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Summary. Multifield problems yield coupled problem formulations for which non-
conforming discretizations schemes and problem-adapted solvers can be used to de-
velop efficient numerical algorithms. Of crucial importance are numerically robust
transmission operators based on weak continuity conditions. This paper presents
the construction of such operators by means of dual discrete Lagrange multipliers
for higher order discretizations and for general quadrilateral triangulations of possi-
bly curved interfaces. Various applications are considered, including aero-acoustics,
elasto-acoustics, contact and heat transfer.
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1 Introduction

The approximative solution of multifield problems is characterized by the ne-
cessity of being able to combine different model equations, discretizations,
spatial and temporal scales, triangulations, and/or spatial dimensions. The
main goal of the project C12 “Nonconforming Coupling Problems” is to cope
with this necessity by providing general construction principles for noncon-
forming discretization techniques based on a geometrical decomposition of the
computational domain corresponding to the different interacting fields. The
two most important parts for achieving this goal are a rigorous mathematical
analysis of the underlying weak formulations and the development of efficient
numerical algorithms for the solution of the resulting discrete problems.

Being one of the youngest projects within the Collaborative Research Cen-
ter 404, C12 started in May 2002. At the beginning of the last funding period
in January 2004, we could already set up on several mathematically well-
founded discretization methods and solution strategies. However, they had
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been employed mostly for comparatively simple applications such as station-
ary and linear model equations in two space dimensions in combination with
low order finite elements and very basic domain and interface geometries. The
main task for the last funding period was to get rid of these shortcomings. We
performed this task by developing and successfully applying nonconforming
coupling schemes for the solution of transient problem settings such as elasto-
dynamics, acoustic wave propagation, elasto-acoustics, heat conduction, and
electro-magnetism, as well as for nonlinear model equations such as nonlinear
structural mechanics including contact problems. Moreover, we could extend
the framework of mortar finite elements using dual Lagrange multipliers from
low order elements and straight interfaces towards higher order elements and
curvilinear interfaces.

In the following report, we can provide a closer look only on some of
the topics considered within this project. In particular, after presenting some
model problems and the concept of dual Lagrange multipliers in Sect. 2, we ad-
dress the extension of biorthogonal bases to higher order elements and general
surface meshes in Sects. 3, 4 and 5. Section 6 is devoted to implementational
issues, while in Sect. 7, we present several application examples dealing with
aero-acoustics, elasto-acoustics, contact and heat transfer. In Sect. 8, we con-
clude by listing all articles which contributed to achieving the goals of project
C12.

2 Variational Setting

We first introduce the model settings which we use for several of our numer-
ical illustrations. After that, we illustrate why dual Lagrange multipliers are
an important key to efficiently solve problems discretized by mortar finite
elements.

2.1 Model Problems

For the ease of notation and to avoid technicalities, we restrict ourselves to
the case of two non-overlapping open subdomains Ωm and Ωs sharing a com-
mon interface Γ , their union giving the global domain Ω, Ω = Ωm ∪ Ωs. By
taking into account the standard modifications at the cross-points or at the
wire-basket of more than two subdomains, the following considerations apply
analogously to decompositions into many subdomains, [4]. For scalar prob-
lems, we focus on Poisson’s equation. In particular, we seek a scalar function
u as the solution of

−∆u = f in Ω , (1)

with appropriate boundary conditions on ∂Ω. The Lagrange multiplier λ is
chosen to be the normal flux through the interface Γ , i.e., λ = −∂u/∂n, with n
denoting the unit outward normal vector field with respect to Ωs. The spaces
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Xs and Xm, which are needed for the upcoming weak formulation, are subsets
of H1(Ωs) and H1(Ωm), respectively, such that given Dirichlet conditions
on the boundary of the global domain Ω are respected. The product space
X = Xm×Xs is equipped with the broken H1-norm. The Lagrange multiplier
space M is associated with the dual of the trace space of X s on Γ , equipped
with the dual norm.

Additionally, we consider linear and nonlinear elasticity problems. For the
linear setting, we consider the problem of finding a displacement vector field
u such that

−divσ(u) = f in Ω , (2)

supplemented by boundary conditions, by the Saint-Venant Kirchhoff law

σ(u) = λL(tr ε(u))Id + 2µLε(u) , (3)

with the Lamé constants λL, µL and by the linearized strain tensor

ε(u) =
1

2
(gradu + [gradu]T) . (4)

Here, the Lagrange multiplier λ corresponds to the surface tractions on Γ ,
namely, λ = −σ(u)n. The spaces X and M consist of vector fields with
component functions being in the corresponding spaces for the scalar case.

However, the validity of the linearized elasticity equations (2)-(4) is re-
stricted to small strains and small deformations. In order to correctly capture
large strains and deformations, we employ the Mooney–Rivlin law, [43],

S = λLs
′(j)jC−1 + µL

(
(1 − cm)(Id − C

−1) + cm(tr C Id − C − C
−1)
)
, (5)

defining the second Piola–Kirchhoff stress tensor S with F = Id + gradu the
deformation gradient and C = FTF the right Cauchy–Green strain tensor, cm
a material constant, j = det(F) and s(j) = (j2 − 1 − 2 ln j)/4. The basic
equilibrium condition is given by

−div (FS) = f , (6)

which constitutes the PDE to solve, complemented by appropriate boundary
conditions.

The strong formulations (1) and (2)–(4) yield saddle point problems of
the following structure, [3]: find a primal variable u = (um, us) ∈ X and a
Lagrange multiplier λ ∈ M such that

a(u, v) + b(v, λ) = f(v), v ∈ X , (7a)

b(u, µ) = 0, µ ∈M , (7b)

with a bilinear form a(·, ·) =
∑

k=m,s ak(·, ·) and a coupling bilinear form

b(v, µ) = 〈[v], µ〉M ′×M , (8)



4 Bernd Flemisch and Barbara I. Wohlmuth

where [v] = vs − vm denotes the jump across the interface Γ , and 〈·, ·〉M ′×M

stands for the duality pairing on M ′×M . In case of (5)–(6), the form a(·, ·) in
(7) is nonlinear in the first argument. Although we have reserved boldface to
indicate vectorial quantities, we assume that, unless clarified explicitly, stan-
dard notation applies equally to corresponding scalar and vectorial quantities.
We require that a(·, ·) is elliptic on the constrained space

V = {v ∈ X : b(v, µ) = 0, µ ∈M} ,

where in case of the Laplace operator, [21], and of the linear elasticity setting,
[22], it is well known that the ellipticity constant does not depend on the
number of subdomains. The saddle point problem (7) can be equivalently
reformulated as the positive definite problem of finding u ∈ V such that

a(u, v) = f(v), v ∈ V . (9)

2.2 Dual Lagrange Multipliers

For the numerical solution of (7), we employ the usual Galerkin approach.
The required approximation of X and M by finite element spaces Xh =
Xm

h × Xs
h and Mh is based on two triangulations Tm of Ωm and Ts of Ωs.

