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a1(u, v) = (Cε(u), ε(v))Ω, a2(u, v) =
1

2
(C
[
(gradu) � grad u

]
, gradv)Ω,

a3(u, v) = (graduC gradu, gradv)Ω, a4(u, v) =
1

2
(graduC

[
(gradu) � grad u

]
, gradv)Ω.
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S = µ � (
5 � − C−1) +

λ �
2

(J2 − 1)C−1,
�&��:�!� (

7 � � �
J = det(F )
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 ��� ������
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��T��� � 7B� �	�&�3_ � �������$�E	E�� ��#$�!E ��� 
� 	Kf�	�!� $&� ��


Ω � $&�	�
Ω � 
���$&��� ��#$��)�!�
�
��� ���%�����G��$����

Γ
<"� �"�����  "������� #&� � ����# ����� #!+�!K $�R�	�!� $&���

Ω
<
Ω = Ω � ∪ Ω � Y'Q�����)� �����)<

7 � $&
�
� 	� � � � $ �
Γ	 = ∂Ω
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ER��
�� ��������
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�� $Q7 ��$�*a�.�����  � $�������� ��� �����(�
�3���8XE"���!K	 �)� � ��+� (9�)�&������_

�Ef���	�"����# ��� � �������)�8�!��Ef��
�� �!�+���;��� � ���0���!� $����

Ω
oL � ���� ����&$�����%��+��� $&� ���87 ��� �!� �&��:� $%( $&


− div graduk = fk,
���

Ωk, k =
�
,


,

�&��:�x�&$�(
u � = u �

���
Γ,

�&��:�x��K (
∂u � /∂n � = −∂u � /∂n �

���
Γ,

�&��:�x��� (
�����	�&�!� ��#TKZ�

nk

�����  ������ �	����� $�&�&�)� � ���7M �)+�N��� ����� ���%�!���G��$����
Γ
<A�� "� 7 $&�G�97 ��� � ����
GE �8��� � �

Ω � <
k =

�
,
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 � � $ ������� 
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u = (u � , u � )
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 � ��� ���%�!���G��$����
Γ
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�)�������)� �?�  "�	��������� 
�E $���� � �

�)�&��
��+����� ���x7���
�� ����E��G�3�" 	���
X = X � × X � <[7T�������

Xk = {v ∈ H1(Ωk) : v|Γ
 ∩∂Ωk = 0} <
k =

�
,

 F'  	��!��E�+� ����# �&��:�x�&$�(W7 � ���

v = (v � , v � ) ∈ X
$&�	� $�E	E	:� � ��# � ������� � 
S�.���G�  	�$ � 6 +�@�%(


� �KR�	��� $&� �3_ 7 � 
���� � �)��"

∑

k= � , �
(grad uk, grad vk)Ωk − 〈v � , ∂u � /∂n � 〉H−1/2;Γ − 〈v � , ∂u � /∂n � 〉H−1/2;Γ = l(v),

� ��:� �%(

7T������� 〈·, ·〉H−1/2;Γ

���	�"��� $ �!��
 �����V�� $� � � �|E����`�� 	� �����
H

1/2
00 (Γ)×H−1/2(Γ)

r6�� �+��Ef�����!$&�%� 
'�!�)E
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 �	�b7 �����	� �������`�� 	� �!���&�
��� � ���|} $&#���$&��#��2�  	��!��E�������

λ ∈M = H−1/2(Γ)
7T������� � 
X������
���� � �

K � ������������� $� 	  3C �������� "#!� ������� �%�!���&��$����
Γ
< ��$�� �8+��<% �
�� ��# �����|�8�� 	E	 ����#9�)�&�	��� ������� � ��+�b��� (�<

λ = −∂u � /∂n � = ∂u � /∂n �
m����� 
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∑

k= � , �
(graduk, grad vk)Ωk + 〈v � − v � , λ〉H−1/2;Γ = l(v).
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Ld���+�� � ��� ���%�!�G�3�" 	������������� �����0} $&#���$&��#��9�  	��!�+E	�� ���
λ
����$���+����
 � �"���)�& 	E	�� ��# � ��:�x��� (���� �����

	  3C�� � $ 
���������# 
�����
���< ����� ���)� $&���"����#��8�� 	E	 ����# �&��:�x��K ( � ������� ���!$���� � 
 �����.���G���8� ��� $
7 � $�*

�����
���O����� 
 ��
 $����"�����&�)�uKZ�t�  	��!��E�+� ����# �&��:�x��K (?KZ� $ } $&#��!$���#��(�  � �!�+E	�� ��� �!��
����  ������!�+���
µ ∈M $&�	� ���%�!��#��!$ �!���"#�� �&���

Γ
<�7T�������c� ���8���


b(u, µ) = 〈u � − u � , µ〉 = 0, µ ∈M,
� ��:�A@�(

���%�����`�� 	��� ��# � �"�2�8�� 	E	 ����#NK��+�� ��� $&���.�����
b : X×M → R

SL � ��� �&��+��-�( $&�	� �&��:�A@�(�<!7 ��$&����� �&�
$�� ����� � �3E"��� $� 
!$��	�����Ef�����%�VE��G�!K	��8� ��� � �"�T�.�����b7 � ��# 
����� 	� �! �����< � �L ��n)M �	� $$E����+� $� ��$&����$�K	��
u ∈ X $��	� $U} $&#���$&��#��$�  	 ����E	 �����

λ ∈M 
� ���� � ��$��
a(u, v) + b(v, λ) = l(v), v ∈ X, �&��:�b"�$�(
b(u, µ) = 0, µ ∈M,

�&��:�b"�K (

L
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7 � � �
a(·, ·) =

∑
k= � , � (grad ·, grad ·)Ωk
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 M �)� 
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X
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M
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���
'�m��� ���8������� M �)+��
S7 ��� �0�8�!��Ef�������%�S�  ��	� �!�+����
FK ��� ��# ��� � ���w�8��������
GER����������#	
�E $�����
F�.���

� ��� 
G� $��$&�m� $&
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λ
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GER�&�	��
 � � � ��� 
� ��G��$���� �!��$�����������

���

Γ
< ��$�� �8+��<

λ = −σ(u � )n � ,
�&��:�AL�(

� ���c�)�& 	E	�� ��#
b(·, ·) ���)� $&����
 ����� 
!$�� ��7 � ��� �&�)� � ���4M �)+��
 ���)E� $�������# ����� 
G� $��$&�0�  ��	� �!�+����
)<

$&�	� � ���cK��+�� ��� $&�9�.�����
a(·, ·) � 
 #�� �&��� $&� $�+��#!�� "
�+� � � ����� 
�� $� $&�0��$&
�� $&
 ����� 
� 	� ���������
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GER�&�	�����"#
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� 	Kf�	�!� $&���"
�
IX� �) ��� ��� $ �!���&�O��� � �"�,} $&#���$&��#����  	��!��E�������)< � ��� 
!$����	��QER��� �%�^E��G�!K	 �)� �&�&+�b"�(U��$&�jK �
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�� � �%� � $0ER�&
�� ��� �&�$����M �"� �!�$E"���!K	 �)��<�E��G� � �+���)� � ��$��
a(·, ·) ��
 �)+��+E"�!�+�|��� �����N�)����
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V = {v ∈ X : b(v, µ) = 0, µ ∈M},
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 ��� $�� $���&#�� ��� � �� ��( � ���NE��G�!K	 �)� ��� M ��������#

u ∈ V 
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a(u, v) = l(v), v ∈ V. � ��:��B%(
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Ω
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Ω � < Ω � < $��	� � �!
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∂Ω = ∂Ω � ∪ ∂Ω � ��
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Γ	
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F��� � �"�
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Γ�

<�#���������KZ�

στ (u � ) = στ (u � ) = 0, σn(u � )([u n]− g) = 0,

[u n]− g ≤ 0, σn(u � ) = σn(u � ) ≤ 0,

�&��:� �%(

7T�������
στ (uk)

$&�	�
σn(uk)

$&��� ����� ��$&�"#����%�!��$�oE $�����$&�	� ����� �	����� $�|�)�!�
ER�&�����%�c��� � �"�

� ��&��$���� ���!$�� �!�+���

σ(uk)n
< ����
GE �8����� ���8+��<

k =
��< 
D<

[u n]

'��$&����
��.��� � ����y� 	��E;��� � �"� �	���G� $�
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GE	 $����)� ���%��$����G��
�

Γ�

< $&�	�
g

�"��M ����
������� ������$&���+���)�����"� �!��$� #�$�E;K ��� 7 ����� � ��� � 7X�(KR�`��� ��
�
L � $&����� �&� $�� � �"�9E"���!K	 �)��<��:L3���pn M �	�

(u,λ) ∈ X ×M+ 
� ���� � ��$��

a(u, v) + b(v,λ) = f(v), v ∈ X,
b(u,µ− λ) ≤ 〈g, (µ− λ) n〉Γ��� � , µ ∈M+,
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b(v,µ) = 〈µn, [v n]〉Γ� � �

$&�	�
M+ = {µ ∈ M : µτ = 0, 〈µn, v〉Γ��� � ≥ 0, v ∈

W � , v ≥ 0
���

Γ� � � }
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X
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M
$���� $�E�E����@C _
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Xh = X �h ×X �h

$��	�
Mh

7 � ��� $N��� 
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h
< $&�	� �&�&+�b"�(T� ���8���
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���%�����G��$����

Γ
2����� M �"� �!� �) �)� ���%�	���3����
o��� T � $&�	� T � $�������$�� �)�Q� $&
'�!��� $&�	� 
� $ �&� �	�`����
8<

����
�E �)� �!� �&�):�!< $�+ ���8� $������ ��# �	�`����
 $&��� ���	�"��� $ �!�)� $�
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�&�& �&��(

����
�E �)� �!� �&�):�!<!7T�������
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u(x, y) = x
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X0 = {(v � , v � ) ∈ H

1(Ω � )×H1(Ω � ) : v � |Γl
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Îi� ��$ � ���U� $�E�


γi
<
γ �i,h

<
γ �i,h

 , �
Îi
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inf
vh∈cMi,h

‖w − vh‖0,Îi ≤ Cĥ
1/2, (i)|w|1/2,Îi, w ∈ H1/2(Îi).
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(v, µ)Îi = (Π̂i,hv, µ)Îi, µ ∈ M̂i,h,
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‖Π̂i,hv‖00,Îi ≤ CbΠ‖v‖00,Îi, ‖Π̂i,hv‖0,Îi ≤ CbΠ‖v‖0,Îi, v ∈ H1/2
00 (Îi),
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γ �i,h
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Γ �i,h
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Mi,h = M̂i,h ◦ (γ �i,h)−1, Mh =

NΓ∏

i=1

Mi,h.
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& i = 1, . . . , NΓ
' ��� ��� � �.0 
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C > 0
� � � � � � �� � 	����� � �

i = 1, . . . , NΓ

C−1‖v‖0,Γi
≤ ‖v ◦ γi‖0,Îi ≤ C‖v‖0,Γi

, v ∈ L2(Γi),
��� :�x�&$�(

C−1‖v‖00,Γi
≤ ‖v ◦ γi‖00,Îi ≤ C‖v‖00,Γi

, v ∈ H1/2
00 (Γi).
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g ∈ W 1,∞(Γ)
� � �� 
	��3 	 ��� �����  2 �� � � 	��

0 & 2
�

	 3 � �
�

C−1‖gv‖1/2,Γ ≤ ‖v‖1/2,Γ ≤ C‖v/g‖1/2,Γ, v ∈ H1/2(Γ),
��� :�x��� (

C−1‖gv‖00,Γ ≤ ‖v‖00,Γ ≤ C‖v/g‖00,Γ, v ∈ H1/2
00 (Γ).
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g ∈ W 1,∞(Γ)
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v ∈ H1/2(Γ)

V>{��� �����
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‖gv‖20,Γ = (gv, gv)Γ ≤ C‖g‖2L∞(Γ)‖v‖20,Γ ≤ C‖v‖20,Γ.
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|gv|21/2,Γ =

