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Abstract: This paper presents a geometric approach to the
problem of dimensional reduction. We aim to derive (3+1)-D
formulations of 4-D field problems in the relativistic theory
of electromagnetism, as well as 2-D formulations of 3-D field
problems with continuous symmetries. Our approach is an
evolution of recent work [1–4]. It is based solely on calcu-
lus with differential forms on differentiable manifolds. The
treatment of Schiff’s paradox [5] illustrates the potential to
analyse complex problems with minimum computational ef-
fort and increased conceptual insight.
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I. INTRODUCTION

The simulation of electromagnetic field problems in-
volving motion is a challenging subject for engineers and
physicists alike. Similarly, the 2-D formulation of field
problems in twisted media requires a profound knowledge
in vector analysis. Both problems can be stated in terms of
a dimensional reduction of a higher-dimensional problem.

The framework for dimensional reduction that we pro-
pose is based solely on differential forms on manifolds.
This theory of calculus makes a clear distinction between
topological and metric concepts, and therefore simplifies
the conceptual and computational work. Moreover, a con-
tinuous formulation of a field problem with differential
forms translates in a straight-forward way into a discrete
formulation with discrete fields and operators [6].

Our approach is an evolution of recent work [1–4], striv-
ing for a generalization of different approaches, and de-
liberately avoiding a mix of paradigms (e.g. Ricci calcu-
lus and differential forms). The present concept of di-
mensional reduction is not linked to electromagnetism in
Minkowski space alone and can be applied to field prob-
lems of arbitrary dimension n ≥ 1.

In Section II, the projection operators P and Q are
introduced, which map p-vectors to their horizontal and
transversal components, respectively. Moreover, the split-
ting operator S is defined, which maps a vector into
the pair of its horizontal component and the contracted
transversal component. The exterior derivative, the Riesz
isomorphism, and the Hodge operator are decomposed
w.r.t. a given splitting in Section III.

A so-called observer structure (u′,µ0) is discussed in
Section IV. The vector field u′ represents a congruence
(fibration), and the exact 1-form µ0 = dλ constitutes a
(codimension-1) foliation, with leafs given by the subman-
ifolds λ = const. The vector field distinguishes a direction
field, e.g. a 4-velocity field, or a continuous symmetry. The
leafs of the foliation define a horizon for the above projec-
tions and splittings. In Section V, we apply our frame-
work to electromagnetism in four dimensions and analyze
Schiff’s paradox as a particular example.

II. PROJECTIONS AND SPLITTINGS

A. Multilinear algebra preliminaries

Let ΛpV denote a linear space of p-vectors, with Λ1V =
V , and ΛpV ∗ its dual space. The generalized contraction

i : ΛqV × ΛpV ∗ → Λp−qV ∗ : (v,ω) 7→ iv ω, (1)

p ≥ q, is induced from the standard contraction with a
1-vector according to the rule iw∧u = iu iw for u ∈ V ,
w ∈ Λq−1V . The multiplication operator is defined as

j : ΛqV × ΛpV → Λp+qV : (u,v) 7→ juv = u ∧ v. (2)

The operators i and j are defined in the obvious way on
the respective dual spaces [7]. In particular, we have

iuω|v = ω|juv, (3)

where · | · denotes the covector | vector duality product.

B. Projection of vectors and covectors

Let ΛpVµ := {w ∈ ΛpV : iµw = 0} denote the hori-
zontal subspace of ΛpV w.r.t. µ ∈ V ∗. We introduce the
projection operators

Puµ : ΛpV → ΛpVµ : w 7→ 1
iµu

iµ juw, (4)

Quµ : ΛpV → ΛpV : w 7→ 1
iµu

ju iµw, (5)

for iµu = iuµ 6= 0, which decompose a p-vector into its
horizontal and transversal component,

w = Puµw + Quµw. (6)

Analogously, ΛpV ∗
u := {ω ∈ ΛpV ∗ : iuω = 0} denotes

the horizontal subspace of ΛpV ∗ w.r.t. u ∈ V , and

P∗
uµ : ΛpV ∗ → ΛpV ∗

u : ω 7→ 1
iuµ

iu jµ ω, (7)

Q∗
uµ : ΛpV ∗ → ΛpV ∗ : ω 7→ 1

iuµ
jµ iuω, (8)

denote the dual projection operators. The action of the
projection operators is illustrated in Fig. 1. The lines
Vω,c := {w : iω w = c} are used to depict a co-vector
ω, and the line named ω corresponds to Vω,1, [8]. The
geometrical construction of the projected quantities com-
pletely avoids the use of any metric property, which nicely
emphasizes the fact that this concept is metric-free.

Quµw

Puµw
Vµ, 0 = Vµ

u

Vµ, µ|w
w

Q∗
uµω

ω

Vµ

P∗uµω

u

Figure 1. Projecting a vector w (left) and a covector ω (right) in a
horizontal and a transversal component w.r.t. the pair (u, µ).
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C. Splitting of vectors and covectors

We introduce the splitting of covectors w.r.t. (u,µ),

S∗uµ : ΛpV ∗ → ΛpV ∗
u × Λp−1V ∗

u , (9)

and we require that

iuµ = 1, (10)

so that iu jµ + jµ iu = 1, compare (6). The splitting

S∗uµ ω :=
(

P∗
uµ

iuQ∗
uµ

)
ω =

(
iu jµ
iu

)
ω =:

(
α
β

)
(11)

yields a pair (α, β) of horizontal covectors of degree p and
(p−1). Its inverse is given by

(S∗uµ )−1

(
α
β

)
=
(
1 jµ

)(α
β

)
. (12)

Analogous definitions apply for the splitting of vectors.

D. Splitting as a structure on a manifold

In what follows, M denotes an n-dimensional, ori-
entable, and non-compact, (pseudo-)Riemannian differen-
tiable manifold, X p(M) or X p the space of smooth p-
vector fields, and Fp(M) or Fp differential p-forms. A
vector field u ∈ X 1(M) and a 1-form µ ∈ F1(M), with
iuµ = 1 everywhere, induce projection operators and a
splitting in every tangent- and cotangent space of M . We
write S = (u,µ) for the structure and, in slight abuse of
notation, S : Fp → Fp

u ×Fp−1
u for the action of the split-

ting on differential forms, where Fp
u = {ω ∈ Fp : iuω =

0}. Splittings are characterized as follows:
• A metric-compatible splitting fulfills the relation

µ = ξ−2gu, (13)

with the Riesz isomorphism g, see Subsection III.B.
• A splitting with

µ = dλ, (14)

i.e., with an exact 1-form µ, is called holonomic.
• If the 1-form µ fulfills

µ ∧ dµ = 0 ⇔ µ = α dλ (15)

for some λ, α ∈ F0, the splitting is called integrable.
Holonomic splittings are integrable.