Using superscripts, we indicate by T m and T s the corresponding surface grids
meeting the interface Γ . The finite element nodes on T m and T s are called
master and slave nodes, respectively, all remaining nodes are indicated as
inner nodes. The discrete Lagrange multiplier space Mh is associated with
the mesh T s on the slave side. The corresponding discretization of problem
(7) can be written as




Aii Aim Ais 0
Ami Amm 0 −MT

Asi 0 Ass DT

0 −M D 0







ui
h

um
h

us
h

λh


 =




f i

fm

f s

0


 , (10)

where the subscripts i, m, and s represent the inner, master and slave nodes,
respectively. We emphasize that, in this paper, we do not consider any modi-
fications on ∂Γ which are required if Γ meets a part of a Dirichlet boundary.
The entries of the coupling matrices M and D are assembled from integrals
of the form

(φm
p , µq)Γ , and (φs

p, µq)Γ , (11)

respectively, where (·, ·)Γ denotes the L2-inner product on Γ , φk
p , k = m, s,

indicates the scalar nodal basis function of the trace space W k
h = Xk

h |Γ of
the finite element space on T k associated with the node p, and µq stands for
the scalar basis function of the discrete Lagrange multiplier space Mh associ-
ated with the node q. There exist several possibilities for choosing the basis
functions spanning Mh, most of them with equal mathematical stability and
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Fig. 1. Basis functions: (a) standard, (b) discontinuous dual, (c) continuous dual,
(d) constant

approximation properties. In Fig. 1, four types of basis functions for a 1D in-
terface using linear or bilinear finite elements are presented: (a) the standard
ones coinciding with the trace space W s

h, [4], (b) the dual ones spanned by
piecewise linear discontinuous basis functions, [45], (c) the dual continuous
ones where the discontinuous dual basis functions are modified by cubic poly-
nomials [46], (d) the piecewise constant ones spanned by basis functions which
are constant from one edge midpoint to the next. In particular, we speak of
dual basis functions µq, if they satisfy the biorthogonality relation

(φs
p, µq)Γ = δpq(φ

s
p, 1)Γ . (12)

From the examples mentioned above, (b) and (c) satisfy (12) while (a) and (d)
don’t. The importance of (12) comes into play when attempting to solve the
discrete problem (10). There exist various possibilities for solving the problem
efficiently by iterative solvers. The development of positive definite discrete
formulations, which are equivalent to (10) and for which multigrid schemes can
be applied, always involves the elimination of the discrete Lagrange multipliers
from the indefinite system (10), [47]. This elimination is performed in terms

of the discrete projection operator M̂ = D−1M , which enters into the positive
definite system matrix. The same operator plays an essential role if Dirichlet–
Neumann solvers are applied, [23]. Depending on the structure of D, this
projection can be carried out locally or it has to be carried out globally,
represented by a sparse or a dense matrix M̂ , respectively. In particular, if
the biorthogonality relation (12) is satisfied, the matrix D is diagonal, and

therefore, M̂ is sparse and can be easily calculated. We emphasize that the
applicability of dual Lagrange multipliers is not restricted to linear stationary
problems as (7). In more general cases, one has to face a linear system of the
structure (10) in each iteration step of a time integration and/or nonlinear
solution method. For example, the advantages of the dual approach have been
fully exploited for the solution of contact problems, [24]. We refer to the report
of the project B8 within this collection for more details.

Within the subproject C12, we could extend the framework of mortar
finite elements using dual Lagrange multipliers from low order elements and
straight interfaces towards higher order elements and curvilinear interfaces.
We will address these extensions in the next three sections, starting with the
higher order case. Following this, we address the local construction in case of
general quadrilaterals and curvilinear interfaces.
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3 Higher Order Dual Lagrange Multipliers

In the following, we present dual Lagrange multiplier spaces based on Gauß–
Lobatto nodes. We concentrate on two-dimensional problems settings. For the
3D case, an alternative way of constructing a higher order biorthogonal basis
is given in [29]. There, we generalize the concept of dual bases by relaxing the
condition that the trace space of the approximation space at the slave side
and the Lagrange multiplier space have the same dimension. However, the
presentation of this new theoretical framework would be beyond the scope of
this report.

3.1 Construction Principle

In [33], we construct basis functions which are biorthogonal to conforming
nodal one-dimensional finite element basis functions of order p. In contrast
to earlier approaches, [41], we require that these basis functions have the
same support as the conforming nodal basis functions. If the set of nodes
Sp = {−1 = x1 < x2 < · · · < xp+1 = 1} on the reference interval I = [−1, 1]
with associated nodal basis Φp = {φs

1, . . . , φ
s
p+1} is given, the dual basis Λp =

{µ1, . . . , µp+1} with spanΛp = spanΦp is already uniquely determined by the
requirement

(φs
p, µq)I = δpq(φ

s
p, 1)Γ . (13)

In order to obtain optimal a priori results of order hp, a sufficient condition is
that the global biorthogonal basis functions span a finite element space M p

h

which includes the conforming finite element space W s, p−1
h of order p−1, [26].

Unfortunately, equidistant nodes on each edge fail for p ≥ 3. In [33], we prove
that taking Gauß–Lobatto nodes on each edge guarantees optimal a priori
estimates.

Theorem 1. V p−1
h ⊂ Mp

h if and only if the finite element basis Φp is based

on Gauß–Lobatto points Sp.

The basis for the global interface is given by gluing together the contributions
from each edge, using standard rules to transform the integrals to the reference
interval I . We note that special care has to be taken of the cross-points of
more than to subdomains, where some simple modifications are necessary.
In Fig. 2, the resulting basis functions, are plotted for p = 3 and p = 4.
As for the lower order case p = 1, 2 and equidistant nodes, the nodal basis
functions are globally continuous, while the dual ones exhibit discontinuities at
the endpoints of their support. Working with a tensor product finite element
space, we can apply this one-dimensional construction in a straightforward
way to two-dimensional interfaces. However, this approach is restricted to
interface grids consisting purely of parallelograms. For tetrahedral and more
general hexahedral meshes, one has to apply different techniques, [29].
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Fig. 2. Higher order nodal and dual basis functions based on Gauß–Lobatto nodes:
(a)-(b) cubic, (c)-(e) quartic

3.2 Numerical Results

We compare the results for the cubic mortar finite elements with dual La-
grange multiplier spaces based on equidistant nodes and on Gauß–Lobatto
nodes. In this example, we decompose the domain Ω = (−1, 1) × (0, 1)
into two squares Ωs = (−1, 0) × (0, 1) and Ωm = (0, 1) × (1, 0) with the
interface Γ = {0} × (0, 1). The initial non-matching triangulation consists
of 4 × 4 square elements on Ωs, and of 2 × 2 squares divided into 8 sim-
plicial elements on Ωm. The problem for this example is given by (1), to-
gether with the boundary conditions ∂u/∂n|ΓN = gN and u|ΓD = gD, where
ΓN = {(x, 0) ∈ R

2 : −1 < x < 1} ∪ {(x, 1) ∈ R
2 : −1 < x < 1}, and

ΓD = ∂Ω\ΓN. The functions f , gN, and gD are calculated from the exact
solution u = ex(x2 − 1)(y2 − y). In order to compare the two mortar situa-
tions, we visualize the error decay in the L2- and in the H1-norm in Fig. 3.
It becomes evident that the solution in both norms for the cubic case with
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Fig. 3. Decay of the error measured in the (a) L2- and in the (b) H1-norm
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equidistant nodes exhibits suboptimal convergence rates, whereas the cubic
case with Gauß–Lobatto nodes yields an optimal behavior. The convergence
rate in the L2- and H1-norms is of order 3 and 4, respectively. In contrast to
optimal convergence rates attained by the cubic mortar finite elements with
Gauß–Lobatto nodes, we only observe the convergence rate of order 2.5 and
1.5 for the use of equidistant nodes. Thus, especially for higher order, it is of
crucial importance to employ appropriate discrete Lagrange multipliers.