∫

Γ

∫

Γ

|g(x)v(x)− g(y)v(y)|2
|x− y|2

�
x
�
y

=

∫

Γ

∫

Γ

|(v(x)− v(y))g(x) + (g(x)− g(y))v(x)|2
|x− y|2

�
x
�
y

≤ 2

∫

Γ

∫

Γ

|g(x)|2 |v(x)− v(y)|
2

|x− y|2
�
x
�
y + 2

∫

Γ

∫

Γ

|v(x)|2 |g(x)− g(y)|
2

|x− y|2
�
x
�
y

≤ C‖g‖2L∞(Γ)|v|21/2,Γ + C‖ grad g‖2L∞(Γ)‖v‖20,Γ
≤ C‖v‖21/2,Γ,
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[v]i = v � (i) − v � (i)
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[v]i,h = v � (i),h − P � (i)v � (i),h,
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P � (i) : L2(Γ �i,h)→ L2(Γ �i,h), v 7→ P � (i)v = v ◦ γ �i,h ◦ (γ �i,h)−1.
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(γ �i,h)−1
γ �i,h
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Γ �i,h
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b(v, µ) =

NΓ∑

i=1

〈[v]i, µ〉Γi
, (v, µ) ∈ X ×M,
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bh(v, µ) =

NΓ∑

i=1

( [v]i,h, µ )Γ
�
i,h
, (v, µ) ∈ Xh ×Mh.
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a(w, v) =

NΩ∑

j=1

(gradw, grad v)Ωj ,
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ah(w, v) =
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T∈Tj

(gradw, grad v)T ,
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l(v) = (f, v)Ω.
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bh(uh, µ) = 0, µ ∈Mh.
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lh(·)
��� �����N�� ��� $&�X�  ��	����������$�

l(·) ��
 #���������KZ�

lh(v) =

NΩ∑

j=1

(fj, v)Ωj
h
,

���  �3� (

7T�������N7 � $&
�
� 	� � � � $��
fj

��
 $U} ��E�
G����� ���$�)���%������ 	�� �
��  ������!�+���c���
Ωj ∪ Ωj

h


� 	����� � $��
fj = f in Ωj ∩ Ωj

h,
���  �!�&$�(

‖fj‖W 1,∞(Ωj∪Ωj
h) ≤ Cf ,

���  �!��K (
$&�	� ��� $�� � ���N�8����
��!$&�%�

Cf
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 � �	���8E ���	�����%�2���S� ��
��cE $&��$�� � �!����
�
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�
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b(·, ·) $&�	�

bh(·, ·)
< $&
o7 �)+ $&
 �����0�  	�M	��� ���%�2��� � �"� ����� _ 
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 � 6 +�@"%(	$&�	� �.6  ���%(�<
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�E �)� �!� �&�):��m5 � � 
 $�� ���
Ef�����!$&�%�Y��$������ � $�� � ���|K��� ������$&�F�.���G�
b(·, ·) ��
Y�)���%�!� �� 	�� �
X���

X ×MK� "�B�	� ��
 �	���B� ���8�� $�� ����� _ 
� 	E^�)���	�"� �!�+���U7 � � � ����
GE �8��� ��� � �"� �	���G� 
 ‖ · ‖X
$&�	� ‖ · ‖M m����� 
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 ���� ����.�&�	� �����"��
������ �!� 
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Xh ×Mh
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� 	E �)������� �������,��$&�
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��	�b7 � t5 �e���G����� ��� � �&�����8�!� � � ��� 
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���������� ����� _ 
� 	Ec�)�&�	��� �������(�.�&� � ���$7 � $�*���� �	����� ‖ · ‖M0
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��)�^�&��K	 ���	�"����# �) �)� ���%�!
8<`7T�"����� � �"�|�� ����&�)� � �������&��$�����
 $&��� ����
G�! �&�)�
��� $&� �DC"$����r7 $@�&F5 � � �"� 
��)�)�&�	� 
����)E=<A7 � � �%�!���GE���� � �p�  ���%( $&
 $2E ������ ���K �)�?K	����	�����"#	$�E�E����%$����=<
$&�	� ��
'�!��� $���� ������E ���'�! ��GK $�������� �!����� 
X�!K ��$&� ���)�U� ���!� $N�
�3���PM �)� ������
������(��� � �"�=M ��
�� � �!��$&��#
��8��� $"

�3�



��� � � 
 � � � � � � � 
 �

��������� ��. . $/.�� � (*��� � �	��� � ��� � � �3 � �'�+��� ���3 &) ��4 �
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 #&� ����� ��� �!����� 
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ah(·, ·)
$&�	�

bh(·, ·)
<&����
GE �8����� ���8+��<

7 � ��
'��$�K	 ��
G� �������"��
������ �!�
E����!K���)� �.�����  � $�������� � �� �3� (oK $&
��)�M�&� � �"� ��C"$�����K��� ������$&���.���G� 

a(·, ·) $��	�

b(·, ·) $&
 $&� � �%�!���G� �8��� $ �!�	
'�!�8E V6|� �!��� � �"�oK $&
�����
B���WK	����	��� ��# �) �)� ���%�!
 $&��� � �%�!���A_
�� 	���8�=< � ��� ���D7 ����
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 ��
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��"�)� $&�	� $�����#!�&���� �
 $�E���������� ��������� $�� $�+� 
���
 ��

� $&�������8�c�� "� 
�=9"����'7����  9:���������G�

� ���	���(7 � � �������	� � � $�E�E����@C ��� $��!� � ��� 
�$��	�	 ��Ef��� ���0E����!K���)� �&��:�b"%(9K � ��������� 
����������c�.�&���
�&�� �3� (�< � ��� 
� 	Kf�	�!� $&� ��


Ωj < j = 1, . . . , NΩ

� $ �&� � ��K � ���)E�����
����%�!�8� �DC"$�� � +�aKZ� ����� �!����$&�3_
#� 	 $ �!���&��
�VIX� $&
�
� 	��E �!���&�=<

Ω
��
 $UEf�!+� #!���[< $&�	�����	:� � ��� �8��)� ���%��
 ��� $��T� $ ��� � 7B� �������!�+����


���t��������� � �"� ���%�!���G��$�����

Γi

<
i = 1, . . . , NΓ

<������� �� ��� $ ����� $ � � ���%� $&
 $ 3 �	��� ��
��� � �	��������� <
�"@8L < @B � V�����NK	����	��� ��#��  ��	���������(�.�&� $&� �8��8� ����� ��� $��T� $�
�$����8��#��N+� � ��#����

Γi
����
� 	 ��
T� �G�!�

� ���(E�$&�!$�� �������+� $��������
γi

���
Γi
;����� �!��� $&�"#� 	 $ �!���&�k���

Ωj  �
�����#,K������������# �)��8� ���%�!
?7 �+�YK �
�����	���!�)�kKZ� T̃j 7 ��� � �) �)� ���%��� $�E�


F̃ eT

<
T̃ ∈ T̃j

(����� �!��� $&��#& 	 $��������"
 Tj $&�	� T̃j $&��� �+�� "
&_
�!�!$ �!�)� � �a> ��#& ����U�  �"?������K	 ���	��� ��# �) �)� ���%�!
 $��������	��
���� 
� 	��� � ��$�� � �"����� � 
 $������D_ � ��_ �����

T T̃

Tj T̃j

> ��#� "���N�  ��n{� ����$&��#� 	�$��!�+����
 Tj $&�	� T̃j <{�)�&������
�Ef���	��� ��# �) �)� ���%�!

T

$��	�
T̃


�)�����"�)���������
K ��� 7 ����� ����� �)��8� ���%�!

T ∈ Tj

$&��� � �"���8��)� ���%��

T̃ ∈ T̃j

< �  ��+<%� �"� �&������������
B��� � �"�
� 7B� �!��� $&�"#� 	 $ �!���&��
X�8�����������"�&F�����NE $����!�+�� 	�$&�B�8����
'�!�� ����!�+���c��� � ���$K������������#�� �����	�`� ���
E	�� ��

� � $�� � ���N� $�E	E�� ��#�


FT
$&���

F̃ eT

��� � 7X� �)��8� ���%�!

T ∈ Tj

$&�	�
T̃ ∈ T̃j

�)�&������
�Ef���	��� ��# � � ��$����
�&� ����� 
!$�����
&��� � ���$�.�!+��b7 ���"#0��8��� $"
� � � � � � �����	� � ������
 ��� � � � � 
 	�� !�� '�� $

&
� � � � �� � 
�����

FT
�� �

F̃ eT

	#� � 2 	�� �	��������� �
T ∈ Tj &

T̃ ∈ T̃j
� 	�� � ��� � 	�� ��
����� 	��� � � 	�� � ��� � �� 
	��� �

F̃ eT = FT +RT , ‖RT‖L∞( bT ) + ‖R′
T‖L∞( bT ) + ‖R′′

T‖L∞( bT ) ≤ Ch2
T ,

���  �&�%(
2 � ����� � � � � 	�� ��� ����

C > 0
��� ����� ��� 	�� ��� 	�� � � � � �� �������� 
:9��� 
 	�� �

γi & i = 1, . . . , NΓ

'�(��� �
� � ��� � 	�� �

& 2
� � ���� � � ��

‖F̃ ′
eT
‖L∞( bT ) + h−1

eT
‖F̃ ′′

eT
‖L∞( bT ) + h2

eT
‖(F̃ ′

eT
)−1‖L∞( eT ) ≤ Ch eT .

���  ��-�(

 3 	����

& R′
T & F̃ ′

eT

�� �
R′′
T & F̃ ′′

eT

������	�� � � � ���  � 	 3 
��� �� � � � ��� ������
��� 	#�
RT & F̃ eT &

����� ��� ��� 
��� ��� '

� 	 ����� � L � � ���� "�2���
�
T��� #���������$����� �!<�7 ���8����
�������� ����� 
�� �� $�������� �+�� "
��!��$��!�8� ���Q> ��#& ����9� 0-�
6��J�&�������X�)���YM #� ���$��!�+����
����%�!�!�� ����#?�������� ����&�)� �8��#��o��$&�(K � $������ ���&�)��KZ� ���!$&�"
� $ �!���&��
)<�������$A_

�!�
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�� 


�

�

hThT

hT hT

T̃

γ

F̃ eT

ξ

η

γ̂

T̂

FT

T

> ��#� ����9� 0-	n�Zm��8� �����T� $�E	E"����#�


�!�+����
8<&$&���?���D�.����� $���������
s���
T̃

7 � ���?E�$&�!$�� ��������
 � �	���8E ���	�����%�S���"�����X�"� $�� �������
hT

r6��	�"� �!�+��� $�
�)�"#���
|� $&�QK � ��$�*���� ���%� � $��)�8�� ��%�oKZ��
� ���� ����#  	E�� ���9�)�&�������+K� "�!�+����
�� ����� � $���� �)��#���������
�  ��	� �!�+���

FT (ξ, η) = (hT ξ, hTη)
T � $�E�
 ����� ���D� �������	�����) �)� ���%�

T̂ = ((0, 0), (1, 0), (0, 1))���%� � ����� �) �)� ���%�
T = ((0, 0), (hT , 0), (0, hT ))

�������K	 ���	�"����# �8��)� ���%�
T̃

� $&
$���"���� ��'���)�
�)�"#�� #�� �&���
K �

γ ∈ C2([0, hT ])
<Z7T������� ��
 � 7 �����T�)���%�!� �� 	�� �
G+�����:P ����������� $�K��� $&
�$N�)���"
����� ����	���

���B6	
�
� 	�
E"�!�+��� �p� +� ($KZ� ���!$&��
&�.����� ���"# ����� 
� 	K�� �%�!���'��$�X���
Îi

�)�&������
�Ef���	��� ��# ���������
�� ��'���)�
�)�"#��N���%� � � ��� � �������'�&$�

[0, hT ]


L �������	�&��� � ����E� ��:_ K $���*9���
γ

���%� � � ��� ���8� �������	���T�)�&��M #� ���$��!�+����KZ�
γ̂ ∈ C2([0, 1])

<Z���RM ���8�
KZ�

γ̂(ξ) = γ(hT ξ)
m����� �) �)� ���%�2� $�E�E�����#

F̃ eT

� 
 #�� �&����K �
F̃ eT = FT +RT

<	7T�������

RT =

(
0,

1− ξ − η
1− ξ γ̂(ξ)

)T

.