Integrable splittings induce a foliation of M , i.e., a decom-
position into (n−1)-dim. submanifolds λ = const. Since
µ defines local horizontal subspaces in the tangent spaces
of M , we call S holonomic if these subspaces ”connect”
to the tangent bundle of an (n−1)-dim. submanifold, see
Fig. 2 (middle). If the connection is a matter of scaling, S
is called integrable, see Fig. 2 (right). In general, metric-
compatible splittings are not integrable, see Fig. 2 (left).

III. DECOMPOSITION OF OPERATORS

A. Exterior derivative

For a given splitting S , we note that SdS−1Sω is the
splitting of dω. The action of the exterior derivative in
dimension n can therefore be decomposed w.r.t. S. With

d̂ := Puµ d = iu jµ d : Fp → Fp+1, (16)

u u u

Figure 2. Left: Metric-compatible splitting for a helical congruence. The
horizontal subspaces do not match. Middle: Holonomic splitting. The
horizontal subspaces connect to form the tangent spaces of the leafs of
a foliation. Right: Integrable splitting. The connection of the horizontal
subspaces can be achieved by scaling.

the horizontal exterior derivative operator, and with the Lie
derivative Lu = iud + diu : Fp → Fp, the decomposi-
tion reads

Sd S−1 =
(

d̂ jη
Lu jδ − d̂

)
, (17)

where δ := Luµ, η := d̂µ, (18)

are the acceleration 1-form and the vorticity 2-form, re-
spectively [4]. They can be expressed as the splitting of
the exterior derivative of µ, (η, δ)T = Sdµ. For a holo-
nomic splitting, dµ = 0, it follows that δ = η = 0, and

Sd S−1 =
(

d̂ 0
Lu −d̂

)
. (19)

For an integrable splitting, µ ∧ dµ = 0, we find equiva-
lently η = 0. It follows that for η 6= 0 the 1-form µ does
not represent a foliation of M and that −d̂ d̂ = jηLu .

For an integrable splitting, however, d̂ d̂ = 0, and the
Stokes theorem holds on horizontal domains, i.e. on do-
mains D that are subsets of a submanifold λ = const. As
tangent vectors to D are in X 1

µ we find for α ∈ Fp−1
u∫

∂D

α =
∫

D

dα =
∫

D

(
d̂ + jµ iud

)
α =

∫
D

d̂α. (20)

B. Riesz isomorphism

We introduce a metric on M in the form of the Riesz
isomorphism

g : X 1 → F1 : u 7→ gu, (21)

where we assume that g gives rise to a symmetric, non-
degenerate inner product 〈u, w〉 = gu|w, and 〈µ, ν〉 =
µ|g−1ν. We require that u and µ fulfill

ξ2 := 〈u, u〉 > 0, and η2 := 〈µ, µ〉 > 0, (22)

which is consistent with our definition of the observer
structure in Section IV. The p-compound extends g to p-
forms and p-vector fields in the usual way.

We define the horizontal Riesz isomorphism

ĝ : X 1
gu(M) → F1

u(M) : w 7→ (−1)σsgw, (23)

where σs allows to change the signature between the global
and the horizontal metric. As a consequence of the p-
compound construction of the Riesz isomorphism, we find

ĝ : X p
gu(M) → Fp

u(M) : w 7→ (−1)pσsgw. (24)
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It turns out to be convenient to measure the incompati-
bilty of the splitting S with the metric by

ν := −ξ−1P∗
uµ gu ∈ F1

u. (25)

Since gu = P∗
uµ gu + Q∗

uµ gu, we have

gu = −ξν + ξ2µ, (26)

illustrating that metric-compatibility (13) is equivalent to
the condition ν = 0. We furthermore set

v := g−1ν ∈ X 1
gu, (27)

and call v the velocity parameter of S with respect to g .
For a physical interpretation, see Table I. It holds that

(ξη)2 = 1 + iv ν. (28)

C. Hodge operator

Let Ω ∈ Fn denote the volume form on M , 〈Ω, Ω〉 =
(−1)σg , with σg the number of negative eigenvalues of
the metric. A horizontal volume form Ω̂ ∈ Fn−1

u is de-
fined by Ω̂|ĝ−1Ω̂ := (−1)σĝ . Provided that (−1)σĝ =
(−1)(n−1)σs+σg , it reads in explicit form

Ω̂ = (−1)σoξ−1 iuΩ, (29)

where σo sets the relative orientation of Ω̂. If V denotes the
tangent space in a point of M , then σo is zero if Or(V ) =
(u,Or(Vµ)) and one otherwise.

The explicit definition of the Hodge operator reads

∗ : Fp → Fn−p : α 7→ (−1)σg ig−1 αΩ. (30)

The horizontal Hodge operator is defined analogously,

∗̂ : Fp
u → Fn−1−p

u : α 7→ (−1)σĝ iĝ−1α Ω̂, (31)

which can be rewritten as

∗̂α = ξ−1 niu ∗ m α, (32)

where the operators m ,n : Fp → Fp are defined by

mω = (−1)pω, nω = (−1)pσs+σoω. (33)

The relations ∗ jµ = ig−1 µ ∗ m and jµ ∗ = − ∗ ig−1 µ m
are needed to find the decomposition of the Hodge operator

S ∗ S−1 = n ∗̂
(

iv ξη2 − ξ−1jν iv
ξm −jν m

)
. (34)

If the splitting is metric-compatible, we have ν = 0, v =
0, and ξη = 1, such that the expression simplifies to

S ∗ S−1 =
(

0 ξ−1n ∗̂
ξ n ∗̂m 0

)
. (35)

D. Adjoint splitting

The splitting S = (u,µ) induces the adjoint splitting

S̃ := (ũ, µ̃) := (g−1µ, gu). (36)

It is obvious that ieu µ̃ = 1, that ˜̃S = S, that ξ̃ = η, and that
η̃ = ξ. We introduce the adjoint velocity parameters ν̃, ṽ
analogous to (25), (27). In particular, setting

ν̃ := −η−1P∗eueµ µ ∈ F1eu, (37)

we obtain

µ = −ην̃ + η2gu. (38)

Moreover, we have that ṽ := g−1 ν̃ ∈ X 1
µ and that

iev ν̃ = iv ν. Figure 3 illustrates the adjoint splittings S
and S̃, as well as the relations (26), (38) in terms of their
corresponding vector identities.

u/ξ
ũ/η

v

ξũ
ηu

ṽ

µ/η

µ̃/ξ

Vµ̃

Vµ

Figure 3. Adjoint splittings S and eS, illustrating that ξeu = v+u/ξ and
that ηu = ev + eu/η, corresponding to (26) and (38).