4 General Quadrilaterals

In this section, we consider three-dimensional problem settings and introduce
dual Lagrange multipliers for arbitrary planar quadrilateral interface grids T s

and T m. We investigate the scalar case and remark that the extension to the
vectorial case is straightforward. For the moment, we focus on one planar
interface Γ , and ignore any potential necessity for modifications on ∂Γ . In
case of parallelograms or triangles, the following considerations reduce to the
already known standard case. The discrete Lagrange multiplier space Mh is
simply defined as the span of all nodal basis functions µg

p, where p is a vertex
of the slave side grid. As usual, each basis function µg

p is defined element-wise
as

µg
p =

∑

T∈T p

µp,T (14)

with local supports T p = {T ∈ T s : p is a vertex of T} for µg
p and T for µp,T .

Here and in the sequel, we will abuse the notation and indicate by p either a
global vertex of the triangulation or a local node number within an element
T , depending on the context. Moreover, we will usually write µp instead of
µp,T when there is no ambiguity involved. It is sufficient for the dual approach
that the local multiplier functions µp satisfy a biorthogonality relation with
the element basis functions φs

q of the trace space W s
h, namely,

(φs
p, µq)T = δpq(φ

s
p, 1)T , (15)

which instantly implies (12). As usual, the integration of the left side of (15)

is performed via a transformation to the reference element T̂ . For a simplex
T , the corresponding reference element T̂ is the triangle with vertices (0, 0),

(1, 0), (0, 1), while for quadrilaterals, T̂ is set to be the unit square (0, 1)2. We
remark that, within the considered setting, it is not sufficient to simply choose
the Lagrange multiplier µp as µ̂p ◦F

−1
T with FT : T̂ → T the element mapping

and µ̂p respecting a biorthogonality relation with the shape functions φ̂s
q on the

reference element T̂ . This is due to the fact that, for quadrilaterals, FT is not
necessarily an affine, i.e. P1-mapping, but an isoparametricQ1-mapping. This
yields a surface element dT = | detF ′

T |dT̂ with a linear contribution detF ′
T ,

where F ′
T indicates the Jacobian of FT . We note that the expression detF ′

T
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abuses the notation since FT maps from T̂ ⊂ R
2 to R

3, and the Jacobian
F ′

T is not a square matrix, see [19]. Transforming the required integral to the
reference element, we obtain

(φs
p, µq)T = (φ̂s

p, µ̂q| detF ′
T |) bT , (16)

from which we obviously cannot expect that (15) is satisfied. In what follows,
we will provide one way of defining Mh yielding (15). Our approach relies on
the solution of local subproblems on each element. Alternatively, one can use
a special transformation to eliminate | detF ′

T | from (16), as was carried out in
[19]. Concerning the theoretical and numerical results, there is no mentionable
difference between both approaches.

4.1 Local Subproblems

We indicate by DT and MT ∈ R
ns×ns the diagonal matrix and the element

mass matrix, respectively, with entries given by

dpp = (φs
p, 1)T , mpq = (φs

p, φ
s
q)T . (17)

With AT = DTM
−1
T , we define

µp,T =
∑

q

apqφ
s
q , (18)

and obtain the biorthogonality (15) by

(φs
p, µq,T )T =

∑

k

aqkmkp = (ATMT )qp = dpq = δpq(φ
s
p, χT )T .

Above and in the sequel, we always assume that the summation index runs
from 1 to ns, the number of element vertices, unless another index set is given.
We especially focus on quadrilateral surface grids, i.e., ns = 4. For simplicial
grids, the following considerations are also valid and reduce to already well
known results. In [19], we prove the following lemma.

Lemma 1. Let Mh be constructed from (14) and (18). Then P0 ⊂Mh.

By using the L2-stability of the mortar-projection, it can be easily shown that
Mh satisfies an approximation property, [26].

We note that the entries of the global coupling matrix M can be easily
assembled by the local contributions of (Msm)pq =

∫
T sm φ

s
pφ

m
q dT sm, where

T sm denotes the intersection of a slave and a master element. Formally, this
gives

M =
∑

T sm=T s∩Tm

RT sDT sM−1
T s MsmR

T
Tm ,

where RT k denotes the matrix which maps the local node numbers of the
element T k to the global ones with respect to T k, k = m, s.
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4.2 Numerical Results

The theoretical results of Subsection 4.1 yield an optimal a priori estimate for
the error in the broken H1-norm. Here, we are interested in the quantitative
numbers. In addition to the approach considered above, we employ two other
methods for comparison: one using standard basis functions µp = φs

p not sat-

isfying (15), and a “naive” one, where µp is chosen as µ̂p◦F
−1
T for the coupling

with the master side, but it is set to be (|T |/|detF ′
T |)µ̂p ◦F

−1
T for the coupling

with the slave side. We note that the latter approach satisfies (15), and coin-
cides with the original dual method for simplices and parallelepipeds. We also
point out that by a suitable redefinition of the coupling bilinear form b(·, ·),
the approach could be reformulated with respect to only one discrete Lagrange
multiplier space Mh. The choice is motivated by the fact that nothing has to
be modified for the coupling on the master side, and only a minimal modifica-
tion is necessary for the coupling on the slave side. However, constants are not
preserved due to the choice of |T | as weights. Therefore, the approximation
property is lost, and optimal convergence cannot be guaranteed anymore.

We consider a simple test example with two cubes Ωm and Ωs of length
and width 1 and height 0.2, sharing as interface the unit square of edge length
1 at z = 0. We solve (1) with right hand side f derived from the exact solution

u(x, y, z) = yze−x2

. On the planes z = ±0.2, Dirichlet boundary data is con-
sidered, while on the remaining part of the boundary, we employ Neumann
data. The Lagrange multiplier space Mh is associated with the grid on the
lower cube. For the surface meshes T s on the slave side, we compare three
different sequences as in [1]: square, asymptotically parallelogram, and trape-
zoidal, see Fig. 4 (a), (b), and (c), respectively. For the first two sequences, the

(a) (b) (c)

Fig. 4. Surface grids T s: (a) square, (b) asymptotically parallelogram, (c) trape-
zoidal

initial triangulation is indicated by thick lines, and the subsequent grids are
simply obtained by uniform refinements. For the trapezoidal grids, the same
initial triangulation as for the asymptotically parallelogram grid is used, but
instead of employing a standard uniform refinement procedure, the surface is
partitioned into congruent trapezoids at each step, all similar to the trape-
zoid with vertices (0, 0), (0.5, 0), (0.5, 0.2), and (0, 0.8). The thin lines in the
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pictures of Fig. 4 indicate the slave side grids after two refinements. On the
master side, the meshes T m consist of squares twice the size of the elements
on the slave side.