L � �	���!� � � $��
RT

� 
T7 �)+:_ K �8� $ ���)� ���
(1, 0)

< 
����	�������
T
<
η
�����	��
 � ��� $&


ξ
�!������
����;�!< $&�	�

γ̂(1) = 0
?5 � �&������� � � ��
'�!�+� $���� � �"� �!����� 
 ���%�!�!����8� � �

RT , R
′
T , R

′′
T

<=7 ����� ���)+�!E
γ̂
� �%� � ���!


� $b�`+��� 
���������
 $&���� "�	�k��<�� ���)+�����"#

γ̂(ξ) = γ̂(1) + (ξ − 1)γ̂ ′(1) + r(ξ),

7 � ���
r(ξ) =

∫ ξ

1

(ξ − t)γ̂′′(t) dt.
IX���"�+P �������%�!� $ �!���"#

r
<	7 �N�!K"�!$&���

|r(ξ)| ≤ (ξ − 1)2‖γ̂′′‖∞, |r′(ξ)| ≤ (ξ − 1)‖γ̂ ′′‖∞, |r′′(ξ)| ≤ ‖γ̂′′‖∞.
���  �8@&(

hB����
���������� ��# � ���$��$�� � � � $��
γ̂(1) = 0

<	7 �N��$&� #&� ���
RT

$�


RT =

(
0, (ξ + η − 1)hTγ

′(hT ) +
1− ξ − η

1− ξ r(ξ)

)T

.

�������!���G�
hTγ

′(hT )
��

KR�� "�	���)� KZ�

Ch2
T

< 
�� �	���
γ̂(0) = γ̂(1) = 0

< $��	� �����Q� � $�� ��$�� "�
� �"�)�����)� #� �$&�!$&�%������
 � �"� ��C"� 
������	���?���

h? ∈ [0, 1]

� 	����� � $ �

γ̂′(h?) = 0
Y���  "
)<  �
�� ��# ���  �8@�(D<

�&�
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7 � 
���� ��� $�� ‖RT‖L∞( bT )

� 
�KR�� "�	���)��KZ�
Ch2

T

Y>{��� �����?\�$��)�!K"� $&�
R′
T

<�7 �9�!K"��$����

R′
T =

(
0 0

hTγ
′(hT )− η

(1−ξ)2
r(ξ) + 1−ξ−η

1−ξ
r′(ξ) hTγ

′(hT )− 1
1−ξ

r(ξ)

)
,

7T�������Q� $&�,K �9KR�� "�	���)� 
� 	��� ��� $�� ‖R′
T‖L∞( bT ) ≤ Ch2

T

T�����?�)� ���
��� ���%�!
|��� �����0/ ��
�
�� $&�
R′′
T���%�!�!���� �����$�.�!�+�x7 � ��# ������� 
)n

1

(1− ξ)2
r(ξ),

1

1− ξ r
′(ξ), r′′(ξ),

7T��������� $&�cK �N� $&�	�	 �)� $&
�K �8�.������< $&�	�
2η

(1− ξ)3
r(ξ),

η

(1− ξ)2
r′(ξ),

η

1− ξ r
′′(ξ).

i ��#%$&���"����# $&#�$&��� �����0��$���� ��� $��
η
�!������
 ������$�


ξ
�!������
 � �a�!< 
�� �	���

0 ≤ η ≤ 1 − ξ < � �"��
���!���G� 
 $��
��UEf��
�� �	�
��� ���� 	 � ��< 
�� � � $ � ���  �&�%( � 
��)�!�
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FT
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� �"�*���&�C�G� T��
%(��9"��� H�%��X����9:	��*�+%(�

L � $&��� �	�b7 $�K	�� � � 
��!$��!� � ��� $&� $�+��#Q��� � ��������
G����� �!��E����!K���)� �p�  ���%( � � �����G� 
?����K	 ���	�3_
����# �) �)� ���%�!
� � ��� �� $�� ��� �p� +L&( $&�	� ��� :�!� (�<X7 �Q�"��M ��� � �"��K������������# �8��)� ���%� 
�E�$�������� $

� 	Kf�	�!� $&���

Ωj $&�	� � ���NK	 ���	��� ��#
} $&#��!$���#��$�  	��!�+E	�� ����
�
�E�$����9����$&�����%�!���G��$����
Γi

$&


X̃j,h = {v ∈ H1(Ωj) : v| eT ◦ F̃ eT ∈ P1(T̂ ), T̃ ∈ T̃j, v|∂Ω = 0}, ���  ��"%(
M̃i,h = M̂i,h ◦ γ−1

i ,
���  �8L�(

����
GE �8����� ���8+��< $&�	� 
����
X̃h =

∏NΩ

j=1X̃j,h

$&�	�
M̃h =

∏NΓ

i=1M̃i,h
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G����� �!�+� $��������=<=7 � ���x7v��$ �&�^�8�����.���G� � ��# $�E	E��G�@C"�+� $ �!���&��


X̃h ⊂ X
$&�	�
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$&��� ����� ������������� �����9} $�#��!$&�"#��o�  	��!�+E	�� ���
λ− λ̃h

<	7 �
���%�!�G�3�� ���� � �"� � 	�� ��� � �
� ��� 
�E $����

Ṽh = {v ∈ X̃h : b(v, µ) = 0, µ ∈ M̃h}.
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���  �!�%(

��-



� ��� ����� � ��� � �	� � � � � � � � 
�� 


6	��$����#��� �
 � � � ���|�)���%�!� �� 	�� �
�
�� ���!� ��#	<�� ���	$�E	E��G�@C"�+� $ �!�T�)���"
��!��$&���"�)�^E"���!K	 �)� �p�  ���%( � 
VER��
 _
� ��� �&�$����M �"� �!��<{E���� � ���"�)� � � $��

a(·, ·) ��
��)� ���G�������N���
Ṽh
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‖u− ũh‖X ≤ C inf
vh∈eVh

‖u− vh‖X + C

{
NΓ∑

i=1

h , (i) inf
µh∈fMi,h

‖λ− µh‖20,Γi

}1/2

,
���  ���%(

� 	�� ��	����
C > 0

� � �� 
	� 
� ��� ����� ������� 	#�
h
'

� 	 ����� � ����� M ��
�����
'�!�+� $���� ���  �Z��( ��
 $ 
���$��	� $&�G� ����
� 	 �V�.���m� �:C �)� M���� ��� �8��8� �����V� �����	�`��
)<
$&
r�.�� "�	���.��� �DC"$��
E	������ � �b����<!���	��&� � �5 � $� 
��|�.�����b7 
 ���
� �)����$��!�8+��� �G�!� � ��� 
��)�8���	� � ���!$&�"#
} �8��� $?6  ��-��.�����	���	�8�����.���G� � ��#�M �"� �!���) �)� ���%�!
�FL ���	�&�!��� � $�� � ���	
��)�8���	� ��������� � $&
� �����

� ���$�8����
�� 
������	�D� �����G����V>{��� � ��� 
��)�)�&�	� �������&��KR�� "�	�=< �p�  �&�%(D<`7 � �)�
E	+�x� � ��� $�E	E����@C ��� $��������
E����!E ���'� � ��� "B%(T��� � �`E�����$�F} $&#&�!$&��#&���  	��!�+E	�� ��� 
�E�$�����
)<s7T������� � 
����!$&��
&� �������)� ��� � ������$&
������
�� ��'� �+�� ��� $&� ���%�!���G��$�����
 � � $ � �"� ���� �� ��$� ���	��� �p� :�x�&$%(�<

‖w − Πiw‖0,Γi
= inf

z∈fMi,h

‖w − z‖0,Γi
≤ Ch

1/2

� (i)|w|1/2,Γi
,

���  �-�(

7T�������
Πi

�����	�&�!��
	� �"�
L2 _ E"���Ay��8���!�+�������%� �

M̃i,h

T} ���
wh ∈ Ṽh
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ŵ = w◦F̃ eT
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 #�������� �) �)� ���%�G_�7 ��
��UKZ� I eT
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T̂
<37 �9� $ ���9KZ� � ��� ���!$���� �����)�&���)� 6 :� �0�.��� � ��� �8��#���


êi
<
i = 1, . . . , 3

<	���
T̂

n

‖ŵ − I bT ŵ‖00,bei
≤ C|ŵ|2,bT , i = 1, 2, 3.

� ��$&��
G�.�&��� ����# �	�b7 � � � ���NE	�Z� 
��+� $� �8��8� �����
T̃

$��+�x7 
  �
 � � ����� ���
∑

e∈eEj

‖v − vh‖200,e ≤ Ch2
j

(
|v|22,Ωj + |v|21,Ωj

)
,

7T�������U7 �U�������&�!�UKZ� Ẽj � ��� 
����9��� $�� �)��#���
N��� � ��� �!��� $&�"#� 	 $ �!���&� T̃j  Zm��E���b� ����# ��������$����
� � $�� ����� 
 �� $�������� � ���

H
1/2
00 (Γi)

_ �	����� ��
0Kf�� ������)�uKZ� $ �)����
'��$&�%� �!�+� ��
 � ��� 
� 	� ��� � �"�

 �� $&����
2��� �����

H
1/2
00

_ �	����� 
 ����
�������� �!�8����� ����� �)��#&��
2���
Γi

<	7 �N���8�� 	��� ���  �CL&()
�

��� � � 	 � � � ���� � � ���
u ∈ H1

0 (Ω) ∩∏NΩ

j=1H
2(Ωj)

' ��� ���

inf
vh∈eVh

‖u− vh‖X ≤ C

(
NΩ∑

j=1

h2
j

{
|u|22,Ωj + |u|21,Ωj

}
)1/2

.
���  �8B%(

� 	 ����� � ����� �!�8������� �  "��
����%�!�!����8� ��� �����TE����`��� $&���T*��	�b7 �^� ����� 
��!$&�	� $����^�
���'��$&� �8��8� �����
� � � �	�`��
)< � �b��� BL � �	�&��� ��� $�� � ��� $&
�
� 	�
E"�!�+����
2���

u
#� $&��$&�%�!��� � � $ �

u
� 
T�)���%�!� �� 	�� �
�2���"�

�)����
'�!�� 	��������� ��
U�	���"� ��� � 7X� 
����)E�
8n�M ��
��@<X7 ������M���� �������  "�	���������
wh ∈ X̃h


� �KR�	��� $&� �3_
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���KZ�

wh|Ωj = Ĩju
<S7T������� Ĩj ��
 � ���^E����8���87 � 
�������"� $&� ���%�!����Ef�! $����?���

Ωj � �������`�� 	���)� ���
} �8��� $U�  �"VIX� �p�  �!"%(D< � ��� 
��� $���
 � �

‖u− wh‖X ≤ C

(
NΩ∑

j=1

h2
j

{
|u|22,Ωj + |u|21,Ωj

}
)1/2

.