E. Adapted coordinates and modified metric

When performing measurements or numerical calcula-
tions, it is at some point inevitable to choose coordinates
(xα), α = 0, . . . , n−1, inducing the canonical bases
B = (∂xα) ⊂ X 1 and B∗ = (dxα) ⊂ F1. We say
that (xα) is adapted to a holonomic splitting S, if u = ∂x0

and µ = dx0. Then, the horizontal subspaces are spanned
by the bases Bµ = (∂xi) ⊂ X 1

µ and B∗
u = (dxi) ⊂ F1

u,
i = 1, . . . , n−1. As for the adjoint splitting S̃ we define a
basis Beµ = (zi) of X 1eµ by requiring that dxi|zj = δi

j , i.e.
Beµ is dual to B∗

u, and a basis B∗
ũ = (ζi) of F1

ũ that is dual
to Bµ in the same sense. We find that

∂xi = Puµzi, dxi = P∗
uµ ζi. (39)

For the metric coefficients gij := g∂xi|∂xj of g w.r.t. B,
and ĝij = ĝzi|zj of ĝ w.r.t. Beµ, it holds that

ĝij = (−1)σs(gij − νiνj), (40)

with νi = ν|zi. We remark that (40) corresponds to (7.35)
in [9], which is derived there in the language of Ricci cal-
culus and based on the underlying physical context.

For practical calculations, the form (40) of the metric
coefficients is inconvenient due to the extra terms νiνj . To
overcome this disadvantage, we define a modified metric
ĝ† : X 1eµ → F1

u such that

ĝ†ij = (−1)σsgij . (41)

This can be easily achieved by setting

ĝ† := P∗
uµ P∗eueµ ĝ , (42)

yielding indeed

ĝ†ij = ĝ†zi|zj = (−1)σsP∗
uµ P∗eueµ gzi|zj

= (−1)σsgPuµzi|Puµzj = (−1)σsg∂xi|∂xj

= (−1)σsgij . (43)

On X peµ and Fp
u, we have

ĝ† = (1 + jν iv )ĝ , and (ĝ†)−1(1 + jν iv ) = ĝ−1, (44)
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respectively. The corresponding modified volume form Ω̂†

and modified Hodge operator ∗̂† satisfy Ω̂† = ξηΩ̂ and

∗̂ = (ξη)−1∗̂† (1 + jν iv ), (45)

respectively. Inserting the modified Hodge operator in (34)
yields

S ∗S−1 = n ∗̂†m
[(

0 ηm
1
η 0

)
+
( 1

ξη miv 0
1
η jν iv ξηjν

)]
.

(46)

With this equation we can express the Hodge operator,
and thus material laws, in terms of the adapted horizon-
tal Hodge operator, plus a perturbation due to the metric-
incompatibility of S.

IV. THE OBSERVER STRUCTURE

A. Definitions and properties

An observer structure is given by the pair (u′,µ0) of a
vector field u′ ∈ X 1 and an exact 1-form µ0 = dλ ∈ F1

such that

〈u′, u′〉 = 〈µ0, µ0〉 = 1. (47)

The vector field u′ distinguishes a direction, e.g., a con-
tinuous symmetry or a characteristic direction for a ma-
terial law. The 1-form µ0 defines an arbitrary foliation on
M . It is a convenient tool in computations as it allows, e.g.,
to give initial values for an initial-value problem on an ini-
tial leaf, and to evaluate horizontal fields at well-defined
instances λ = const.

We set γ := iu′ µ0. The observer structure enables us
to work with three different splittings S′, S0, and S. The
characteristic features of these splittings are documented
in Table I.

Splitting Properties

S′ := (u′, µ′:=gu′)

S̃′ = S′

• anholonomic (in general)
• metric-compatible
• “threading observer”, [3]

S0 := (u0:=g−1µ0, µ0)

S̃0 = S0

• holonomic
• metric-compatible
• “slicing observer”, [3]

S := (u:=u′/γ, µ:=µ0)

S̃ = (ũ=u0, µ̃=µ′/γ)

• holonomic
• metric-incompatible (i.g.)
• v ∈ X 1

µ′ velocity of S′ rel-
ative to S0

• u0 = γ(v+u′), see Fig. 3
• ṽ ∈ X 1

µ0 velocity of S0

relative to S′

• u′ = γ(ṽ+u0), see Fig. 3

TABLE I: THREE SPLITTINGS ASSOCIATED WITH AN
OBSERVER STRUCTURE (u′,µ0).

The decomposed Hodge operator w.r.t. S is given by
(34) or (46), respectively, together with ξ = γ−1 and
η = 1. Note that the horizontal Hodge operator ∗̂ : Fp

u →
Fn−1−p

u is defined identically in the splittings S and S′.

B. Different decompositions of field problems

With the given tools we have the choice between two
decompositions of the 2nd order equation d ∗dω = ρ:

1) We can decompose it w.r.t. S′

S′ d(S′)−1 S′ ∗(S′)−1 S′ d(S′)−1 S′ ω = S′ ρ. (48)

This approach has the clear advantage of being
metric-compatible. However, it is generally anholo-
nomic, and thus the Stokes theorem does not hold,
which results in a very limited usability for numeri-
cal field calculations.

2) Decomposing w.r.t. S yields

Sd S−1 S ∗ S−1 Sd S−1 Sω = Sρ, (49)

with a complicated decomposed Hodge operator.
The representation of the decomposed Hodge operator in a
metric-incompatible splitting can also be cast into the form
S ∗ S−1 = S(S′)−1 S′ ∗(S′)−1 S′ S−1, with the metric-
compatible decomposition of the Hodge (35) in the middle
of the expression, and with

S(S′)−1 =
(

1 −jν
0 γ−1

)
, S′ S−1 =

(
1 γ jν
0 γ

)
. (50)

Note that we cannot simply use the metric-compatible
and holonomic splitting S0 = (u0,µ0). The vector field u′

distinguishes a direction among all others. Using S0, we
would lose that information.