In Fig. 5, the error decays measured in the H1-norm are plotted for dif-
ferent grid sequences and different Lagrange multipliers. In particular, we

 0.001

 0.01

 10  100  1000  10000  100000

degrees of freedom

Asymptotically parallelogram

naive
subproblems

square

 0.001

 0.01

 10  100  1000  10000  100000

degrees of freedom

Trapezoidal

naive
subproblems

standard

(a) (b)

Fig. 5. Error decays, measured in the H1-norm: (a) asymptotically parallelogram,
(b) trapezoidal

compare two approaches: the naive dual one and the one introduced in Sect.
4.1. For the results of the asymptotically parallelogram grid sequence illus-
trated in Fig. 5(a), we choose the results from the uniform square grids as
reference. All approaches give qualitatively the same and quantitatively al-
most the same results. We remark that the same quality is obtained by the
use of the standard basis functions. This observation changes drastically when
employing the sequence of trapezoidal grids, as illustrated in Fig. 5(b). The
naive approach fails completely, the error remains almost static after a few
refinement steps. Our method behaves as predicted by the theory. Moreover,
the error visually coincides with the approach using standard basis functions
which is taken as a reference here.

5 Curvilinear Interfaces

Our numerical results above illustrate how sensitive the quality of the mortar
approximation depends on the choice of the Lagrange multiplier space. In this
section, we consider variational crimes resulting from curvilinear interfaces.
We focus on the 3D case and remark that the following considerations equally
apply to the 2D case. In three dimensions, we consider an interface to be
curvilinear when its triangulation by means of quadrilaterals yields a surface
element whose four vertices are not contained in a two-dimensional linear
hyper-plane. The proofs of the results in this section can be found in [15, 16,
19]. We focus on the case of vector fields. In general, the surface grids T m and
T s cannot resolve a curvilinear interface Γ . Geometrically, they form piecewise
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P1 or Q1 interpolations Γm
h and Γ s

h of the exact interface Γ . The meshes from
both sides can partially overlap or even exhibit gaps. Therefore, in order to
pose a discrete problem formulation, the coupling bilinear form b(·, ·) given by
(8) has to be suitably approximated by a form bh(·, ·) : Xh×Mh → R. For the
coupling of the Lagrange multipliers with the slave side, no modifications are
necessary, since the corresponding functions are all associated with the same
triangulation T s. However, the coupling with the master side is much more
involved. As in [16], we define a suitable linear and stable projection operator
Ps onto the slave side,

Ps : (L2(Γm
h ))3 → (L2(Γ s

h))3 , vm 7→ Psvm , (19)

a mesh dependent jump [·]h by

[v]h = vs − Psvm ,

and the approximate coupling bilinear form bh(·, ·) as

bh(v,µ) = ( [v]h, µ )L2(Γ s
h) , (v,µ) ∈ Xh ×Mh . (20)

In [15], we show that the analogous approach for the scalar case yields optimal
a priori estimates. These estimates can be transfered to the vectorial case by
standard arguments. However, for the vectorial case, if dual Lagrange multi-
pliers are chosen with respect to the coarse grid, one can observe a preasymp-
totic misbehavior in form of unintentional oscillations, even for a very simple
linear elasticity model problem, see [16]. There, we present a remedy for the
two-dimensional case which preserves the advantages of the dual approach.
In [19], we present two alternatives for dimension d ∈ {2, 3}. Both have in
common that only the coupling of the Lagrange multipliers to the master side
is changed, namely, (Psvm, µ)L2(Γ s

h). To this end, the coupling bilinear form

bh(·, ·) is replaced by a modification bmod
h (·, ·). In the first alternative to be

given, we replace the L2-scalar product (·, ·)L2(Γ s
h) by a discrete one, whereas

in the second alternative the Lagrange multiplier µ ∈Mh as seen by the mas-
ter side is replaced by µ +∆µ. Both approaches reduce to the original one in
the case of a planar interface. In this report, we will only address the second
alternative.

Before we introduce the modification, we focus on an important require-
ment. With each node p on the smooth interface Γ , an orthonormal basis
Bp ∈ R

3×3 is associated, given by

Bp = (b(1)
p ,b(2)

p ,b(3)
p ) (21)

with b
(1)
p = np being the unit normal vector on Γ in p, and the remaining

columns being corresponding unit tangent vectors. Our modification will be
given in terms of the difference of two bases Bp, Bq , where p and q refer to
slave nodes which are both vertices of one slave side element. For an optimal
a priori estimate, it is mandatory to require that
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‖Bp −Bq‖∞ = O(h) , (22)

provided that ‖p− q‖∞ = O(h) where p and q are the coordinate vectors of
the nodes p and q, respectively. We refer to [19] where we present an approach
in terms of Householder transformations yielding (22).

5.1 Momentum Preserving Modification

We focus on a slave element T s of the surface grid T s with ns denoting the
numbers of its vertices. Requiring that the modified Lagrange multipliers still
preserve a lowest order momentum, the modification∆µ will be given in terms
of

∆φpq = φs
pd

−1
pp − φs

qd
−1
qq , (23)

where dpp and dqq are given by (17). It is obvious that
∫

T s ∆φpq dT s = 0,
thus, a lowest order momentum will be preserved. On T s, any given discrete
Lagrange multiplier µ ∈ Mh can be written as µ|T s =

∑ns

p=1 αpµp with

coefficients αp ∈ R
3, p = 1, . . . ns. Its modification ∆µ is defined by

∆µ|T s =
1

2

∑

p,q

γpq∆φpq

(
3∑

i=1

(αp·b
(i)
p + αq ·b

(i)
q )∆b(i)

pq

)
, (24)

yielding the modified multiplier µmod = µ + ∆µ. In the formula above, the
coefficients γpq are the elements of a modification matrix G ∈ R

ns×ns which

has yet to be defined, and ∆b
(i)
pq = b

(i)
p − b

(i)
q , i = 1, . . . , 3.

In order to motivate our choice for the modification ∆µ, we introduce the
matrix Ns ∈ R

3×ns by
Ns = (ns

1, . . . ,n
s
ns

) ,

where ns
p indicates the unit normal vector on Γ in the slave node p, p =

1, . . . , ns. Moreover, the symbolic vectors Φs and Λs of length ns are given by

Φs = (φs
1, . . . , φ

s
ns

)T , Λs = (µ1, . . . , µns)
T ,

where, as before, φs
p and µp denote scalar nodal basis functions of the corre-

sponding spaces, p = 1, . . . , ns. We require that the modification guarantees a
discrete preservation of quantities which are constant in normal and tangen-
tial direction when transferring between the trace space W s

h and the Lagrange
multiplier space Mh. This idea is motivated by the observation that

∑
p npφ

s
p

yields a quite good approximation of the normal field on Γ whereas
∑

p npµ
s
p

gives a bad result, see [16]. Because of the duality between µp and φs
q this

does not affect the surface traction on the slave side but on the master side.
In particular, focusing on the normal direction, this requirement can be ex-
pressed element-wise by demanding that NsΛs = NsΦs. However, when usual
dual basis functions are used for Mh, this cannot be achieved. But for our
modification (24) with suitably defined coefficients γpq , we can show that

(NsΛs)
mod = NsΦs . (25)
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Lemma 2. Let the scalar dual basis functions be defined as in Sect. 4.1,

namely, Λs = DT sM−1
T s Φs. Then, the choice

G =
1

2
DT sM−1

T s DT s (26)

yields (25).