� ���	���
wh

��
 ���&� �"�)����
�
�$&���++� ���
Ṽh

<�7 �(��$ �&� � � ���%����
�����#%$���� ���!
wy� 	�
E $�������
�
 � ��� ���%�!���G��$����&
����� ���	��ER��� �%�!
���� � ������ ����&��


Γi
$&��� ���3����
)<�
�� � �"�?y� 	��E

ιi = [wh]i
$������&
�
 � �"���� ��'���

Γi
!$�����
 M���

ιi ∈ H1/2

00 (Γi)
< $��	��7 �9�!K"��$����(� ����� ���  �CL&(

‖ιi‖200,Γi
= ‖(u− wh)|Ω � (i) + (wh − u)|Ω � (i)‖200,Γi

≤ C
∑

j∈{ � (i), � (i)}

h2
j

{
|u|22,Ωj + |u|21,Ωj

}
.
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Π̂i,h
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�
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Γi
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��):�!< 7 �|����M����������|E" 	� _ K $���*

ι̂i = ιi ◦γi
$&�	� 
�� �

zi = Li(Π̂i,hι̂i)
<{7T������� � ���9��:� �!���"#��!E ���!$������ Li ��
T����M����)� � �;} �8��� $^�  ""XL �9� $@� �������	*^���

zi
$�
YK ��� ��# �DC �!���	���8�(KZ�U�����G�?�& "�!
������T���

Ω � (i) FH �G�3�����8������# ��� ������
F��$&
G�����&�
�.��� ��$���� � �%�!���&��$����
Γi

<�7 �?��$&�Q�8����
'�!�� �����$U�  "�	���������
zh =

∑NΓ

i=1 zi ∈ X̃h


� ���� � ��$��

‖zh‖2X =

NΩ∑

j=1

∥∥∥∥∥
NΓ∑

i=1

zi

∥∥∥∥∥

2

1,Ωj

≤ C

NΩ∑

j=1

NΓ∑

i=1

‖zi‖21,Ωj = C

NΓ∑

i=1

‖zi‖21,Ω � (i) ,
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‖zh‖2X ≤ C

NΓ∑

i=1

‖ιi‖200,Γi
≤ C

NΩ∑

j=1

‖u− wh‖21,Ωj .
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vh = wh − zh

��
 $�� �)��8� ���%�����
Ṽh

k>{���
µ ∈ M̃i,h

7 �
� $���� � $����

b(vh, µ) =

NΓ∑

i=1

([ιi − zi]i, µ)Γi
=

NΓ∑

i=1

(ι̂i − Π̂i,hι̂i, µ̂)Îi = 0

KZ�^�"��M �����!�+���(���
Π̂i,h


�� �	���
µ̂ ∈ M̂i,h
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���%� � ����� ���D� �������	��� � �%�!���'��$�
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G� ��� $�� �����	� ��M �����!��
��:_

� $�%
� ��&��$���� �)��8� ���%�!
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�
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u
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�� $�� ��� � ��$&� � �"� ���&��$� �� 	�0K ���Y���
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��)�,�&�	+� ����$&��������Kf�� ���� $&�G�
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Sj ⊂ Ωj �����	���!��
 � �"� ����#��+���(7T�������9K	����	�����"# �8��8� ������

$&���  �
��8� � $��	� $ � �"� �8��8� ������
 $&���  �
��)�Q���

Ωj \ Sj
(D< � ������7 �?��K"��$&� � � ��� �������&�2Kf�� ����

inf
vh∈eVh

‖u− vh‖X ≤ C

(
NΩ∑

j=1

h2
j

(
|u|22,Ωj + |u|21,Sj

))1/2

.
���  ����(

5 �
Sj
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N�)���%�!$&�����8� � � $�
'�!���+Ea���B7 �+�"� �
O(hj)

����$&�
∂Ωj < $&�	� �+��� �����  ��	� �!�+���

u
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�`�&� �=<

� �"��� � ��� 
 ���
E���� �&�)� Kf�� ��	� � ���8���
 $&� �����G���$KR�& ��	�
O(maxj=1,...,NΩ

h
3/2
j )
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b(·, ·) ��
w�8���%�!� �  ��� �
����
X ×M 7 ��� � ����
�E �)� �	� � ����� ������� 
 ‖ · ‖X

$&�	� ‖ · ‖M K� �����&�2���
X ∩X0 ×M0 ∩M 7 ��� �

����
�E �)� ����� ����� �	���G� 
 ‖ · ‖X
$&�	� ‖ · ‖M0

<	7T������� � ��� 
GE $����
X0

� 
 #�� �&����KZ�

X0 = {v ∈ X : [v]i ∈ H1/2
00 (Γi) i = 1, . . . , NΓ}.
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b(·, ·) 3�� ��
����� 3 � ��� :�A@�(

&
�� � � � ��
 � � � � � �  ���

X0
2 
� � � � ������� 	��������

��	���� ‖v‖2X0
= ‖v‖2X +

∑NΓ

i=1 ‖[v]i‖200,Γi

' ��� ���
& b(·, ·)


	� � 	�����
� � 	 � � 	��
X0×M0 ∩M &


' �('
&� � ��� � �.0 
	����

Cb > 0
� � � � � � ��

|b(v, µ)| ≤ Cb‖v‖X0‖µ‖M0, v ∈ X0, µ ∈M0 ∩M.
��� 0-	� (

� 	�� � 	������
& b(·, ·)

� �� 
	��� ��� 
��
	����� ����� 
��� � � ��� � 	�� ��
��
 	�� 	#� � � � � 	 ���
	 2 
������� ���(� ��� ����� �.0 
	���� 
� 	�� ��� ����

C > 0
! ��� ����� ��
��� 	�� ��� 	���� � � 
��� ��� �  �����

Γi &
� � � ���  3 
�� 
� � � 	�� ��� ����� 	#� � � � � 	���� ��

� � 	#1 � ��� 
 	�� �
Π̂i,h &

�� � � � � � 	�� ��� ����
Cγ

$ � � � � � � ��

C‖µ̃h‖M0 ≤ sup
ezh∈ eXh∩X0

b(z̃h, µ̃h)

‖z̃h‖X0

, µ̃h ∈ M̃h.
��� 0- ��(

� 	 ����� � �����9�)���%������ �� � � �p� 0-	� (X�.�!+��b7 
B� ����� � �"�9�8����
��������!$��������

|b(v, µ)| ≤
NΓ∑

i=1

|〈[v]i , µ〉Γi
| ≤

NΓ∑

i=1

‖[v]i‖00,Γi
‖µ‖−1/2,Γi

≤ C

{
NΓ∑

i=1

‖[v]i‖200,Γi

}1/2

‖µ‖M0 ≤ Cb‖v‖X0‖µ‖M0.

5 �,�����"������� 
�������� 0- ��(�<[ ���
µ̃h ∈ M̃h

|L � 
����
µ̃i = µ̃h|Γi

$&�	�  �
�� ��� +�x�&( $&��� � ���?��$������ � $��
γi

� 
 $&��$&����_  ����#&���cE $&�!$�� � �!���+� $�������� � �U�!K"�!$&���

‖µ̃i‖−1/2,Γi
= sup

v∈H
1/2
00 (Γi)

〈v, µ̃i〉Γi

‖v‖00,Γi

≤ C sup
v∈H

1/2
00 (Γi)

〈v̂, µ̂i〉Îi
‖v̂‖00,Îi

,
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 � �"�9E" 	� _ K $���* � �
Îi
 Zm��E	+�b� � ��# � ��� 
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Π̂i,h

<37 � $&����� �&� $��

‖µ̃i‖−1/2,Γi
≤ C sup

v∈H
1/2
00 (Γi)

〈v̂ , µ̂i〉Îi
‖v̂‖00,Îi

≤ C sup
v∈H

1/2
00 (Γi)

〈Π̂i,hv̂ , µ̂i〉Îi
‖Π̂i,hv̂‖00,Îi

≤ C sup
z∈cWi,h∩H

1/2
00 (Îi)

〈z , µ̂i〉Îi
‖z‖00,Îi

≤ C〈ẑi, µ̂i〉Îi,
��� 0-%�%(

�.��� $&� �8��8� �����
ẑi ∈ Ŵi,h ∩ H1/2

00 (Îi)
7 � ��� ‖ẑi‖00,Îi = 1

^L � �DC �����	�
ẑi

� �
z̃i ∈ X̃ � (i),h

KZ�
� ��$&��
$��� � �"�
 �+� ������#��!E ���!$�������� �G�!� } �)�
� $c�  "3< $&�	� ����M����

z̃h =
∑NΓ

i=1 b(z̃i, µ̃h)z̃i
 � 
����"#

$&#%$&� � � ���$��$�� � � � $��
Γi

��
�E�$&�!$�� �������+���)�cKZ� $&�G�N����"#&� �=<37 �N�!K"�!$&���
(ẑi , µ̂i)Îi = (z̃i , µ̃i)Γi

= b(z̃i, µ̃i),

$&�	�=<"���������8�.������<

‖µ̃h‖2M0 =

NΓ∑

i=1

‖µ̃i‖2−1/2,Γi
≤ C

NΓ∑

i=1

(b(z̃i, µ̃i))
2 = b(z̃h, µ̃h) ≤ Cb‖z̃h‖X0‖µ̃h‖M0 ,
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‖z̃h‖2X =

NΩ∑

j=1

‖
NΓ∑

i=1

b(z̃i, µ̃h)z̃i‖21,Ωj ≤ C

NΓ∑

i=1

b(z̃i, µ̃h)
2 = Cb(z̃h, µ̃h),

NΓ∑

i=1

‖[z̃h]i‖200,Γi
≤ C

NΓ∑

i=1

b(z̃i, µ̃h)
2 = Cb(z̃h, µ̃h).
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‖z̃h‖2X0
≤ Cb(z̃h, µ̃h).

��� :- @&(
> ���!� ��� 0-8-�(^7 � ���3� ��� ‖µ̃h‖M0 ≤ C‖z̃h‖X0

� � ��
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 � � �p� 0- @�( � ����� $�+��b7 
  �
 � �
�)�&�	�)  	��� ��� 0- ��()

�L � $&��� ���x7 $�K	 � � � ��
'�!��� $���� � ��� ��������� � � � ���9} $&#���$&��#��$�  � �!�+E	�� ����
��� � � 	 � � ��� � ��� � ���

u
3�� � � � 2 �� 5 ��	 � ����
 	�� 	#� ! � '�� $

&
�� � ���� � ��� � � ��

λ ∈ M 
	�)����� � ���
3 � !�� '�� $ ' 
 ��� � ����� � ��

(ũh, λ̃h)
�� ����
������3 � !�� ' ��� $ ' ��� ��� � � ��� ���.0 
	����  � 	�� ��� ����

C > 0��� ����� ��
��� 	�� ��� 	���� � � 
��� ��� �  �����
Γi &

� � � ���  3 
�� 
��� � 	�� ��� ���� � 	#� � � � � 	�� � �� � � 	#1 � ����
 	�� �
Π̂i,h &�� � � � � � 	�� ��� ����

Cγ
	#� !�� ' ��� $ � � � � � � ��

‖λ− λ̃h‖M0 ≤ C

(
inf
µ∈fMh

‖λ− µ‖M0 + ‖u− ũh‖X
)
.

��� :-Z"�(

�
	 ����� � } � �
µh ∈ M̃h

K � $&�GK�� ���!$&�&��o���"���=<sKZ� �����0�8���%�!���� ���� �;���
b(·, ·) 
'��$����)� ��� ��� 0-	� (D<

� �"� � $� ����*�� ���������	��#!����$����� �!< $&�	� ��� 0- ��(�<	7 �N� $ �&�

‖µh − λ̃h‖M0 ≤ C sup
ezh∈ eXh∩X0

b(z̃h, µh − λ̃h)
‖z̃h‖X0

≤ C sup
ezh∈ eXh∩X0

b(z̃h, µh − λ)

‖z̃h‖X0

+
b(z̃h, λ− λ̃h)
‖z̃h‖X0

≤ C‖µh − λ‖M0 + C sup
ezh∈ eXh∩X0

a(u− ũh, z̃h)
‖z̃h‖X0

≤ C‖µh − λ‖M0 + C‖u− ũh‖X .
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� 	 ��

�
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FK ��� 7 ����� � ��� �8��8� ������
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���
Xh

$&�	�
X̃h

$&�	�(K ��� 7 ����� � �����) �)� ���%�!
X���
Mh

$��	�
M̃h

�� �  ��	� �!���&�
vh ∈ Xh

�8��������
�Ef���	�"

� �
ṽh ∈ X̃h

�+���.��� �������G���) �)� ���%�
T ∈ Tj

<	7 �9� $ ���
ṽh ◦ F̃ eT = vh ◦ FT

B����� 
T� $�E�E�����# ��C"� 
���

$&�	� ��
������	�&���)�;KZ�

SX : Xh → X̃h, vh 7→ ṽh
��� 0- L�(

7 � � � ����� ���%������
��9� $�E
CX = S−1

X : X̃h → Xh, ṽh 7→ vh.
��� 0-CB%(

5 ��E�$&�������� � $&�8<`�.��� �������G� �8��8� �����
T

7 �N� $ ��� � � $ �
vh|T

��
 �����$�� ��� $&� �	�`� $� � �������GER�!�$&�%�w���
ṽh���

T̃
YhB�&��
��+����������# � �"� ����
'�!���+���������c��� CX �&����� $����8��8� �����

T̃ ∈ T̃ < #���������KZ�
CT : T̃ → T, CT = FT ◦ F̃−1

eT
=

5 �
+O(h2

T ), detDCT = 1 +O(hT ),
��� 0-%�%(

7T�������c�.�!�+�b7 
B� ���!� E�����E ����� � ���  ��-�(�< � � ��
 � $�
G� � � 
���� � � $��
ah(CX ṽh, CX ṽh) ∼ a(ṽh, ṽh), ṽh ∈ X̃h,

��� "@��%(
7T������� � �"���8����
��!$&�%�!
?�����	�"��� � � ����� ∼ _ �	�&��$ �!���&� $&��� � �	���8E ���	�����%�����

h
 , �

X̃h × X̃h
<r7 �

����M �"� �����NK��� ������$&�B�.���G�
a′h(wh, vh) = ah(CXwh, CXvh).