If the observer structure (u′,µ0) obeys µ0 = gu′, then
S′ = S = S0 and all approaches coincide. With the simple
relations (19) and (35), the decomposition of the 2nd order
equation then yields two sets of equations that are coupled
only by the Lie derivative Lu′ .

V. ELECTROMAGNETISM IN SPACETIME

A. Physical and mathematical setting

In relativistic electrodynamics, the manifold M is a four-
dimensional pseudo-Riemannian manifold with a metric of
signature (+ – – –), referred to as Minkowski space. The
vector-field and 1-form of an observer structure (u′,µ0)
have unit norm by definition, 〈u′, u′〉 = 〈µ0, µ0〉 = 1.
Vectors and covectors with positive square-norm are called
time-like, those with negative square-norm space-like.

The vector field u′ is related to the four-velocity by the
inverse of the vacuum speed of light c0 = (ε0µ0)−1/2,
where µ0 and ε0 denote the magnetic and electric perme-
ability of empty space, respectively. The integral curves of
u′ are called world-lines and every worldline corresponds
to one point in space. The exact 1-form µ0 = dτ is called
a time-synchronization. Each submanifold τ = const. cor-
responds to one point in time. The scalar τ is related to
synchronous time t via τ = c0t. Relative time is measured
along the world-lines of u′ by the metric. Relative space
is given by the local, horizontal subspaces w.r.t. µ′ = gu′.
According to the hypothesis of locality [10], the splitting
S′ defines the 3-D measurable fields on the worldlines u′.

If the covariant derivative of u′ vanishes, Du′ = 0, the
integral curves are parallel straight lines. Then, dgu′ = 0,
and thus gu′ = dτ , corresponding to the Einstein synchro-
nization, and the observer structure represents a standard
inertial observer, [3].
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With the definitions (25) and (27) of v and ν, we set

β2 := −iv ν = −iev ν̃, (51)

obtain from (28) with ξ−1 = γ and η = 1 that

γ = (1− β2)−1/2, (52)

and observe that βc0 is the relative velocity between S′

and S0, and that γ is the Lorentz factor. We choose a
positive-definite horizontal metric with the standard right-
hand screw orientation, i.e., σs = σo = 1.

B. Splitting Maxwell and constitutive equations

The Maxwell equations on M read

dF = 0, dG = J. (53)

The quantities are split into the conventional (3+1) electro-
magnetic field quantities [1], e.g., for the splitting S(

D
H/c0

)
= SG,

(
B

−E/c0

)
= SF,

(
ρ

−j/c0

)
= SJ. (54)

The (3+1) Maxwell equations are obtained with (19) in
their standard form from

Sd S−1 SF = 0, Sd S−1 SG = SJ. (55)

The constitutive law on M in empty space reads

G = Z−1
0 ∗ F, (56)

with Z0 =
√

µ0ε
−1
0 . Due to ∗∗ = (−1)σg+p(n−p) = −1

with p = 2, the inverse of the constitutive law reads F =
−Z0 ∗ G. We use (46) to decompose the constitutive law
to obtain

D = ε0∗̂†E − γZ−1
0 ∗̂† iv B = ε0∗̂†E + PS, (57)

B = µ0∗̂†H + γZ0∗̂† iv D = µ0∗̂† (H + MS), (58)

defining PS and MS. Thus, in the splitting S, empty space
generally has a nonzero polarization and magnetization.
We introduce the field quantities

D̄ := ε0∗̂†E = D − PS, (59)
H̄ := µ−1

0 ∗̂†B = H + MS, (60)

and define

d̂H̄ = j + jS + Lu D̄, jS := d̂MS+ LuPS, (61)

d̂D̄ = ρ + ρS, ρS := −d̂PS, (62)

with the Schiff charge- and current-density ρS and jS.

C. Schiff’s paradox

We apply our framework to Schiff’s paradox [5], and
quote Schiff’s description: ”... Consider two concentric
spheres with equal and opposite total charges uniformly
distributed over their surfaces. When the spheres are at
rest, the electric and magnetic fields outside the spheres
vanish. ... then an observer traveling in a circular orbit
around the spheres should find no field, for since all of
the components of the electromagnetic field tensor vanish

in one coordinate system, they must vanish in all coordi-
nate systems. On the other hand, the spheres are rotating
w.r.t. this observer, and so he should experience a magnetic
field.” A classical treatment can be found in [11, 12].

We construct an observer structure (u′,µ0) such that
Schiff’s first observer experiences the field problem in the
holonomic, metric-compatible splitting S0, and the second
one makes measurements in the metric-compatible split-
ting S′. We know that the 4-D field problem is symmet-
ric w.r.t. u0, i.e., Lu0 = 0, and that iu0 J = 0, i.e., it is
static for observer one. The field c0ṽ describes the velocity
vector-field of a rigid rotation around a particular world-
line of the field u0, the axis of rotation. The world-lines
of the rotating observer are given by u′ = γ(ṽ + u0). We
express the problem in the splitting S to calculate the fields
experienced by the rotating observer. Since the problem of
observer one is axisymmetric, i.e., Lev = 0, we have

Lu = Lev+u0 = Lev + Lu0 = 0. (63)

Therefore, (61) becomes

d̂H̄ = j + jS, (64)

where j is the convective current density in SJ =
(ρ,−j/c0)

T. With u0 = u − ṽ, it follows that Su0 =
(−ṽ, 1)T with ṽ ∈ X 1

µ. By decomposing iu0 J = 0 w.r.t.
S, we arrive at

j = −c0iev ρ. (65)

At the same time the Schiff current-density reads

jS = d̂MS = c0d̂γ iv D

= −c0L̂evD + c0iev d̂D = c0iev ρ. (66)

We use that γ iv = −iev on Fp
u. From Lev = 0 on Fp, it

follows that L̂ev = 0 onFp
u for the horizontal Lie derivative

in the splitting S, L̂a = ia d̂ + d̂ia , a ∈ X 1
µ.