For the analysis, we work on

V mod
h =

{
v ∈ Xh :

(
µi

p,vs − (µi
p +∆µi

p)vm

)
L2(Γ s

h)
= 0 ,

p ∈ Vs, i = 1, . . . , 3
}
.

In the definition above, µi
p = µpei denotes the vectorial basis function of the

Lagrange multiplier space Mh in direction xi associated with the slave node
p, ∆µi

p stands for its modification according to (24), and V s denotes the set
of all element vertices of T s.

Lemma 3. Let the modification be given by (24) and (26). Then, for an ar-

bitrary v = (vm,vs) ∈ Vh, there exists ∆v ∈ Xh such that

vmod = v +∆v ∈ V mod
h , (27a)

‖∆v‖Xh
≤ Cht+1/2|vm|t,Γm

h
; , t ∈ [0, 1] , (27b)

‖∆v‖0,Γ s

h
≤ Ch3/2|vm|1/2,Γm

h
, (27c)

‖v‖Xh
∼ ‖vmod‖Xh

; , h small enough . (27d)

The analogous statement holds for arbitrary vmod ∈ V mod
h .

By using Lemma 3, an optimal a priori estimate can be easily obtained by
using the fact that the unmodified approach is already optimal. Moreover, it
can be seen that the modification only enters in terms of O(h3/2).

5.2 Numerical Results

In order to present the effect of our modifications, we investigate a 3D example
which is analogous to the 2D example given in [16]. The global domain is a
spherical shell with inner radius ri = 0.9 and outer radius ro = 1.1, its material
data given by E = 1.0 and ν = 0.3, as depicted in the left picture of Fig. 6(a).
The outer boundary {x ∈ R

3 : |x| = 1.1} is fixed by homogeneous Dirichlet
boundary conditions, whereas on the inner boundary {x ∈ R

3 : |x| = 0.9},
a uniform radial pressure of magnitude -1 is applied. The symmetry of the
domain and the problem data yields the exact solution u(r) = a/r2 + br,
depending only on r(x) = |x|, with b = 1/(3λ + 2µ + 4µr3o/r

3
i ) and a =

−br3o. In order to keep a full 3D setting, we exploit the radial symmetry only
partially for the numerical simulation, namely, by considering only the octant
O1 = {x ∈ R

3 : xi > 0, i = 1, 2, 3}. The interface Γ is set to be the unit sphere
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F~n

(a) (b) (c) (d)

Fig. 6. (a) problem setting. Ratio hs/hm = 8/1, distorted domains: (b) unmodified
dual, (c) modified dual, (d) standard Lagrange multipliers

intersected by O1, yielding the subdomains Ωm = {x ∈ O1 : |x| ∈ (ri, 1)} and
Ωs = {x ∈ O1 : |x| ∈ (1, ro)}. The conditions on the symmetry boundaries
Σi = (Ωm ∪Ωs) ∩ {x ∈ R

3 : xi = 0}, i = 1, . . . , 3, are given by u·ni = 0 and
σt = 0, where ni = −ei is the corresponding normal vector and σt indicates
the tangential part of the surface traction σ(u)ni. A detailed account on the
handling of the Lagrange multiplier nodes on Σi ∩ Γ is given in [18].

Undesired oscillations occur only when the surface grid T s is considerably
coarser than the grid T m. To this end, we take a ratio of hs/hm = 8/1, and
the corresponding surface grids consist of 12 and 768 elements for T s and
T m, respectively. In radial direction, we take four elements for each subdo-
main, giving a total of 3120 volume elements. In Fig. 6, the deformed domain
is visualized for three different approaches: (b) the unmodified dual one, (c)
the modified one as introduced above, and, as a reference, (d) the one tak-
ing standard basis functions. The solution of the unmodified dual method
is subject to oscillations. The modification gives a good result, the surface
tractions and the displacements, which are both constant in normal direction,
are interchanged between the grids in the expected correct way. Moreover, we
see a reasonable agreement with the method using standard Lagrange mul-
tipliers. In Fig. 7, the decay of the energy error under uniform refinement is
visualized, this time for a ratio of hs/hm = 4/1. Comparing the unmodified
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approach with the modified and with the standard one, the decays confirm
the impressions obtained by the deformed domains. The error for the modified
dual approach almost coincides with the error for the standard approach. As
pointed out above, we see that the modification enters with O(h3/2).

In our next example, we employ the mortar approach to couple a nearly
incompressible with a compressible material. In particular, we consider the
compression of a soft and nearly incompressible cylinder Ωs, Es = 1000,
νs = 0.499, which is partly enclosed in a hard and compressible cylinder ring
Ωm, Em = 6000, νm = 0.35, as illustrated in Fig. 8(a). On both subdomains,
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Fig. 8. Compression of a cylinder: (a) setting and grid, (b) locking, (c) locking-free

we solve a weak form of the nonlinear equations (5)–(6). Figure 8(b) shows the
deformed domains if a standard displacement Q1-formulation is used. Clearly,
the soft material exhibits an unphysical volume locking. Alternatively, we use
a modified displacement Q1-formulation based on a Hu–Washizu formulation,
[6], for the cylinder Ωs. For Ωm, we keep the standard formulation. The de-
formed domain obtained by this approach is visualized in Fig. 8(c). Now, the
soft material deforms as expected. The mortar approach is suitable to couple
different model equations in a robust and stable manner, [28].

6 Implementation

In what follows, we give a more detailed account of the assembly of the cou-
pling matrices defined in (11). Omitting the subscripts p and q in (11), we
have to evaluate the integral

(φm, µ)Γ (28)

for all basis functions µ and φm defined on the (d−1)-dimensional grids T s

and T m inherited from the grids on Ωs and Ωm, respectively. As usual, the
assembly can be performed element-wise. One possible realization is given by
Algorithm 1. We remark that the naive implementation of this algorithm for
2D-problems is of order O(n), but for 3D-problems, it is of order O(n4/3) with
n denoting the total number of unknowns. However, it is possible to obtain a
better complexity in both cases by incorporating neighbor-ship relations of the
surface elements and/or inheritance relations from an underlying geometrical
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Algorithm 1 Assembly of the coupling matrix

for all slave elements en

i , i = 1, . . . , nn do
for all master elements em

j , j = 1, . . . , nm do
determine intersection area T ms = en

i ∩ em

j

if eij 6= ∅ then
for all basis functions φm, µ with support ∩ eij 6= ∅ do

add (φm, µ)Tms to M
end for

end if
end for

end for

multigrid hierarchy, as well as by employing quadtree/octree data structures
for organizing the mesh data.

