (c) Steady state

Fig. 4: The evolution of the saturation S1 and of the active sets for the obstacle problem.
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Switching
NCP

(a) Early convergence radius

Switching
NCP

(b) Convergence radius

Switching
NCP

(c) Early total Newton iterations

Switching
NCP

(d) Total Newton iterations

Fig. 5: Comparision of the performance of our model and the primary variable switching approach: (a) and (b)
show the convergence radius of both models as determined by the procedure given in Section 4.1 with respect
to the experiment time, (c) and (d) plot the total number of iterations needed to reach a certain experiment
time if the time step size is always chosen to be the model’s convergence radius.

for the properties of water, the Henry coefficients of nitrogen given by IAPWS in [17], and assume
nitrogen as an ideal gas.

For this problem, the porosity is 40% all over the domain, the residual saturations as well as the
capillary pressure are set to zero, and the relative permeability for phase α is assumed to be equal to
the corresponding saturation, i.e., krα = Sα.

Figure 4 shows the evolution of the gas saturation as well as the distribution of the active sets
computed with our new approach. We do not display the results for the primary variable switching
model, as the differences of the solutions are negligible. First, the liquid water infiltrates quickly until
it reaches the obstacle as can be seen in Figure 4a. Next, the saturation front climbs along the obstacle
until it attains the hydrostatic pressure and begins to infiltrate into the obstacle, as outlined in Figure
4b. Finally, the system arrives at the steady state depicted in Figure 4c.

The two upper plots of Figure 5 show the convergence radius on a logarithmic scale for both models
with respect to the simulation time. From the graphs, it can be concluded that both approaches
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can be used for the early phase of the experiment where finding the correct phase state is not the
limiting factor. However, shortly before steady state is reached, the primary variable switching approach
experiences a serious breakdown which stems from oscillations in the phase state, while our new model
does not exhibit this behavior. The two lower plots of Figure 5 show the total number of Newton
iterations necessary to reach a specific time if the maximal time step size determined as in Section 4.1
is used. These two plots can be interpreted as proportional to the CPU time required for the simulation.
Hence, one can observe that the new model allows for a substantial saving of computational time due
to the increased robustness of the scheme.

In our experience, the method presented in this work typically exhibits a much more benign con-
vergence behaviour than the primary variable switching approach, such that the benchmark presented
here is a typical case rather than an exception.

4.4 Application: CO2 sequestration and methane recovery

As a final example, we apply our scheme to a more complex three-dimensional problem simulating the
injection of CO2 into the soil and the subsequent extraction of methane at a different location. This
problem with M = 2 phases and N = 3 components is solved on a block of size 600 × 400 × 40 m3

which is discretized using 24× 16× 16 cartesian cells.
The domain is initialized with methane at a pressure of 364 bar and a saturation of S1 = 85%

except for the bottom layer where S1 = 0 is used. We use an acceleration of −9.81 m/s2 in vertical
direction due to gravity and a constant temperature of 40 ◦C. The porosity is 30% all over the domain,
and we have two layers with different permeability: The lower layer has a thickness of 22 m and a
permeability of K = 10−12 m2, whereas K = 10−13 m2 is used for the upper one. The relations for
the capillary pressure as well as the relative permeability are of Brooks–Corey type with the uniform
shape parameter λ = 2 and an entry pressure of pe = 104 Pa.

No-flow boundary conditions are applied everywhere for the first 1011 seconds such that a realistic
steady state is reached. Afterwards, the boundary conditions are changed at the right lower front
corner of the block such that carbon dioxide is injected at a rate of 10 kg/s. In addition, the steady-
state values are used as Dirichlet conditions on the left back edge of the cube, representing an extraction
well. The evolution of this process is illustrated in Figure 6, where the gas saturation as well as the
concentrations of methane and CO2 are shown at different time instants. The evolution of the active
sets representing the phase composition is depicted in Figure 7a, whereas Figure 7b illustrates the
superlinear convergence of the Newton iteration at several time steps after the start of the CO2

injection.
Finally, Figure 8a shows the total production rates of methane, water and carbon dioxide with

respect to time, whereas Figure 8b depicts the mass fraction of the components in the produced gas.
We find that the break-through time of CO2 is approximately 2.5 ·107 s which corrosponds to 289 days.
If a CO2 mass fraction of 50% is acceptable, methane can be produced for approximately 650 days.

5 Summary and conclusion

In this work, we have presented a new way of incorporating phase transitions into the simulation
of multi-phase, multi-component processes in porous media. The conditions for the local existence
of a given phase are formulated as a set of KKT conditions and rewritten in terms of a nonlinear
complementarity function. Together with the discretized balance equations, these nondifferentiable
but semismooth functions yield a nonlinear system which is solved iteratively by a generalized version
of the Newton method. By this, there is no need for an outer iteration for the determination of the
phases. In addition, some of the degrees of freedom can locally be eliminated by static condensation,
such that the size of the linear system to be solved is not increased. Thus, the simulation of one
time step is as efficient as one step of the approach described in [5]. However, the new scheme has an
increased robustness with respect to phase transitions and the initialization of the phase distribution,
such that larger time steps can be applied. This leads to a substantial gain in computational efficiency
and, in some cases, only makes simulating such complex miscible multi-phase flow processes feasible.
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(a) t = 7.7 · 107 s (b) t = 2.3 · 108 s (c) t = 7.4 · 108 s (d) t = 1.8 · 109 s

Fig. 6: The evolution of the gas saturation (upper row) and the concentrations of methane and carbon dioxide
(middle and lower row) of the sequestration problem. Time is measured after infiltration of CO2, and the height
of the block is amplified by a factor of 5.

(a) Evolution of active sets (b) Convergence of Newton iteration

Fig. 7: The evolution of the size of the active sets after the start of the CO2 injection and the relative error of
the Newton iteration at different time steps.
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