The Schiff currents cancel out with the convective cur-
rents in (64). The boundary condition of finite field at
infinity fixes the magnetic field measured by the rotating
observer to zero. We are left with

d̂D̄ = ρ + ρS, (67)

where from the above result it follows that B = 0 and thus

ρS = −d̂PS = 0. (68)

Consequently D = D̄ = ε0∗̂†E and the field problem can
be solved in the splitting S by solving the Poisson equation

−d̂ε0∗̂† d̂ϕ = ρ. (69)

By introducing adapted coordinates according to Section
III.E, a coordinate expression of (69) can be derived.
Thanks to (41), this coordinate expression does not depend
at all on the velocity parameters. It must therefore be iden-
tical to the case v = 0, which coincides with Schiff’s first
observer. We conclude that the electrical field and thus all
fields have to vanish outside the spheres in the splitting S.
Now, (50) indicates that this also has to hold for the mea-
surable fields, i.e. the second observer, which resolves the
paradox.
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VI. ELECTROMAGNETISM IN THREE DIMENSIONS

We discuss the splitting of 3-D field problems with con-
tinuous symmetries into 2-D problems, assuming that we
can find a vector field u such that neither fields, nor ma-
terial properties, nor metric vary along the flow of u, i.e.
Lu = 0. As a consequence, for metric-compatible and
holonomic splittings, the (3+1) Maxwell equations and
constitutive laws decompose into two sets, the transverse
electric (TE) and the transverse magnetic (TM) equations.

A. Translational symmetry

In a Cartesian coordinate system (x, y, z) we use the
splitting (∂z,dz), ξ = 1, which is metric compatible and
holonomic, i.e., S = S0 = S′, and find the parallel and or-
thogonal electromagnetic quantities (E‖, E⊥)T :=SE and
analogously for H , (B⊥, B‖)

T :=SB and analogously for
D and j, and (0, ρ⊥)T := S ρ. We assume translational
symmetry along ∂z . The TE and TM systems read

TE-system TM-system
−d̂E⊥ = −∂t B‖,

−d̂B‖ = 0,

d̂H‖ = j⊥ + ∂t D⊥,

d̂D⊥ = 0,

d̂E‖ = −∂t B⊥,

d̂B⊥ = 0,

−d̂H⊥ = j‖ + ∂t D‖,

−d̂D‖ = ρ⊥.

(70)

With σs = σo = σbg = σg = 0, we find n = 1 and

µ−1
0 ∗̂B‖ = H‖, µ−1

0 ∗̂B⊥ = H⊥,

ε0∗̂E⊥ = D⊥, −ε0∗̂E‖ = D‖. (71)

B. Helical symmetry

We consider a magnetostatic field problem in empty
space with helical symmetry. All currents are directed
along helical paths that are the integral curves of u, i.e.,
iu j = 0. Helical coordinates (R,φ, Z) are derived from
cylindrical coordinates (r, ϕ, z) via φ = ϕ − αz for con-
stant α, R = r, and Z = z. A 2-D formulation on
z = const. suitable for numerical simulation is found by
using the modified Hodge operator (46) in the splitting
S = (∂Z ,dZ), resulting in

H‖ = µ−1
0 ∗̂†B‖ − γ−1jν H̄⊥ =: H̄‖ −MS‖, (72)

H⊥ = µ−1
0 ∗̂†B⊥ + iṽ H‖ =: H̄⊥ −MS⊥. (73)

Since iu′ j = 0, we find that j‖ = 0. From (19) we obtain
the coupled equations that define the 2-D field problem

d̂H̄‖ = j⊥ + jS⊥, −d̂H̄⊥ = jS‖, (74)

where jS⊥ = d̂MS‖ = d̂γ−1jν H̄⊥ and jS‖ = −d̂MS⊥ =
d̂iṽ H‖. Note that as the pitch α of the helix decreases,
the metric incompatibility of S becomes smaller, so that
ṽ = α∂ϕ → 0 for α → 0. For straight currents we are left
with the magnetostatic problem d̂H̄‖ = j⊥ and H̄‖ = H‖.
A classical treatment can be found, e.g., in [13].

VII. CONCLUSION

We have presented a formalism for the dimensional re-
duction of field problems in a differential-form framework.
The concept of an observer structure and its three split-
tings S′, S0, and S generalizes various approaches in rela-
tivistic electrodynamics: [1] uses only metric-compatible,

holonomic splittings, whereas in [2, 4] holonomic and an-
holonomic metric-compatible splittings are employed. The
classic book of van Bladel [9] focuses on Ricci calculus,
which often makes it difficult to see in what subspaces the
relevant quantities are defined. The lack of a clear separa-
tion between metric- and topological concepts reduces the
conceptual insight. [3] is conceptually very close to this
paper. The mix of Ricci-calculus, vector-calculus and dif-
ferential forms makes the text more involved, though.

We have introduced an adapted metric that allows to
write the decomposed Hodge operator in the metric-
incompatible splitting S as the sum of a metric-compatible
decomposition and a perturbation. In the electromagnetic
theory, this perturbation can be treated like a magnetiza-
tion and polarization of empty space. With this concept,
we are able to solve Schiff’s paradox without use of coor-
dinates. The differential-form approach clearly favours to
work conceptually, rather than technically. Moreover, the
differential-form framework for dimensional reduction can
be applied to any field problem of dimension n ≥ 1.

Beyond the scope of this paper, and thus subject of
our ongoing work, are various topics of electrodynamics,
such as the decomposition of traces, jump- and boundary-
conditions for moving domains, the local and global form
of Lorentz transformation, the impact of an alternate
choice of a time-synchronization, and material-laws in
moving bodies. The present formalism can be used to gen-
erate concise formulations of complex field problems, in-
volving either moving domains, or a dimensional reduction
of field problems with continuous symmetries, e.g., helical
symmetry in 3-D. The differential-form formulation can be
readily translated into the language of discrete fields and
operators [6], and is thus amenable to numerical field cal-
culation.