��� "@3� (
5 � � � �87 ��� ��� +@���( $&�	�c} �8��� $0� "L3<`7 �$� $ �&� �)� ��E"������� � ����� �����oK��+����"� $&�V�.�����

a′h
���

X̃h ∩Xχ

<
7 � � � ����� 
�E $����

Xχ

���RM ���8� ��� �p�  �3� (Dn
a′h(vh, vh) ≥ α‖vh‖2X , vh ∈ X̃h ∩Xχ.

��� "@!��(
5 � $ 
���� �� $��w7 $@�!<=7 ��� $��  ���� �� ��8+� �������%�!�+��� $^�  ������!�+���

µh
���
Mh

7 ��� � $^�  "�	���������
µ̃h

���
M̃h

KZ�c� $�E	E�� ��#�

SM : Mh → M̃h, µh 7→ µ̃h,

$&��� CM = S−1
M : M̃h →Mh, µ̃h 7→ µh.

��� "@&�%(
>J�&� � ���N�8�� 	E	 ����#����

X̃h × M̃h

<�7 � 
�� �

b′h(ṽh, µ̃h) = bh(CX ṽh, CM µ̃h), ṽh ∈ X̃h, µ̃h ∈ M̃h.
� 
����"# � �"�|K�� y��)� �!���&��
 SX $��	� SM < 7 ��� $�� ���D�.�����  	 $���� � ���2E��G�!K	��8� ���  ���%( $&
 $NE �����! "��K $A_

�!���&�^��� $0E��G�!K	 �)�v��� � �"���.����� $&� $�+�`���8� ��� � �)�����������  �":��SL � 
����
(u′h, λ

′
h) = (SXuh,SMλh)�.��� � ��� 
��!  "�!�+���

(uh, λh)
��� �p�  ���%( $&�	� ���87 ��� �!� ���  ����( $�
)n�M��	�

(u′h, λ
′
h) ∈ X̃h × M̃h


� 	���
� � $��

a′h(u
′
h, v) + b′h(v, λ

′
h) = lh(CXv), v ∈ X̃h,

�p� "@�-%$%(
b′h(u

′
h, µ) = 0, µ ∈ M̃h.

��� "@�-!K (
5 �Q���G����� ��� $&
�
���
�
 � ��� �������&�

u− u′h
<�7 � � �%�!���`�� 	��� � ���$�8��������
�Ef���	�"����#
�)���"
��!��$&���"�)� 
�E $����

V ′
h = {ṽh ∈ X̃h : b′h(ṽh, µ̃h) = 0, µ̃h ∈ M̃h}.
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V ′
h * V
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� ���aK��+����"� $&�^�.�&���

a′h(·, ·)
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 � �

X
�� $�*�����# ���%��� $��8�)�� "��� �����
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��� #!�%�w�
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������ $��!��
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 	���	#� ! � '�� $
&
�� � ���� � ��� � � ��

λ ∈M 
	�&����� � ��� 3 �
!�� '�� $ ' � ���

u′h
3�� � � � ��	 � ��� 
 	�� 	#� !�� '�� � $ ' ��� ���

‖u− u′h‖X ≤ C

{
inf
vh∈V

′

h

(
‖u− vh‖X + sup

wh∈V
′

h

a(vh, wh)− a′h(vh, wh)
‖wh‖X

)

+ sup
wh∈V

′

h

b(wh, λ)

‖wh‖X
+ sup

wh∈V
′

h

l(wh)− lh(CXwh)
‖wh‖X

}
.

��� +@�"�(

�
	 ����� � } ���
vh, wh ∈ V ′

h

UL �  �
�� ��������$�����
 ��� $��
u′h ∈ V ′

h

$&�	� � � $��
V ′
h ⊂ X

�����"���������
� ����� �&�&+�b"&$%( $&�	� ��� +@�-�$%(
a′h(u

′
h−vh, wh) = lh(CXwh)−a′h(vh, wh)+a(u−vh, wh)+a(vh, wh)+b(wh, λ)−l(wh).

��� +@8L&(
L � ��� � ���

V ′
h

_ �)+��+E"�!�+��� � �0���
a′h(·, ·)

�.�!�+�b7 ����#�� �G�!� �p� +@���(�<	7 �N� $ ���

‖u′h − vh‖X ≤ sup
wh∈V

′

h

a′h(u
′
h − vh, wh)
‖wh‖X

.

� � �	���
vh, wh ∈ V ′

h

$���� $���K����!�!$��G� � � �p� +@L�(�< � ���Q����
������8� ����
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U�!K"��$������8��KZ�  �
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�L � $&��� $�K���	���0�)���%�&����� ���%� :� �)�
E	+�x� � �"� ����
� 	��!
w��� �����$K	 ���	��� ��# $�E�E����%$����(� ���!� � �"�$ $&
'�

��8���������cKZ� 
� �����$�K�+� ���)�$��!� ��# � �"� � 7X�
�)����
'�!��$&�����8� 
GE $�����


V ′
h

$&�	�
Ṽh


��� ��� � � �� ��� � 	�� �� �� 3 
��� �� �

v′h = (v′� , v′, ) ∈ V ′
h &

� � ��� � �.0 
	��� �
∆̃v′h ∈ X̃h

� � � � � � ��

ṽh = v′h + ∆̃v′h ∈ Ṽh,
��� "@B�$�(

‖∆̃v′h‖X ≤ C

(
NΓ∑

i=1

h1+2t
s(i) |v′� |2t,Γi

)1/2

, t ∈ [0, 1],
��� "@B�K (

‖∆̃v′h‖0,Γ ≤ C

(
NΓ∑

i=1

h3
s(i)|v′� |21/2,Γi

)1/2

,
��� "@B�� (

‖v′h‖X ∼ ‖ṽh‖X , h
��� ���� ����	 � � �

.
��� "@B�� (

��� � �� ��
	 � 	 � � ��� ������������ � 	 � ��� � 	�� �� 3 
��� �� �
ṽh ∈ Ṽh &

� 
 � � ��
���
v′h = ṽh + ∆′ṽh ∈ V ′

h

'
�
	 ����� � � � �&���

ṽh ∈ X̃h

$��	�
µ̃h ∈ M̃h

< � ����$&�QK �N�!K�
������&�)��� � $��

b′h(ṽh, µ̃h) = bh(CX ṽh, CM µ̃h) =

NΓ∑

i=1

([CX ṽh]i,h, CM µ̃h)Γ
�
i,h

=

NΓ∑

i=1

(
ṽ � ◦ γi ◦ (γ �i,h)−1 − P � (ṽ � ◦ γi ◦ (γ �i,h)−1), µ̃h ◦ γi ◦ (γ �i,h)−1

)
Γ
�
i,h

=

NΓ∑

i=1

(
[ṽh]i ◦ γi ◦ (γ �i,h)−1, µ̃h ◦ γi ◦ (γ �i,h)−1

)
Γ
�
i,h

=

NΓ∑

i=1

([ṽh]i, ωiµ̃h)Γi

= b(ṽh, ωµ̃h),

���
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ω

����M����)� ���%�!���G��$����D_ 7 � 
���KZ�
ω|Γi

= ωi = |(γ �i,h◦γ−1
i )′|  �	���	���!���"#K �

W̃i,h

����� ����
������+���!�+������� � �"�wK	����	��� ��# �) �)� ���%� 
�E�$����
X̃ � (i),h

� � � �"� ���%�!���G��$����
Γi

<!7 � �)�
E	��b�
� ���N�
�����!$&�&_ � �3E �oE��G�Ay��)� �!�+����


Π̃i,Π
′
i : L2(Γi)→ W̃i,h

< #�� �&���cKZ�

(w − Π̃iw, µ̃h)Γi
= 0, µ̃h ∈ M̃h,

(w − Π′
iw, ωiµ̃h)Γi

= 0, µ̃h ∈ M̃h.

� ��������$&� $&�GK�� ���!$&�&�
v′h ∈ V ′

h

<�7 �?�"��M ���
Π̃i,Ω � (i)v

′
h ∈ X � (i)

KZ�

(Π̃i,Ω � (i)v
′
h)(pj) =

{
v′� (pj)

�.��� $�+ �	�`����

pj

� � � ��� ���%�������+���w���
Ω � (i),

(Π̃iv
′

� |Γi
)(pj)

�.��� $�+ 
��$ �&� �	�3�"��

pj

���
Γi.

IX�t���$ � � ��#
v′�

 "�	��� $&��#&�)� $��	� 
������!� ��# 
� 	Kf�	�!� $&���`_ 7 ��
��
ṽh = (v′� , Π̃i,Ω � (i)v

′
h) ∈ X � (i)

<�� �
�.�!�+�x7 
 ���
� �)����$��!�8+� ��� $��

ṽh ∈ Ṽh
a���������:P �������	���

∆̃v′h = ṽh − v′h
��
������G� ��� $�+ �	�`����


�DC3���8E"������� 
��$ �&� 
����"� ���3����
�V����� ����
�������� �!�+���c���
∆̃v′h

���
Γi

� 
 #�� �&����K �

∆̃v′h|Γi
= Π̃iv

′

� − v
′

� = (Π̃i − Π′
i)v

′

� ,
��� "@&�%(


��������
v′h ∈ V ′

h

V5 ���.�!�+�x7 
 � � $��

‖∆̃v′h‖0,Γi
= ‖(Π̃i − Π′

i)v
′

� ‖0,Γi

≤ sup
‖eµ‖0,Γi

=1

(
(Π̃i − Π′

i)v
′

� , µ̃
)

Γi

= sup
‖eµ‖0,Γi

=1

(
(v′� , µ̃)Γi

− (Π′
iv

′

� , ωiµ̃)Γi
+ (Π′

iv
′

� , (ωi − 1)µ̃)Γi

)

= sup
‖eµ‖0,Γi

=1

(
(v′� , (1− ωi)µ̃)Γi

+ (Π′
iv

′

� , (ωi − 1)µ̃)Γi

)

= sup
‖eµ‖0,Γi

=1

(
(
5 � − Π′

i)v
′

� , (1− ωi)µ̃
)
Γi
≤ C‖1− ωi‖∞,Γi

‖( 5 � − Π′
i)v

′

� ‖0,Γi

≤ Ch1+t

� (i) |v
′

� |t,Γi
, t ∈ [0, 1],

���  "!�%(
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ωi = 1+O(h � (i))
�.��� �����|�$&
�� 
'�!�8E �� �����!� ��#

t = 1/2
#�� �&��
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d = 2
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d = 1
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‖∆̃v′h‖2X ≤ C

NΓ∑

i=1

h−1
s(i)‖∆̃v′h‖20,Γi

,
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∆̃v′h = ṽh−v′h

��
V�������9��� $�+��	�`����
��DC3���)E"��� ��� 
��$ ��� 
����"� ���3����
�YhB�!��K������ ��# � �"��
m7 � ���
���  "!�%(2� � �)��"
 ��� "@B�K ()?����� �	����� ���� ����&$������������� +@B�� (2�.�!+��b7 
|� �G�!� �p� "@B�K ( $&��� � ��� �!��$����
� ���8�����8� KZ���!K�
������ � ��# ��� $��

‖v′h‖X




≥ ‖ṽh‖X − ‖∆̃v′h‖X ≥ (1− C max

1≤i≤NΓ

h � (i))‖ṽh‖X ,
≤ ‖ṽh‖X + ‖∆̃v′h‖X ≤ (1 + C max

1≤i≤NΓ

h � (i))‖ṽh‖X ,

�-



� ��� ����� � ��� � �	� � � � � � � � 
�� 


E��G� � �+���)� ��� $��
max1≤i≤NΓ

h � (i)
��
 
�� $�� ���	�� �#!�  ���)�)�&����� ��# � � ��� "@&�%(�<37 �o�!K�
������&� � � $ �

∆̃v′h���	:�����)E ���	�"
$���
v′� = ṽ �

o���������8�.������< ��� � 
��!K%� ���� "
�� ��$�� � �"� $&� $����#!�& �
	
'��$����)� ���%�$��� �����
} �)�
� $0��$&
 � �U�	�!+�c�.�&� $&��$&��K����!��$&�G�

ṽ ∈ Ṽh


�5 �������o�.�!�+�b7 ����#	< 7 �N7 �+� ��
������ $��!�	� $�������� � ��� �!����� 
w� ���!� � ��� ����#!�%����$&�	��
����"�$��� ��� +@�"�(

��8E $&��$��!�8+��
��� ��� � ���� ��� � ���

u ∈ H1
0 (Ω) ∩∏NΩ

j=1H
2(Ωj)

�� �
V ′
h

3�����
������3 � �p� +@@�( ' ��� ��� 
� � 	 � ���
� � ��

inf
v′h∈V

′

h

‖u− v′h‖X ≤ C max
1≤j≤NΩ

hj

(
NΩ∑

j=1

‖u‖22,Ωj

)1/2

.
���  "�� (

�
	 ����� � > ����� ���  �8B�( ���c�����8�����8�~� +�@��<�7 �9��$&� M �	�
ṽh ∈ Ṽh


� ���� � ��$��

‖u− ṽh‖2X ≤ C

NΩ∑

j=1

h2
j‖u‖22,Ωj .