The crucial point in Algorithm 1 is the determination of the intersection
area of two elements from the different grids. In the remainder of this section,
we will address this issue for different situations.

6.1 Straight Interfaces

In order to determine whether two surface elements T s and Tm intersect,
we loop over all vertices pm

k , k = 1, . . . , nm, of Tm, where nm denotes the
corresponding number of vertices. The two elements intersect, if we find at
least one vertex pm

k which lies inside T s. An easy way to justify this is to use
the transformation of global to local coordinates, which is usually available
in any finite element code. If all local coordinates of pm

k with respect to the
element T s are within the correct ranges, the elements T s and Tm intersect.
Otherwise, it may still be possible that the element T s is completely covered
by the element Tm. Therefore, one has to repeat the procedure interchanging
the roles of T s and Tm. If still no appropriate vertex is found, the two elements
do not intersect.

For 2D meshes and for 3D structured hexahedral grids, the determination
of the intersection is quite easy, [11]. For 3D unstructured meshes, the situation
is a little more involved. By performing a decomposition into triangles, the
following considerations can be applied to quadrilateral meshes. The polygonal
intersection Tms of two arbitrary triangles T s and Tm can be anything between
a triangle and a 2D-hexahedral, see Fig. 9. However, the vertices of Tms can
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Fig. 9. 3D unstructured: Intersecting elements T s and Tm
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be determined straightforward by including

• all vertices of T s lying inside Tm (marked with a cross in Fig. 9),
• all vertices of Tm lying inside T s (filled box),
• all intersection points of edges of T s with edges of Tm (filled circle).

For the evaluation of (28), the polygon Tms can be subdivided into triangles
by connecting its barycenter with the vertices and applying an appropriate
quadrature formula on each subtriangle.

6.2 Curvilinear Interfaces

For curvilinear interior boundaries, the interface grids T s and T m are both not
in any straight hyper-surface. In the case of nonconforming grids, this results
in the fact that possibly intersecting elements T s and Tm are not coplanar,
see Fig. 10. One possible way of dealing with this situation in the case of
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Fig. 10. 3D curvilinear: Intersecting elements and projection onto one plane

affine-equivalent triangulations is to project the element Tm onto the plane
of the element T s [42]. Then, the same techniques as described above can be
applied in order to determine the intersection Tms. For the evaluation of the
basis function φm, the quadrature points in T s have to be projected back onto
T s. For more general element transformations as resulting from unstructured
hexahedral meshes, it is possible to perform the intersection by projecting
both elements onto an intermediate plane obtained by, e.g., a least squares
approximation, or simply being the plane defined by the normal vector located
at the barycenter of T s.

7 Applications

7.1 (Aero-)Acoustics

In computational aero-acoustics, a very common approach to obtain a solu-
tion for the acoustic field is Lighthill’s analogy. This amounts to calculating
an inhomogeneous source term for the wave equation by the fluid flow data
within the fluid region. To obtain reliable results, the discretization of the
wave equation within this domain has to be very fine. However, outside the
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flow region, the homogeneous wave equation is solved, and one could have a
relatively coarse mesh, [11].

For the description of the acoustic wave propagation, we use the wave
equation for the velocity potential ψ, i.e., va = − gradψ with va denoting
the acoustic velocity field. Thus, in each subdomain we have to find ψi :
Ωi × (0, T ) → R such that

1

c2
ψ̈i −∆ψi = fi, in Ωi × (0, T ), i = m, s , (29)

where c indicates the speed of sound. The above equations are completed by
appropriate initial conditions at time t = 0 and boundary conditions on the
global boundary ∂Ω. We emphasize that all of the following considerations
apply equally to the formulation of the linear acoustic equations in terms of
the acoustic pressure. For the coupling procedure, we proceed exactly as in the
stationary case of Poisson’s equation (1), i.e. introduce the Lagrange multiplier
λ = −∂ψ/∂n representing the flux across the interface, and realizing the
continuity condition in the primal variable weakly. This gives the symmetric
evolutionary saddle point problem of finding ψ = (ψm, ψs) ∈ L2(0, T ; X) and
λ ∈ L2(0, T ; M) such that for all times t ∈ (0, T )

(ψ̈(t),
1

c2
w) + a(ψ(t), w) + b(w, λ(t)) = (f(t), w), w ∈ X , (30a)

b(ψ(t), µ) = 0, µ ∈M . (30b)

A suitable general functional framework for (30) is presented in [2], consisting
of a combination of the theory of evolutionary variational equations, [8], and
the theory of stationary saddle point problems, [5].

The spatial discretization of (30) yields a system of differential equations
of the form

Mÿ + Sy = f , (31)

where M contains the mass matrices associated with the discretizations of Ωm

and Ωs, and S has the usual saddle point structure as given by (10). Starting
with (31), one can employ a suitable ODE integration scheme, as for example
Newmark’s method, [25].

As numerical example, we investigate the approximation of a single acous-
tic spherical pulse of frequency 1000Hz and magnitude 1. The computational
domain in the (r, z)-plane is shown in Fig. 11(a). The pulse is imposed in
form of an essential boundary condition on ΓD ⊂ ∂Ωs. We use 2·40·40 = 3200
elements on Ωs, as depicted in Fig. 11(b). In order to compare the conforming
method with the nonconforming one, we take 6400 elements on Ωm in both
cases, choosing nx = 80, ny = 40 for the conforming and nx = 160, ny = 20
for the nonconforming case. In Fig. 12, the isolines for the velocity potential
at time t = 1.6 ms are visualized. Whereas the conforming method exhibits
numerical noise before and behind the pulse, the nonconforming approach is
much closer to the expected solution. Inside the pulse, the radial symmetry
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Fig. 12. Isolines of the acoustic velocity potential at time t = 1.6 ms: (a) matching,
(b) non-matching grids

of the isolines from the conforming method is observably disturbed. The poor
quality of the conforming method can be easily explained by the fact, that,
in order to obtain matching interface grids, the mesh on Ωm is simply too
coarse in direction of large gradients of the pulse to correctly resolve the so-
lution. In order to examine the transient behavior more closely, we visualize
the evolution of the acoustic potential at the point (0, 0.1 m)T in Fig. 13. In
addition to the comparison of both approaches, we employ a reference so-
lution, obtained with a uniformly fine grid of 54500 elements. As expected
from the observations above, the conforming approach exhibits quite strong
oscillations, while the behavior of the nonconforming method is considerably
smoother and visually coinciding with the reference solution. We remark that
even the reference solution is subject to small unphysical oscillations directly
after the pulse, as can be observed in Fig. 13(c).