APPENDIX

Projections and Splittings

Multilinear algebra preliminaries: The following rule
is used extensively in the derivations of this appendix

iµ ju = iµu− jµ iu (75)

and hence

iµ ju = 1− jµ iu for iµu = 1. (76)

Projection of vectors and covectors: With (75), we
show (6) by

(Puµ + Quµ )w =
1

iµu
(iµ ju + ju iµ )w

=
1

iµu
(iµu− ju iµ + ju iµ )w

= w, (77)

and similarly for the dual operators P∗
uµ and Q∗

uµ .
Visualization of the projections: The action of the pro-

jection operators is illustrated in Fig. 1. The transversal
component Quµw of the vector w is obtained by scal-
ing u such that iµ Quµw = iµw, while the horizontal
component Puµw can be constructed by the requirements
that Puµw ∈ Vµ, and that the 2-vectors juPuµw and
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juw have the same orientation and area. Analogously
and simply by exchanging the role of vectors and covec-
tors, the transversal component Q∗

uµ ω of the covector ω
is obtained by scaling µ such that iuQ∗

uµ ω = iuω, while
the horizontal component P∗

uµ ω can be constructed by the
requirements that P∗

uµ ω ∈ V ∗
u , and that the 2-covectors

jµ P∗
uµ ω and jµ ω have the same orientation and area.
Splitting of vectors and covectors: We show (11) by

iuQ∗
uµ ω = iu jµ iuω

= iuω − iu iu jµ ω

= iuω. (78)

To see (12), we check that

(S∗uµ )−1S∗uµ ω =
(
1 jµ

)(iu jµ
iu

)
ω

= (P∗
uµ + Q∗

uµ )ω = ω, (79)

for ω ∈ Fp, and that

S∗uµ (S∗uµ )−1

(
α
β

)
=
(

iu jµ
iu

)
(α + jµ β)

=
(

(1− jµ iu )α
β

)
=
(

α
β

)
, (80)

for (α,β) ∈ Fp
u ×Fp−1

u .
Decomposition of Operators

General decomposition mechanism for operators: Let
a general operator L : Fp(M) → Fq(M) be given. If
ρ = Lω, the splitting S can be applied to both sides of this
relation, and the identity S−1 S may be inserted towards

Sρ = SLS−1 Sω. (81)

Thus, the corresponding operator acting on splitted pairs
of differential forms is given by the composition

SLS−1 : SFp = Fp
u ×Fp−1

u → Fq
u ×Fq−1

u = SFq.
(82)

A convenient matrix-vector notation can be used to de-
scribe the action of SLS−1,

(α,β) 7→
(

Lq,p Lq,p−1

Lq−1,p Lq−1,p−1

)(
α
β

)
, (83)

with Lr,d : Fd
u → Fr

u.
Transversal and horizontal derivation: For the hori-

zontal and transversal derivative operators defined by (16)
and

Lu = iud + diu , (84)

respectively, we have that

d̂ d̂ = − jηLu , (85a)

d̂Lu − Lu d̂ = jδLu , (85b)
Lu (ω1 ∧ ω2) = Luω1 ∧ ω2 + ω1 ∧ Luω2, (85c)

d̂ (ω1 ∧ ω2) = d̂ω1 ∧ ω2 + (−1)pω1 ∧ d̂ω2

+ iuω1 ∧ µ ∧ dω2

+ (−1)pµ ∧ dω1 ∧ iuω2, (85d)

for all ω1 ∈ Fp, ω2 ∈ Fq, and where η, δ are given
by (18). We note that the second equation states that one
may not simply exchange horizontal and transversal differ-
entiation, and that the last equation simplifies to the usual
product rule provided that ω1 ∈ Fp

u, ω2 ∈ Fq
u.

Lie derivative, contraction, and multiplication: From
the definition (84) of the Lie derivative, it is obvious that

iuLu − Lu iu = 0. (86)

For the multiplication, we immediately see that

Lu jµ − jµLu = jδ . (87)

Combining both (86) and (87) yields

[iu jµ ,Lu ] = [Lu , jµ iu ] = jδ iu . (88)

Exterior derivative: Following the definitions of the
splitting, the horizontal exterior derivative, and the Lie
derivative, it is easy to see that

Sd =
(

d̂
Lu − diu

)
. (89)

Let (α,β) ∈ Fp
u×Fp−1

u , and use the definitions of the vor-
ticity 2-form and the acceleration 1-form, η and δ. With
iuα = 0, iuβ = 0, we find

Sd S−1

(
α
β

)
= Sd (α + jµ β)

=
(

d̂
Lu

)
α +

(
d̂ jµ

Lu jµ − diu jµ

)
β

= . . . +
(

jη − jµ d̂ + jiu µ jµ d − jµ jdµ iu
jδ + jµLu − diu jµ

)
β

= . . . +
(

jη − jµ iu jµ d + jµ d
jδ + jµ iud − diu jµ

)
β

= . . . +
(

jη − jµ (1− jµ iu )d + jµ d
jδ + (1− iu jµ )d − diu jµ

)
β

= . . . +
(

jη
jδ − d̂ + d(1− iu jµ )

)
β

=
(

d̂ jη
Lu jδ − d̂

)(
α
β

)
. (90)

Contraction: The splitting S also enables us to de-
compose the contraction of a p-form ω = α + jµ β by a
vector field w ∈ X 1. We can write w as

w = a + bu, a ∈ X 1
µ, b ∈ X 0. (91)

Observing that

iw ω = iaα− jµ iaβ + bβ, (92)

it is easy to see that the contraction iw decomposes to

S iw S−1 =
(

ia b
0 −ia

)
. (93)

Lie Derivative: Let w ∈ X 1 be decomposed accord-
ing to (91) and assume that the splitting (u,µ) is holo-
nomic. We obtain from (19) and (93) that

SLw S−1 = S iw S−1 Sd S−1 +S d S−1 S iw S−1

=
(

ia b
0 −ia

)(
d̂ 0
Lu −d̂

)
+
(

d̂ 0
Lu −d̂

)(
ia b
0 −ia

)
=
(

ia d̂ + bLu −bd̂
−iaLu ia d̂

)
+
(

d̂ ia d̂b

Lu ia Lu b + d̂ia

)
,

(94)
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with L̂a = ia d̂ + d̂ia : Fp
u → Fp

u, yielding

SLw S−1 =

(
L̂a + bLu jd̂b

iLu a L̂a + bLu + (Lu b)

)
.