L �9�����3��
��
v′h ∈ V ′

h

$&
 ����} �)�
� $U� +��@3< $&�	�c�!K ��$&� �c7 ��� � ��� +@B�K (
‖u− v′h‖2X ≤ C‖u− ṽh‖2X + C‖∆′ṽh‖2X

≤ C

NΩ∑

j=1

h2
j‖u‖22,Ωj + C

NΓ∑

i=1

h2
s(i)|ṽ � |

2
1/2,Γi

,

7T���+����� ���8���
 ����� ����
� 	��TK � ����� �!��$���� � �"�)�����)� � +� � $&���������  �
� $�s�)�!+����� ��# $&��#� 	� ���%� 
�

��� ��� � ��� � � � � ��� � � � 3 
�� 
� ���� � 	�� ���
a(·, ·) & a′(·, ·) &

�� � � � ��3 �	��� ��
��� � �	��������� � �  ���
X̃h3�� ��
����� 3 � �p� +��L�(

&
�p� "@3� (

&
�� � ���  ��"%(

&
� ��� ��� ����
��� ��� ' ��� ���

sup
v∈ eXh

sup
w∈ eXh

a(v, w)− a′h(v, w)

‖v‖X‖w‖X
≤ C max

1≤j≤NΩ

hj.

�
	 ����� � , � � $���� �) �)� ���%�
T̃
<"� ���N���:P �������	���

a(v, w)− a′h(v, w)
� $&��K �N7 ��� ���!����$&


(grad v, (
5 � − AT ) gradw) eT ,

���  "Z�&(
7T������� � ���N� $��!���:C

AT
��
 #���������KZ�

AT = C ′T− � C ′T−1 ��� � C ′T ,7 � ��� CT ����M �"�)� � � ��� 0-%�%()m/����	����<
‖ 5 � − AT ‖L∞( eT ) ≤ ChT , T ∈ Tj.

���  "���(
�  	�
� $��!�+���(��� ���  "Z��(B� �&��� $�� ���%�!�!����8������� $���#!���
 #�������


a(v, w)− a′h(v, w) =
∑

T

(grad v, (
5 � − AT ) gradw) eT

≤ max
T
‖ 5 � − AT‖L∞( eT )

∑

T

(| grad v|, | gradw|) eT ,

�C@



��� � � 
 � � � � � � � 
 �

� ���!��7T�������c7 �9�)�&�	�)  	���$KZ� ���  "��%( $&���������?h $& 	���Z�Z_'�3���Z7 $&��� � ������ $��� � �

a(v, w)− a′h(v, w) ≤ C max
1≤j≤NΩ

hj

(
NΩ∑

j=1

‖ grad v‖20,Ωj

)1/2( NΩ∑

j=1

‖ gradw‖20,Ωj

)1/2

≤ C max
1≤j≤NΩ

hj‖v‖X‖w‖X,
7T�������c� ���)+��
 � �"�9�"��
�� ���8� ����
� � � 

�
� � � � � ��� � ��� � ���

u
3���� � � 2 �� 5���	 � � � 
 	�� 	#� ! � '�� $

&
�� � ���� � ����� � ��

λ ∈ M

	������ � ���

3 � !�� '�� $ ' � ��� � � � � 	 � � � 
��� 3 
�� 
� ���� � 	����
b(·, ·) �� � � � � � 	�� ��� � �
� ��� � �  ���

V ′
h

3�������� � ��� 3 �
��� :�A@�( �� � ��� +@8@&(

&
� ��� ��� ��� 
��� ��� ' � 	��

h
��� ���� ����	 � � �

&

� � 	 � ��� � � ��

sup
v′h∈V

′

h

b(v′h, λ)

‖v′h‖X
≤ C max

1≤j≤NΩ

hj

(
NΩ∑

j=1

‖u‖22,Ωj

)1/2

.
���  "-�(

� 	 ����� � >{��� $&� $&�GK�� ���!$&�&�
v′h ∈ V ′

h

<|7 � $�E	E	:�j} �)�
� $e� +�A@ ���e�!K"��$����
ṽh ∈ Ṽh

$&���
∆′ṽh ∈ Xh

<�� ���8���� ��#�KZ� �p� "@B�$%( $��	� �p� "@B�� (
b(v′h, λ)

‖v′h‖X
=

b(ṽh, λ)

‖v′h‖X
+
b(∆′ṽh, λ)

‖v′h‖X
≤ C

b(ṽh, λ)

‖ṽh‖X
+ C

b(∆′vh, λ)

‖ṽh‖X
.

����� M ��
'� �!���G� ��� � ��� $�KR� ��� ����#!�%�T� $&����
������$��$&��K �$Kf�� ��	�"�)� $�E	E��G�!E�����$��!�8+��KZ� ���  �C@�( $&���
���  �-�(�V>{��� � ��� 
��)�)�&�	� ��������<�7 �  �
�� ��� "@B�� (D< $��	�Q�8���	�8� 	���

b(∆′ṽh, λ)

‖ṽh‖X
≤
‖∆′ṽh‖0,Γ �h‖λ‖0,Γ

‖ṽh‖X
≤ C max

1≤j≤NΩ

hj‖λ‖0,Γ ≤ C max
1≤j≤NΩ

hj

(
NΩ∑

j=1

|u|22,Ω

)1/2

,

7T��������#�� �&��
 � �"�9�"��
�� ���8� ����
� � � 
�L � ���x7 �! ���� ������
��!�+� $ �!���"# � ��� ��������� � �������`�� 	���)��KZ� ����� ����#������ $��	� 
������

l(w̃h)−lh(CXw̃h)


� � � � � ��� � ��� � ��� � � � � 
� ���� � 	�� ���
l(·) & lh(·) &

�� � � � � 3 �	��� ��
����� �	��������� � �  ���
X̃h

3�� ��
�����
3 � ��� :� �%(

&
���  �3� (

&
�� � ���  ��"�(

&
� ��� ��� ��� 
��� ��� ' ��� ���

sup
ewh∈ eXh

|l(w̃h)− lh(CXw̃h)|
‖w̃h‖X

≤ C

NΩ∑

j=1

h2
j .

� 	 ����� � >{��� � $���� �) �)� ���%�
T̃ ∈ T̃j

<	7 �N� $ ���
(f, w̃h) eT − (fj, CXw̃h)T = (f, w̃h) eT − (fj ◦ CT , w̃h det C ′T ) eT

= (f − fj ◦ CT det C ′T , w̃h) eT .
,  "� $�
�
� ���E"�������"
 �p�  ����(0��� �����;�����������Q����� ���c�  ��	� �!�+����


fj
� �&#����������U7 � ��� ��������$���� � � $��

CT (x) = x
�.��� ����� �������!�+����
2��� ����� �!����$&��#! �

T̃
#������

‖f − fj ◦ CT‖L∞( eT ) ≤ ‖f − fj‖L∞( eT ) + ‖fj − fj ◦ CT ‖L∞( eT )

≤ Ch eT + C‖ 5 � − CT‖L∞( eT ) ≤ ChT ,
���  "C@�(

�!"



� ��� ����� � ��� � �	� � � � � � � � 
�� 


7T������� � ���N�8����
��!$&�%�
C

��
���� �!���G� � ���)�cKZ� � �"�?} �+E�
�������� �$�8����
��!$&�%�
Cf

��� � ���$�  ������!�+����

f
<
fj


L � ���������8�.�����N� $ ���
‖f − fj ◦ CT det C ′T‖L∞( eT ) ≤ ChT ./����	����<

∣∣(f, w̃h) eT − (fj, CXw̃h)T
∣∣ ≤ ChT ‖w̃h‖L1( eT ) ≤ Ch2

T‖w̃h‖0,eT .
������ $�KR� ���N�8����
��+������$��!�+����
 $�+��b7  �
 � �U�)�&�	�)  	���

‖u− u′h‖X ≤ C max
j=1,...,NΩ

hj,
���  "!"�(

�+� ����� �DC"$�����
���� "�������
u

!$�����
 M���


u ∈ H1
0 (Ω) ∩∏NΩ

j=1H
2(Ωj)


5 � ���8� $�����
 � � ��
������ $��!� ����� �������&� ��� � �"�(} $&#���$&��#��
�  	��!��E��������^/�������<S7 �(E��G�3�����8� $&
 � �

� �8���!�+���Q�  �"+�&
��� � � 	 � � ��� � � � � ���

u
3�� � � � 2 �� 5 ��	 � ����
 	�� 	#� ! � '�� $

&
�� � ���� � ��� � � ��

λ ∈ M 
	�)����� � ���
3 � !�� '�� $ ' ��� � ��� � 	�� 	#� � � � � ���� ������ �
� � ��
 � � 
 ��� 
	� 3 	 ��� ����� 3 �

‖λ− λ′h‖M0 ≤ C

(
inf

eµh∈fMh

‖λ− µ̃h‖M0 + ‖u− u′h‖X + (1 + ‖u‖X) max
1≤j≤NΩ

hj

)

�
	 ����� � �����9E����`�����.�!�+�x7 
 �����9����"��
���� � ���NE��G�3���S���mH �G�!ER�&
�� ��������� +� � YL �?��$ �&� �����9����
 _
��������� � ��� _ 
� 	Ec�)������� ������� �p� :-Z��( F���"� $�E	E����@C ��� $��������

u′h = CXuh
$&�	� � ���N��� 
����������?} $&#&�!$&��#&�

�  	��!�+E	�� ���
λ′h = CMλh


!$ �!��
&����KZ� ��� +@�-%(X�.��� $&��K"� �!��$&�G�
µ̃h ∈ M̃h

$��	�
v ∈ X̃h ∩X0

b(v, µ̃h − λ′h) = b(v, µ̃h − λ) + b(v, λ− λ′
h)

= b(v, µ̃h − λ) + l(v)− lh(CXv) + a(u, v)− a′h(u′h, v)

≤ C‖v‖X0

(
max

1≤j≤NΩ

hj + ‖λ− µ̃h‖M0 + ‖u− u′h‖X

+
a(u′h, v)− a′h(u′h, v)

‖v‖X0

)

≤ C‖v‖X0

(
(1 + ‖u′h‖X) max

1≤j≤NΩ

hj + ‖λ− µ̃h‖M0 + ‖u− u′h‖X
)
.