7.2 Elasto-Acoustics

In many technical applications a sensor or/and actuator is immersed in an
acoustic fluid. In most cases, the discretization within the structure has to
be much finer than the one we need for the acoustic wave propagation in the
fluid. Thus, this setting is ideally suited for the use of non-matching grids.
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Fig. 13. Evolution of the acoustic potential at the point (0, 0.1)T

Concerning the structural part, we investigate the deformation of an elastic
body Ωe with density ρe under a given time dependent volume force f . The
strong formulation for elasto-dynamic problems then reads as follows: find
u : Ωe × (0, T ) → R

d such that

ρeü − div σ(u) = f in Ωe × (0, T ) , (32)

with (3), (4), and appropriate boundary and initial conditions. The corre-
sponding variational formulation is given by: find u ∈ L2(0, T ; Xe) such that
for all times t ∈ (0, T )

(ρeü(t), v)e + ae(u(t), v) = (f(t), v)e , v ∈ Xe . (33)

At a solid/fluid interface, the continuity requires that the normal compo-
nent of the mechanical surface velocity of the solid must coincide with the
normal component of the acoustic velocity of the fluid. Thus, the following
relation between the velocity ve of the solid expressed by the mechanical dis-
placement u and the acoustic particle velocity va expressed by the acoustic
scalar potential ψ arises

0 = n·(ve − va) = n·u̇ +
∂ψ

∂n
. (34)
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In addition, one has to consider the fact that the ambient fluid causes a surface
force −ρanψ̇, where ρa denotes the density of the fluid. This surface force acts
like a pressure load on the solid, thus, a second coupling condition is given by

[σ]·n + ρanψ̇ = 0 . (35)

Let us consider a setup of a coupled mechanical-acoustic problem, where
the global domain consists of the structure Ωe and the acoustic fluid Ωa.
Within Ωe, the equation for the mechanical field (32), within Ωa, the equa-
tion for the acoustic field (see (29)), and along the interface Γ the coupling
conditions according to (34) and (35) have to be satisfied. Transforming to
the weak form, we obtain: find (u, ψ) ∈ L2(0, T ; Xe ×Xa) such that

(ρeü, v)e + ae(u, v) + (ρaψ̇,v · n)Γ = (f , v)e , v ∈ Xe , (36)

(ρaψ̈,
1

c2
w)a + aa(ρaψ, w) − (ρaw, u̇ · n)Γ = (f, w)a , w ∈ Xa . (37)

In contrast to the problem settings considered before, no additional Lagrange
multiplier has to be introduced.

For the following numerical example, the structure Ωe consists of 25 cylin-
drical silicon plates with diameter 50 µm and height 1 µm each. They are
placed as a (5 × 5)-array, each plate having a distance of 50 µm to its near-
est neighbors. An excitation force with frequency 1 MHz is applied on their
lower end. For the acoustic domain Ωa which is assumed to be air, a cuboid
of length and width 1200 µm and height 400 µm is chosen. Due to symmetry
reasons, we use as computational domain one quarter of the original one. In
Fig. 14(a), a part of the finite element grids is shown. If one had to employ

(b)

(a)

Fig. 14. (a) cylindrical plates attached to the fluid domain, (b) isosurfaces of the
acoustic potential, deformed plates
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matching grids, it would be quite difficult to generate them, and if the mesh-
width could not be very small over the whole domain, the resulting element
shapes would possibly result in a poor approximation of the solution. The
nonconforming approach admits to use the grid desired for each subdomain
regardless of the grids for the other subdomains. Moreover, it is very easy to
add more plates or to change their position. Only the corresponding part of
the coupling matrix would have to be (re-)calculated. Figure 14(b) shows the
solution after 100 time steps of 3.5 ns, in the upper part isosurfaces of the
velocity potential, in the lower part the deformed structure, where the defor-
mations are magnified by a factor of 1000. Since we do not have any moving
bodies involved, we note that in each time step, the system matrix which has
to be inverted is the same. Thus, it is possible to factor this system matrix
only once, and then to reuse the factorization in each step.

7.3 Contact

Our next application will be given in terms of an overlapping domain decom-
position with nested subdomains, as depicted in Fig. 15(a). Our goal is to
improve a given finite element solution uH on the global domain Ω by calcu-
lating a better solution uh on the patch ω. It can be achieved by employing
mortar techniques to project uH onto the patch boundary Γ yielding Dirichlet
boundary conditions for uh. For Γ , we exclude the regions ∂ω∩∂Ω 6= ∅, where
uh respects the boundary conditions of the global problem. In [17], within the
context of elliptic variational equalities, we prove the following a priori esti-
mate for standard conforming finite elements of order r and s on TH and Th,
respectively.

Theorem 2. Let B ⊃ ωc such that d = dist (∂B \ ∂Ω, ∂ωc \ ∂Ω) > 0. Then

for H small enough and u regular enough, there exists a constant C depending

on d such that

‖u− uH‖1,ωc + ‖u− uh‖1,ω ≤ Chs|u|s+1,ω +CHr|u|r+1,B +CHr+1|u|r+1,Ω .
(38)

PSfrag replacements

ω
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Γ

Contact with Coulomb Friction
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ω
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Fig. 15. (a) two nested domains, (b) unilateral contact problem: global domain Ω,
overlapping patch ω
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We note that the last term in (38) is the fundamental difference of our ap-
proach to the estimates obtained by standard adaptive finite element methods.
It is due to the fact that in our one-directionally coupled approach no pol-
lution effect is taken into account. We also like to refer to [20] for a similar
approach, where the last term vanishes at the expense of a bi-directional vol-
ume coupling. In our approach, due to the facts that the coupling matrix
is based on a “volume-to-surface-”coupling, and that uh has no influence on
uH , the assembly and the solution of the system of linear equations can be
performed faster.

For the following example, we apply our approach to the solution of a
unilateral frictional contact problem, as illustrated in the right picture of Fig.
15(b). A cylindrical ring Ω of outer radius 0.4, inner radius 0.3, and height
0.25 is subject to a surface traction concentrated on a small part of its inner
boundary. It is pressed against a planar obstacle which constitutes a tangent
plane prior to the contact. On Ω, we have to solve a variational inequality of
the following form: find (uH ,λH) ∈ XH ×M+

H such that

aH(uH ,vH) + bH(vH ,λH) = f(vH) , vH ∈ XH , (39a)

bnH(uH ,µH − λH) ≤ 〈d, (µH − λH)n〉Γ s
C
, µH ∈ M+

H , (39b)

btH(uH ,νH − λH) ≤ 0 , νH ∈ ΛH(uH) . (39c)

In (39), the bilinear form aH(·, ·) and the space XH are obtained from (2)–(4)
with corresponding boundary conditions, whereas the bilinear form bH(·, ·) =
bnH(·, ·)+btH(·, ·) and the spaces M+

H , ΛH are responsible for incorporating the
contact conditions. A close account and discussion of these contact conditions
is given in the report of the project B8 within this collection. There, we also
show how the advantages of the dual approach can be fully exploited for the
efficient solution of (39).

In order to improve the solution uH of (39), we solve on the patch ω
problem (39) with H replaced by h, where the elements of the solution space
Xh respect the boundary condition uh = ΠhuH with Πh denoting the mortar
projection onto Γ . In Fig. 16, we demonstrate the effect of our approach,
(a) visualizes a reference solution obtained on a quite fine global grid, (b)
shows the solution uH calculated on a coarse global grid. Comparing with
the reference solution, we observe that uH does not approximate the solution
very well. In Fig. 16(c), the improved solution uh is plotted on the patch ω. It
is obvious that uh resolves the characteristics of the reference solution much
better.