(95)

If furthermore Luw = 0, we have that

Lu b = Lu iµw = iLu µw + iµLuw = 0, (96)

since the splitting is assumed to be holonomic and there-
fore δ = Luµ = 0. Since

0 = Luw = Lua + (Lu b)u, (97)

we also have that Lua = 0. If now additionally Luω = 0,
we obtain

SLw S−1 =

(
L̂a jd̂b

0 L̂a

)
. (98)

Riesz isomorphism: Employing (3), we have that for
v ∈ X p, w ∈ X p−1,

giµv|w = gw|iµv = jµ gw|v
= gjg−1 µw|v = gv|jg−1 µw

= ig−1 µ gv|w, (99)

from which follows

giµ = ig−1 µ g. (100)

Relation of iv ν, ξ, and η: Applying g−1 to (26)
yields

ξ2g−1µ = u + ξv. (101)

Taking the inner product with u amounts to

0 = 〈u, u〉+ ξ〈v, u〉 − ξ2〈g−1µ, u〉 = ξ〈v, u〉. (102)

Therefore, the duality product of (101) with µ results in

ξ2η2 = µ|u + ξµ|v
= 1 + ξ(ξ−2gu + ξ−1ν)|v
= 1 + iv ν, (103)

which shows (28).
Horizontal volume form: In order to prove (29), we

show the defining property

(−1)σoξ−1 iuΩ|ĝ−1
(
(−1)σoξ−1 iuΩ

)
= (−1)σĝ .

In particular, we have by the assumption (−1)σĝ =
(−1)(n−1)σs+σg , as well as by (3), (22), (24), (75), and
(100), that

(−1)σĝ = (−1)(n−1)σs+σg = (−1)(n−1)σs〈Ω, Ω〉
= (−1)(n−1)σsξ−2〈u, u〉〈Ω, Ω〉
= (−1)(n−1)σsξ−2Ω|g−1 ((iguu)Ω)

= (−1)(n−1)σsξ−2Ω|g−1 (jgu iuΩ)

= (−1)(n−1)σsξ−2Ω|ju g−1 (iuΩ)

= (−1)(n−1)σsξ−2iuΩ|g−1 (iuΩ)

= ξ−2iuΩ|ĝ−1(iuΩ), (104)

from which follows the assertion.

Hodge inverse: Let ω ∈ Fp be decomposable, i.e.
ω = ω1 ∧ . . . ∧ ωp with ωi ∈ F1, and set V =
span (ω1, . . . ,ωp). Choose q = n−p linear independent
1-forms ωp+1, . . . ,ωn ∈ V ⊥ and α ∈ F0 such that

ω⊥ = αωp+1 ∧ . . . ∧ ωn ∈ Fq (105)

satisfies Ω = ω ∧ ω⊥. By construction, we have that

(ω⊥)⊥ = (−1)pqω, (106a)

(λω)⊥ = λ−1ω⊥, (106b)

for λ ∈ F0, λ 6= 0. Moreover, the definition (30) of the
Hodge operator gives

∗ω = (−1)σg ig−1 ω Ω = (−1)σg ig−1 ω (ω ∧ ω⊥)

= (−1)σg〈ω, ω〉ω⊥, (107)

where the last step follows from a property of the gener-
alized contraction, [7, eq. (5.58)]. Employing (107), one
obtains

〈∗ω, ∗ω〉 = 〈ω, ω〉2〈ω⊥, ω⊥〉 (108)

and, therefore,

(−1)σg = 〈Ω, Ω〉 = 〈ω ∧ ω⊥, ω ∧ ω⊥〉
= ig−1 ω⊥ ig−1 ω (ω ∧ ω⊥)

= 〈ω, ω〉〈ω⊥, ω⊥〉
= 〈∗ω, ∗ω〉〈ω, ω〉−1. (109)

For ω ∈ Fp decomposable, (106)-(107) yield

∗∗ω = (−1)σg(∗ω)⊥〈∗ω, ∗ω〉

= (−1)σg
(
(−1)σg〈ω, ω〉ω⊥)⊥ 〈∗ω, ∗ω〉

= 〈∗ω, ∗ω〉〈ω, ω〉−1(−1)pqω. (110)

Together with (109), this gives the fundamental identity

∗∗ω = (−1)σg+p(n−p)ω. (111)

Since every differential form can be written as the sum of
decomposable forms, the identity (111) holds for all ω ∈
Fp.

The horizontal Hodge operator: The definition
(31) together with (30) and the assumption (−1)σĝ =
(−1)(n−1)σs+σg yields (32) by

∗̂α = (−1)pσs+σo+σbgξ−1ig−1 α iuΩ

= (−1)p+pσs+σo+σbgξ−1iu ig−1 αΩ

= (−1)p+pσs+σo+σbg+σgξ−1iu ∗ α

= (−1)(n−p−1)σs+σoξ−1iu ∗ mα

= ξ−1niu ∗ mα, (112)

defining m ,n : Fp → Fp by (33).
Hodge and contraction: We aim to show the relations

∗ jµ = ig−1 µ ∗ m , jµ ∗ = − ∗ ig−1 µ m , (113)

with m defined by (33). Setting w = g−1µ, inserting the
definition of the Hodge (30), and employing the properties
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of the Riesz isomorphism and the contraction operator, we
have for µ ∈ F1,ω ∈ Fp

∗ jµ ω = (−1)σg ig−1 jµ ω Ω

= (−1)σg ig−1 ω iwΩ

= (−1)σg+piw ig−1 ω Ω

= iw ∗mω, (114)

yielding the first identity of (113). Moreover, employing
(111) and (114), we get

jµ ∗ω = (−1)(n−p+1)(p−1)+σg ∗ ∗(jµ ∗ω)

= (−1)p(n−p)+p−1+σg ∗ (iw ∗∗ω)
= (−1)2p(n−p)+p−1 ∗ iw ω

= − ∗ iw mω, (115)

which gives the second identity of (113). Moreover, we
have that

jµ iw ∗ = jµ ∗ jµ m = − ∗ iw mjµ m = ∗ iw jµ . (116)

Decomposition of the Hodge: Considering(
α′

β′

)
= S ∗ S−1

(
α
β

)
=
(

iu jµ
iu

)
∗ (α + jµ β), (117)

together with (32), (113), and (22), gives

α′ = iu ∗ ig−1 µ (−mα + jµ mβ)
= iu ∗m(ig−1 µ α + ig−1 µ jµ β)

= ξn ∗̂(ig−1 µ α + (η2 − jµ ig−1 µ )β), (118)

as well as

β′ = iu ∗(α + jµ β)
= ξn ∗̂(mα− jµ mβ). (119)

From (26), we obtain

µ = ξ−2gu + ξ−1ν,

g−1µ = ξ−2u + ξ−1v, (120)

and inserting that into (118) and (119), together with the
fact that (α,β) ∈ Fp

u ×Fp−1
u , yields (34).