����� �!��� $&��#��� ���"���� $� � � � $����b7 
  �
 � �"��� ��� ��
������ $��!� ‖u′h‖X ≤ ‖u− u′h‖X + ‖u‖X
B> ����$��:�!<

� ����� � ���o�"��
������ �!�	� ��� _ 
� 	E^�8���	�����!�+��� �p� :-Z��(D< $&��#& 	� ���%�!
 $�
 ��� � ���|E����`���s���WH ���!Ef��
����!�+���(� +� �3<
} �)�
� $�
T� :�AL3<J� :� �0� ���8�� � ���N����
�� ���)������
� 	�� 

�L � $&��� �	�b7 $�K	 � � �ME"��� � ����� $&� $kE���������� ��
������ $��!���.��� �����Q�"��
������ �!����$��!�+��� ���������
��� �����

���� "�������(� �G�!� �����N����� #���� $�R��� 
����������NE����!K���)� ���  ���%(�
��� � � 	 � � ��� � �%� � ���

u ∈ H2(Ω)
3�� � � � 2 �� 5 ��	 � ��� 
 	���	#� ! � '�� $

&
�� � ���� ������� � ��

λ ∈ M
	������� � ��� 3 � !�� '�� $ ' 
 ��� � ��� � � ��
(uh, λh)

�� � ��
����� 3 � !�� ' ���6$ ' ��� ���

‖u− uh‖Xh
+ ‖λ− SMλh‖M0 ≤ C(u) max

1≤j≤NΩ

hj.
���  "CL&(

* �
u

	� 	�� ����� � 3�� 	�� �
��� 2 
	��� � � ��� � �� & 
' �(' & u ∈ ΠNΩ

j=1H
2(Ωj) &

� � � � � ��� ����� � 
� ���  "CL�( � �� � 	
3�� � � � �  ����� 3 � ‖u− SXuh‖X

'

�CL
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 �

� 	 ����� � L �IM ��
'�o�)�&��
��+����� � ��� �����G���	� �������0E������ $� ��$&����$�K	 �
u
 �	
|K �D�.������<R ��� Ĩh $&�	� Ih���	���+� $����	� �"� #���!K $� �	�`� $� � �%�!���GER�� $��������(��E ���!$�������
����

X̃h

$��	�
Xh

<�����
GE �8���!�����8+��VL �$� $ ���

‖u− uh‖Xh
≤ ‖u− Ihu‖Xh

+ ‖uh − Ihu‖Xh
,

7T������� ����� M ��
�� �!����� ��$&��K �$Kf�� ��	�"�)� $�E	E��G�!E�����$��!�8+�
KZ� � �"� ����#!�%����$&�	� 
��+���N��� �p�  "8L�()Y>{���
� ����
��)�8���	� �!������<`7 �o�!K"
����'��� ��� $�� Ĩh = SXIh

V'Q�&���)� �&���)<��x7 � ��# ��� ��� 0-%�%(�<"���B��$&�(K � � $�
���:�

������ ��� $�� ‖vh‖Xh

∼ ‖SXvh‖X
<
vh ∈ Xh

m���"��
�� ���)+��


‖uh − Ihu‖Xh
≤ C‖SX(uh − Ihu)‖X = C‖u′h − Ĩhu‖X
≤ C

(
‖u− Ĩhu‖X + ‖u− u′h‖X

)
.
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������)� KR�& ��	�d� ���!� ��� "@�"%()v>J�&� � ��� �������&��� � � ��� } $&#���$&��#��
�  	 ����E	 �����)<	7 �
��K�
�������� ��� $�� SMλh = λ′h

< $&�	�  "
��UH ���!Ef��
�� �!�+��� �  ��� ���;�)�!�0K"��� $���������7 � ���
� ���?K ��
�� $�E	E����@C ��� $��������cE��G�!E ����� � ���  �-�(w���

M̃h
 ��
���� ���$&� ��� $&
G�������"#�� ���8���
 � ��� ����
� 	��|�.���

u ∈ ΠNΩ
j=1H

2(Ωj)
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G����� �!�U} $&#���$&��#��
�  	 ����E	 ����� 
�E $����

Mh
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∑

p∈V �
µgp|T =

∑

p

µp =
∑

p,q

apqφ �q =
∑

q

(A �T1)qφ �q =
∑

q

(M−1
T DT1)qφ �q.
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T DT1 = 1
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b = M−1
T DT1 − 1
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(MT b)p = (DT1−MT1)p = (1, φ �p)T −
(
φ �p,
∑

q

φ �q
)

T

= 0,

� �� �
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MT b = 0

� ���8���� ��#
b = 0
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µgp|T =
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1qφ �q =
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φ �q = 1,
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inf
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‖v − µh‖0,Γ ≤ Ch1/2
s |v|1/2,Γ, v ∈ H1/2(Γ).
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µv ∈ Mh
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µv =

∑
p∈V � αp(v)µp
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αp(v) =
(v, φ �p)Γ

(1, φ �p)Γ
, p ∈ V � .
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α2
p(v)‖µp‖20,Γ ≤ C‖v‖20, ��� ��� φ �p
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φ �p
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T ∈ T �

‖µv‖20,T ≤ C
∑

p, T∩ ��� ��� µp 6=∅

α2
p(v)‖µp‖20,Γ ≤ C

∑

p, T∩ ��� ��� µp 6=∅

‖v‖20, ��� ��� φ �p ≤ C‖v‖20, ωT
,
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µv = v

�.���
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‖v − µv‖0,T ≤ ‖v − Π0v‖0,T + ‖µv−Π0v‖0,T

≤ C‖v − Π0v‖0,ωT
≤ Ch1/2

ωT
|v|1/2,ωT

,
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inf
µ∈Mh

sup
v∈W

�
h

(v, µ)Γ

‖v‖0,Γ‖µ‖0,Γ
≥ β,
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β > 0

 � � �&���
µ =

∑
p αpµp ∈ Mh

< 
����
v =

∑
p αpφp ∈ W �h

cIX� � �"� �	�&��� ���� ���� _
$�����	��� � �  ��"%(�<V7 �c� $ ��� ‖v‖20,Γ ∼ ‖µ‖20,Γ ∼ hd−1

∑
p α

2
p
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(v, µ)Γ =
∑

T �

∑

p,q

= αpαq(φp, µq)0,T =
∑

p

α2
p(1, φp)0,T ≥ C

∑

p

hd−1α2
p ≥ β‖v‖0,Γ‖µ‖0,Γ,

� �� �
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v ∈ L2(Γ)
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(w, z)Γ + (ϕ, z)Γ = (v, z)Γ, z ∈ W �h,
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(w, µ)Γ = (v, µ)Γ, µ ∈Mh.
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h−1‖v − Phv‖0,Γ ≤ C‖w‖1,Γ,
$&�	� ‖Ph‖1,Γ ≤ C‖w‖1,Γ.
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‖Πhv‖1,Γ ≤ ‖Πhv − Phv‖1,Γ + ‖Phv‖1,Γ
≤ Ch−1‖Πh(v − Phv)‖0,Γ + ‖Phv‖1,Γ
≤ Ch−1‖v − Phv‖0,Γ + ‖v‖1,Γ
≤ C‖v‖1,Γ.
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∑

T � � =T � ∩T �
RT � DT � M

−1
T � M � � R �T � ,
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µp,T =
wp

| detF ′
T |
µ̂p ◦ F−1
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wp = (1, φ �p)T/(1, φ̂ �p) bT
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T |
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P0 ⊂ Mh

'
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µ =

∑
p∈V � µ

g
p|T =

∑
p µp

mL � M ��
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µ = 1⇔ µ̂ = 1
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µ̂ = µ ◦ FT =
∑

p

wp
| detF ′

T |
µ̂p.
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V mod
h =

{
v ∈ Xh :

(
µi
p, v �

)
Γ ?h −

(
µi
p + ∆µi

p, P � v  
)
Γ ?h = 0, p ∈ V � , i = 1, . . . , d

}
,

9%"23>143 V � -7? 8 -7A�5�=439:K=�"23 :43k=4�!�Wa�3>1<=D-7A93>:&�!�W=#"23 :<Ml5�a�3 :<- 8 3 &014- 8 T � R�� ��1<3��ia�3>1 ;
µi
p = µpei8 3>?��0=D3>:[=�"23Ka039A>=���14-@50M �E50:4-7: �I/�?2A>=4-���? �!�Z=#"�3Iw�5�&�1450?'&�3U8P/2MQ=D-�+�M@-@3>1H: +250A93

Mh

-@? 8 -@1<39A>=4-���? xi50:<:��TA9-l5�=D3 8 9W-7=#"Y=#"23
:4Ml5�a03
?�� 8 3 p ;250? 8 ∆µi
p

:�=C50? 8 : ����1S-7=D:g8%� 8 -/dEA�5�=D-��0?V5�A9A��01 8 -7?'&`=��um_��R ? n R
	�
��� A �5� �5� � � & &  ��,� � � � � ��"%&�� ��� � �����($%� � � � mA��R ? n " � � mA��R-��n / !  �� � � , ��� " � " � � �(& � " � �
v = (v . , v ) ) ∈ Vh � &( ��

� � �
	 ��� & � ∆v ∈ Xh � 
 �  <&( #"%&
vmod = v + ∆v ∈ V mod

h ,
m_��R � . 5�n

‖∆v‖Xh
≤ Cht+1/2|v . |t,Γ +h , t ∈ [0, 1],

m_��R � . �<n
‖∆v‖0,Γ *h ≤ Ch3/2|v . |1/2,Γ +h ,

m_��R � . A�n
‖v‖Xh

∼ ‖vmod‖Xh
, h ��� "%-(- � � ��


�� . m_��R � . 8 n
!  ��2" � "%- � � ��
 � � & "%& ��� � � &  � - � � , ��� " � � �(& � " � � vmod ∈ V mod

h
/

021435376 � ws3>=
∆v ∈ Xh

�h3 8 3�dE?�3 8 �*$

∆v =

(
0 ,
∑

p∈V ?
φ �pβp

)
, βp ∈ Rd 9W-7=#"dA���8"+ ��?23>?N=D:

βip =
(∆µi

p, P � v  )Γ ?h
(µp, φ �p)Γ ?h .

m_�]R � ? n

G $\=�"23m?���1<8 3�IL/2-Qa�50M@3>?2A93�m�#KR 2 ? nH50? 8 =#"23m-7?La0391<:43U-@?236IT/250M@-Q= $im�#KR 2���n ;E-Q= ����M@M�� 9W:H=#"E5�=

v
 �+ �

= v + ∆v ∈ V  �+ �
h

m_��R � �05�n

‖∆v‖2Xh
≤ Chd−2

∑

p∈V ? ,i=1,...,d

(βip)
2,

m_��R � � �<n

‖∆v‖20,Γ ?h ≤ Chd−1
∑

p∈V ? ,i=1,...,d

(βip)
2.

m_��R � ��A�n

� =O1<398V50-@?2:W=�� 3>:<=4-@8V5�=D3U=#"23PA��]3�"YA9-@3>?N=D: βip
R Le?_5X:<Ml5�a�3q3>M@398Y39?N=

T � ∈ T � ; 9S3&� ��=D50-@? �I1���8m_�]R ? n ���01H=#"23>w�5�&�1450?'&�3O8P/�M7=D--+2M@-7391#�E50:<-@: �I/2?2Ak=D-��0?
∆µi

p

;
i ∈ {1, . . . , d} ;E50:<:��TA9-@5�=D3 8 9W-Q=#"d=#"23?�� 8 3 p ;2=�"E5�=

∆µi
p|T ? =

∑

q

γpq∆φpq

(
d∑

k=1

(ei·b(k)
p )∆b(k)

pq

)
.

m_�]R � ��n

? �
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p
/23
=��`=#"23 +21�� +h391S:4A950M@-7?'&,�!�s=�"23 8 -��o39143>?2A93 ∆φpq
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=�"23 +2-739A93 9W-@:<3

A���?2:�=C50?N=
L2 � +21��%$<3>A>=4-���?���?N=��`=�"23e:4M@5�a�3e3>M@398Y39?N=4: ;�-7? 8 -7A�5�=43 8 �*$

Π0

;�50? 8 � ��=D50-@? ;TA���?2:<- 8 3>14-@? &
=#"23
�J50Ak=p=#"E5�=p=�"23U5014395%� ��=�"23m:4/'+'+ ��1�=��!�

µp
50? 8 φ �p -7: O(hd−1)

;2=#"E5�=

(βip)
2 =

((
∆µi

p, P � v  − Π0P � v  
)
Γ ?h(

µp, φ �p
)
Γ ?h

)2

≤ C

(hd−1)2

(
∆µi

p, P � v  − Π0P � v  
)2
0,Γ ?h .