7.4 Heat Transfer

We consider the time-dependent problem of a body sliding against another
body causing heat generation on the interface due to friction, see also [35,
40, 48]. Neglecting the mechanical part, we assume that the pressure on the
contact interface is a known function. A complete thermo-mechanical model
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(a) (b) (c)

Fig. 16. (a) reference solution, (b) solution uH , (c) solution uh

can be found in [35, 48]. As before, we consider the domain Ω, decomposed
into two non-overlapping subdomains Ωm and Ωs with the common interior
interface Γ . The heat conduction equation for both bodies can be written as

ρiciu̇i − divαi gradui = fi in Ωi × (0, T ), i = m, s , (40)

where ρi is the density, ci is the specific heat, αi is the thermal conductivity,
and fi is the heat source, i = m, s. The initial temperature is prescribed as
ui(0, x) = u0

i (x), i = 1, 2. The transmission conditions on the interface are
given in terms of the heat fluxes α1 gradum · nm and α2 gradus · ns across Γ
from the first and the second body, respectively with

α1 gradum · nm = cDβvp− â[u] , and α2 gradus · ns = cD(1 − β)vp+ â[u] ,

where cD is the frictional constant, â is the heat transfer parameter, and
β = α1

α1+α2
. The functions v and p are the relative velocity and the pressure

at the real contact interface at the point x and at time t, respectively. We
assume that the heat transfer parameter â is directly proportional to the
contact pressure p on the contact interface so that â = γ̄cp, where γ̄c is the
heat transfer coefficient, see [40, 35]. We consider the boundary conditions of
Robin type on Γi×(0, T ), Γi := ∂Ωi\Γ for i = 1, 2, with αi gradui·ni = −ãiui,
where ãi is the coefficient of convective heat transfer for Ωi. We point out
that here the Neumann jump of the solution gN is given by gN = cDvp, and
the jump of the solution is coupled with the heat flux on the interface Γ .
Introducing the heat flux on Γ with λ = α2∇us(t, x) · ns being the Lagrange
multiplier, the mortar formulation is attained by writing the weak form of

λ = cD(1 − β)vp+ γ̄cp [u] . (41)

In contrast to the previous sections, the weak formulation cannot be achieved
by multiplying the equation (41) by a dual test function. Since λ ∈ (H1/2(Γ ))′,
we have to multiply the equation (41) with a more regular test function
φ ∈ H1/2(Γ ) to get the weak form. This leads to a Petrov–Galerkin mor-
tar formulation. Defining gD = −cD(1−β)vp, this formulation in the discrete
setting can be written as: find (uh(t), λh(t)) ∈ L2(0, T ; Xh ×Mh) so that
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(ρkcku̇h(t), vh) + a(uh(t), vh) + b1(vh, λh(t)) = f(vh) , vh ∈ Xh ,
b2(uh(t), φh) − (λh(t), φh)Γ = g(φh) , φh ∈W s

h ,
(42)

where the forms a(·, ·), f(·), g(·), and the sets Xh and Mh are defined in the
obvious way, whereas the coupling is realized by

b1(vh, λh) = (λh, [vh])Γ and b2(uh, φh) = (γ̄cp[uh], φh)Γ .

As before, W s
h denotes the trace of the finite element space from the slave side

of the interface Γ . Apart from the mass term containing u̇h in (42), we now
face a generalized saddle point problem. The conditions for the wellposedness
of such problems can be found in [7]. Similar to the situation in Sect. 7.1,
these conditions have to be incorporated into the variational framework of
evolutionary problems, [8].

As a numerical example, we consider the situation illustrated in Fig. 17(a).
A cylinder Ωm of radius 0.25 cm and height 0.8 cm made of copper, ρm =

iron

copper

(a) (b) (c)

Fig. 17. (a) problem setting and grid, (b) initial solution, (c) solution after 200
time steps

8960 kg/m3, cm = 385 J/(kgK), αm = 386 W/(m K), rotates inside a cylinder
ring Ωs of thickness 0.15 cm made of iron, ρs = 7860 kg/m3, cs = 444 J/(kgK),
αs = 80.2 W/(mK). In Fig. 17(b) and (c), the initial heat distribution and
the one after 200 time steps is visualized, respectively. We observe that the
position of the grid on Ωm with respect to the grid on Ωs changes considerably
between the two pictures. In the context of sliding meshes, the advantages
of non-matching grids become very obvious. Especially, no complicated re-
meshing process is necessary from one time step to the next. In each time
step, the original grid can be used for calculation.
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8 Conclusions

Since the start of the project C12 in May 2002, it helped to accomplish many
important contributions to the numerically efficient treatment of coupled field
problems. We like to summarize the achieved research work by listing our
research papers which can be seen in direct connection to the project.

One main focus is the extension of the concept of dual Lagrange multipli-
ers from low order and straight interfaces towards higher order and curvilinear
interfaces. Concerning the extension to higher order, we like to mention the
following research papers: [30] concentrating on quadratic dual multipliers,
[38] dealing with the influence of quadrature formulas, and [46] introducing
continuous dual multipliers, [32] dealing with Serendipity elements, [29] pro-
viding a general and rigorous mathematical framework for the 3D case, and
[33] giving a construction principle for arbitrary order in the 2D case based
on Gauß-Lobatto nodes. For the the treatment of curvilinear interfaces, we
contributed in [15] a general framework for the 2D case, in [16] a sometimes
necessary modification for 2D elasticity, and in [19] an extension to arbitrary
quadrilateral surface meshes in 3D.

Another main topic of the project is the investigation of overlapping do-
main decompositions with nested domains. In [17], a priori estimates for a one-
directionally coupled model problem are derived, and in [14] a mathematical
framework in terms of generalized saddle point problems is established. An
application within the elasticity setting for domains with holes is investigated
in [39]. A major application is the flexible treatment of eddy current problems
involving moving conductors. Contributions here concern the investigation of
the wellposedness for the stationary case in [37] and for the dynamic case in
[36], as well as the presentation of numerical examples in [12] and [13].

Additionally, the project is concerned with the development and analy-
sis of fast iterative solvers for coupled problems. Our contributions can be
grouped into the two categories of Dirichlet–Neumann algorithms and multi-
grid schemes. For the first category, we added with [27] a new approach for the
treatment of multi-body contact problems with and without Coulomb friction,
for which we proved in [10] uniform convergence rates. Concerning multigrid
methods, we present an abstract framework for mortar finite elements in [44],
as well as an additive variant in [9]. Moreover, the proof of level-independent
convergence rates for a V-cycle approach is given in [47].

Besides the applications for overlapping methods mentioned above, many
applications for non-overlapping decompositions are considered. It is worth to
mention [31] investigating applications to interface problems, [34] presenting
various applications, [18] investigating coupled problems in nonlinear elastic-
ity, and [11] dealing with applications to computational acoustics. We also like
to mention the close relation to the work undertaken within the project B8.

Although many questions could be answered due to the research work
achieved within this project, there are still many tasks to accomplish for the
proper mathematical treatment of nonconforming coupling problems. Now,
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the main challenge for the nearest future is to evolve from the successful
treatment of application-oriented, yet still academic examples, towards an
efficient and robust numerical simulation of real-life problems. The achieved
results provide a sound and most promising basis for this goal.
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