Adapted coordinates: We show that (39) uniquely de-
fines a basis of X 1eµ such that the basis is dual to the canon-
ical basis of F1

u in adapted coordinates. Let Bµ = (∂xi),
i = 1, . . . , n, ∂x0 = u denote the canonical basis X 1

µ, and
B∗

u = (dxi) i = 1, . . . , n, dx0 = µ the canoncial basis of
F1

u in adapted coordinates. Then

Puµ : X 1eµ → X 1
µ (121)

is an isomorphism with

(Puµ )−1 = Pueµ . (122)

Moreover we find

δi
j = dxi|∂xj = dxi|Puµzj

= P∗
uµ dxi|zj = dxi|zj . (123)

Hence Beµ = (zj) is the unique basis of X 1eµ that is dual to
Bu. An analog proof holds for B∗eu = (ζi).

In order to show (44), we set L∗ = P ∗
uµP ∗eueµ : Fp

u → Fp
u

and show that

L∗ = 1 + jν iv . (124)

For Peueµ = igu jg−1 µ , it is obvious that

Peueµu = u− ξ2g−1µ, (125)

and that

PuµPeueµu = iµ juPeueµu

= −ξ2iµ ju g−1µ

= −ξ2(g−1µ− η2u). (126)

Therefore, we can write

g−1µ = −ξ−2PuµPeueµu + η2u

= −ξ−2Puµg−1P ∗
uµgu + η2u. (127)

Using that P ∗
uµ is the identity on Fp

u, and that P ∗
uµjω =

jP∗
uµω P ∗

uµ, we have for the operator L∗ that

L∗ = P ∗
uµP ∗eueµ = P ∗

uµig−1 µ jgu

= P ∗
uµ(1− jgu ig−1 µ )

= 1− jP∗
uµguP ∗

uµig−1 µ . (128)

Inserting (127) and employing P ∗
uµiPuµw = iw P ∗

uµ yield

L∗ = 1 + jP∗
uµgu (ξ−2ig−1P∗

uµguP ∗
uµ − P ∗

uµη2iu ),
(129)

and using again that P ∗
uµ is the identity on Fp

u and that
iu = 0 on Fp

u results in

L∗ = 1 + ξ−2jP∗
uµgu ig−1P∗

uµgu

= 1 + jξ−1P∗
uµgu ig−1ξ−1P∗

uµgu . (130)

A comparison with the definition (25) of ν yields (124).
Moreover, we show that

(L∗)−1 = 1− (ξη)−2jν iv : Fp
u → Fp

u, (131)

which follows from (28) and

L∗(L∗)−1 = (1 + jν iv )(1− (ξη)−2jν iv )

= 1 + (1− (ξη)−2 − iv ν(ξη)−2)jν iv
= 1. (132)

With (44) we show (40) using

ĝ†ij = ĝ†zi|zj = (1 + jν iv )ĝzi|zj

= ĝij + iv ĝ zi|iν zj

= ĝij + (−1)σsg iν zi|iν zj

= ĝij + (−1)σs(iν zi)(iν zj)
= ĝij + (−1)σsνiνj , (133)

where ĝij = ĝ zi|zj . With ĝ†ij = (−1)σsgij , it follows that
ĝij = (−1)σs(gij − νiνj).
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Since both horizontal volume forms Ω̂ and Ω̂† are ele-
ments of the one-dimensional space Fn−1

u , we have that
Ω̂† = αΩ̂ for α ∈ F0. From that, we get

(−1)σĝ = Ω̂|ĝ−1(Ω̂) = Ω̂†|ĝ† −1(Ω̂†) = α2Ω̂|ĝ† −1(Ω̂).
(134)

Moreover, it holds that

jν iv Ω̂ = (−1)σĝ jν iv ∗̂1 = (−1)σĝ +σs jν ∗̂ jν 1

= (−1)σĝ ∗̂ iv jν 1 = (iv ν)Ω̂, (135)

and thus that

ĝ−1(Ω̂) = ĝ† −1 L∗ Ω̂ = ĝ† −1(1 + jν iv )Ω̂

= ĝ† −1(1 + iv ν)Ω̂ = (ξη)2ĝ† −1(Ω̂). (136)

Combining (134) and (136), we get α = ξη and thus Ω̂† =
ξηΩ̂.

The relation (45) of the horizontal Hodge and its modifi-
cation can be concluded from

∗̂ω = (−1)σĝ iĝ−1(ω) Ω̂

= (−1)σĝ ξη−1iĝ† −1(1+jν iv )ω Ω̂†. (137)

Eventually we derive (46) from (34). With ∗̂ =
(ξη)−1∗̂† (1 + jν iv ) we find

∗̂ iv = (ξη)−1∗̂† iv (138)

and with (28)

∗̂ jν = (ξη)−1∗̂† (1 + jν iv )jν
= (ξη)−1∗̂† ((ξη)2 − iv jν )jν
= (ξη)∗̂† jν . (139)

Using

(1 + jν iv )(1− (ξη)−2jν iv ) = 1 (140)

we can rewrite (34) as

S ∗ S−1 = n ∗̂†
(

(ξη)−1iv η
η−1(1 + jν iv )m −ξηjν m

)
(141)

from which (46) follows in a straight-forward way.

Electromagnetism in Three Dimensions

Helical symmetry: To investigate helical symmetry
we employ helical coordinates (R,φ, Z) derived from the
cylindrical coordinates (r, ϕ, z) above via φ = ϕ− αz for
constant α, R = r, Z = z. The helical metric tensor reads

g =

 1 0 0
0 R2 αR2

0 αR2 1 + α2R2

 , (142)

g−1 =

 1 0 0
0 α2 + 1

R2 −α
0 −α 1

 . (143)

The volume form is given by Ω = R dR ∧ dφ ∧ dZ.
With u = ∂Z = α∂ϕ + ∂z and µ0 = dZ = dz we find

with η = 1, ξ =
√

1 + α2R2, γ = ξ−1

u′ = γu, (144)
µ′ = γgu = γ

(
αR2dφ + γ−2dZ

)
. (145)

The splitting S′ is anholonomic since

dµ′ = 2γαR dR ∧ dφ, (146)

and as δ′ = 0 we find η′ = dµ′.
Eventually, with ṽ = γ−1u′ − u0, and u0 = ∂z, we

obtain ṽ = α∂ϕ.
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