�]3>=<=D-@? &
Γph =

:</'+'+
µp
; 9S3 8 39?��0=43��*$ T p ⊂ T � =#"23q:<3>= �!�g5�M@M�:4Ml5�a03q39M@3>8V3>?N=D: T � :</2A&"_=#"E5�=

Γph ∩ T �
"E5�:[5 + ��:<-7=D-Qa�3

(d−1) � 8 -@8Y39?2:<-���?250Mo8Y3�5�:4/21<3%;E50? 8 1<398V501�� =#"25�= |T p| < C
R G $X/2:4-7?'&

=#"23 �H50/2A&"*$ � �TA&" 9B5018KP-@?236IL/E50M@-Q= $ ;]-7= ����M7M�� 9W:B=#"25�=�; ���01 t ∈ [0, 1]
;

(βip)
2 ≤ C(h1−d)2

∑

T ? ∈T p

‖∆µi
p‖20,T ? ‖P � v  − Π0P � v  ‖

2
0,T ?

≤ C(ht+1−d)2|P � v  |
2
t,Γp

h
‖∆µi

p‖20,Γp
h
.

�-��?2:4- 8 391<-@?'&�m_�]R���n ;�m_��R . n ;�50? 8 =�"23 8 3�dE?�-7=D-���? �!�
G
-@?�m_��RE��n ;.50?_-7?La039:�=D-�&�5�=D-���? �!�B=�"23q=D391<8V:

5�+'+h3�501<-@?'&q-7?�mA��R � ��n $T-@3>M 8 : ‖∆µi
p‖20,Γp

h
= O(hd+1)

; 50? 8 ;2=#"23>143�����143 ;

(βip)
2 ≤ Ch2t+3−d|P � v  |

2
t,Γp

h
.

�]/28Y8V-7?'& /'+5;�=#"23Y:<=D5	�2-@M7-7= $��!�B=�"23"+�1��%$<3>A>=D-���?
P �

50? 8 m_��R � � �!ne-78"+2M $ m_�]R � . �!n ;�50? 8 ;.A&"�����: �
-@?'&

t = 1/2
;3m_�]R � ��ATn	$T-@3>M 8 :&mA��R ��. ATn R } "�3n?��0148 36IT/�-7a�50M@3>?2A93 mA��R ��. 8 nP50? 8 =#"�3n5�?E50M���& ��/2:

:<=C5�=D398Y39?N= � �s=#"23Jws3>8V8V5 ����M7M�� 9 �*$V=#"23e:4508Y3
143950:��0?2-@?'&P50:H-@?V=#"23�+21����!�*�!��ws398Y8V5�2]R � . R
�x -Q=#" =#"23
����M7M�� 9W-@? &PM@3>8V8V5#; 9B3UA���8,+2M73>=D3e=�"23mA&"E50-7?�mA��R � ��nCR

	 
 � � A��5��� ������� " � " � � �(& � " � � ṽh = (ṽ . , ṽ ) ) ∈ Ṽh � &( ��
� � �
	 ��� &�� ∆′,modṽh ∈ X̃h � 
 �  <&  #"%&

v
′,mod
h = ṽh + ∆′,modṽh ∈ V ′,mod

h ,
mA��R � R�5�n

‖∆′,modṽh‖X ≤ Cht+1/2|ṽ . |t,Γ, t ∈ [0, 1],
m_��R � R	�!n

‖(∆′,modṽh) ) ‖0,Γ ≤ Ch3/2|ṽ . |1/2,Γ,
mA��R � R0ATn

‖ṽh‖X ∼ ‖v′,mod
h ‖X , h ��� "%-(- � � ��


�� . m_��R � R 8 n

!  ��2" � "%- � � ��
 � � & "%&=��� � � &  � - � � , ��� " � � �(& � " � � v
′,mod
h ∈ V ′,mod

h
/

0 1435376 � L 9W-@?'&q=�� =�"23 � �2:<391<a�5�=4-���? m 2]R��FR�n ;2-Q=WA�50?�h3O3�50:<-@M-$X:43>39?n=�"E5�=

‖vh‖Xh
∼ ‖SXvh‖X , |vk|t,Γk

h
∼ |(SXvh)k|t,Γ, vh ∈ Xh, t ∈ [0, 1], k =

8
,
:
,mA��R32�l�5�n

‖ṽh‖X ∼ ‖CX ṽh‖Xh
, |ṽk|t,Γ ∼ |(CX ṽ)k|t,Γk

h
, ṽh ∈ X̃h, t ∈ [0, 1], k =

8
,
:
.m_��R32�l	�!n

? �



� � � 	 � �S���C=���7��� �H��� � 	 � ��	�� � ���^� � �
	���� 6���

k5��1`=�"23 -@?Na�3>:<=4-�&N5�=4-���? �!�W=#"23 M@50:<=P=�"2143>3 A���?�?239Ak=D-@? & 5�141�� 9W:q-7? =#"23 A&"E5�-@? m_�]R � ��n ; 9S3c:�=C501�=
9W-7=�"

v′
h ∈ V ′

h

5�? 8 �	��=C50-7?)�*$d/2:4-7?'&hw�3>8V8V5\��RE� 50? 8 =#"23m-@:���8%��1 + "�-@:48Y: SX ; CX =�"E5�=

v′
h → vh = CXv′

h → vmod
h = CXv′

h + ∆CXv′
h → v

′,mod
h = v′

h + SX∆CXv′
h,

8 3sdE?2-@? &
∆mod = SX∆CX

; 9%"2-7A&" &0-7a�3>:

‖∆modv′
h‖X ≤ C‖∆CXv′

h‖X ≤ Cht+1/2|(CXv′
h)  |t,Γ =h ≤ Cht+1/2|v′ |t,Γ,

50: 9S39M@Mr50:

‖(∆modv′
h) � ‖0,Γ ≤ C‖(∆CXv′

h) � ‖0,Γ ?h ≤ Ch3/2|(CXv′
h)  |1/2,Γ =h ≤ Ch3/2|v′ |1/2,Γ.

� ?2A���1 + ��1D5�=D-@? &Y=�"23>d214:<=
A���?�?239Ak=D-@? &\501<1�� 9 -@?d=#"23KA&"E50-7?vm_�]R � ��n ;79B3K?�� 9 :<=D501<=�9W-7=�"
ṽh ∈ Ṽh50? 8 :<3>= � $\/2:4-7?'&hw�3>8V8V542]R � .

v
′,mod
h = v′

h + ∆modv′
h = ṽh + ∆′ṽh + ∆modv′

h = ṽh + (∆′ + ∆mod( � 8 + ∆′))ṽh,

8 3sdE?2-@? &
∆′,mod = ∆′ + ∆mod( � 8 + ∆′)

Rrx -Q=#"�ws398Y8X5�:+2]R ��. 5�? 8 ��R-�;�=#"2-7: &�-7a039:Um_�]R � R �!n-�*$

‖∆′,modṽh‖X ≤ ‖∆′ṽh‖X + ‖∆mod( � 8 + ∆′)ṽh‖X
≤ Cht+1/2 (|ṽ  |t,Γ + |(∆′ṽh)  |t,Γ) ≤ Cht+1/2|ṽ  |t,Γ,

:4-7?2A93
(∆′ṽh)  = 0

REN�3>Ml5�=4-���?&mA��R � R0ATnZ-@: �	��=C50-7?23 8 =#"�3�:4508Y3 9B5 $�R#�T=D501<=4-@?'&
�I1���8 m_�]R � R �!nj50? 8
����M7M�� 9W-@?'&K=#"23m:D5�8V3OM7-@?23>:W50:p-@? =#"�3�+�1����!� � �;ws398Y8V5\��R-�;#9B3K501<14-7a03m5�=zmA��R � R 8 nCR �

	�
��� A �5���5� � � & a(·, ·) " � �
V ′,mod
h � � ���($%� � � � mA��R � n " � � mA��R � ��n � � ��������� &��($%� - � /�!  �� � ���
	 ��� &��

α′,mod > 0 � 
 �  <&  #"%& , ��� h ��� "%-(- � � ��

�� 

a(v′,mod
h , v′,mod

h ) ≥ α′,mod‖v′,mod
h ‖2X , v

′,mod
h ∈ V ′,mod

h .
m_�]R 2 � n

021435376 � k6�01P50? 5�1��2-Q=D1D5�1)$
v
′,mod
h ∈ V ′,mod

h

; 9S3 A&"�����:43
ṽh ∈ Ṽh

5�:`-@?cw�3>8V8V5t�]R�� ;Z50? 8
� �2:<391�a�3%;6�*$d/2:<-@?'&q=#"�3UA���?N=D-7?T/�-7= $.� �

a(·, ·) 50? 8 m_��R � R	�!n ;2=#"E5�=
∣∣a(ṽh,∆′,modṽh)

∣∣ ≤ C‖ṽh‖X‖∆′,modṽh‖X ≤ Ch‖ṽh‖2X .
x -7=�" =�"23 �J50Ak=`=�"E5�=

a(·, ·) -7:KA��]3>14A>-7a�3���? Ṽh
; 9%"2-@A&" -@:K5 A���?�:43�IL/23>?2A93��!��w�3>8V8V5 2]R �n50? 8

#
:<:4/28,+�=4-���? 2]R � m��<n ;E50? 8 9W-Q=#" m_��R � R 8 n ;2=�"2-@: &�-Qa�3>:%���01
h
:48V50M@Mo39?��0/'& "

a(v′,mod
h , v′,mod

h ) ≥ (α− Ch)‖ṽh‖2X ≥ α′,mod‖v′,mod
h ‖2X ,

9%"2-7A&"n-7:H=#"23 8 3>:4-@1<3 8 143>:4/2MQ=�R �

	�
��� A<�5���5� � � & u ∈ (H1
ΓD

(Ω))d∩∏k=m,s(H
2(Ωk))d " � �

V ′,mod
h � � ���($%� � � � m_��R � ��n / !  �� �

�(&  � - � �'&  #"%&
inf

v
′,mod
h ∈V ′,mod

h

‖u− v
′,mod
h ‖X ≤ Ch

(∑

k=m,s

‖u‖22,Ωk

)1/2

.
m_�]R 2 2�n

? R
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 � � A ����� � � � & u ∈ (H1
ΓD

(Ω))d ∩∏k=m,s(H
2(Ωk))d � � &( ��'����"���� � - 
 &�� ����� , m � R-��n��?m � R ? n �

" � � "���� 
 � ��&( #"%& λ ∈M ��� � ��� � � � � � m � R � ��n / � � & &( �� � ��

� - � � � � �(- � � ��" � , ��� � b(·, ·) " � � &( ��

� ��� � & � "�� � � � ���#"�� � V ′,mod
h � � � ��� � � � � � mA��R 2�n " � � m_��R � ��n � � ��������� &��($%� - � / ����� h ��� "%-(- � � ��


�� �
�(&� � - � �'&( #"%&

sup
v
′,mod
h ∈V ′,mod

h

b(v′,mod
h ,λ)

‖v′,mod
h ‖X

≤ Ch

(∑

k=m,s

‖u‖22,Ωk

)1/2

.
m_��R32���n
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 � �5�
	5� � � & u ∈ (H1
ΓD

(Ω))d∩∏k=m,s(H
2(Ωk))d � ��&  �������"�� � � - 
 & � ����� , m � R-��n��?m � R ? n �

" � � "���� 
 � � &( #"%& λ ∈ M ��� � ��� � � � � � m � R � ��n / !  �� � &  �� � � - 
 & � ���
umod
h

� , mA��R � 2�n � "%&����������, ���
h ��� "%-(-�� � ��


�� ��
‖u− umod

h ‖Xh
≤ C(u)h.

� � ����� ��� ��� ������ ��������� ����� � � � ������
x 3�+21��iaT- 8 3`5 8 3>=D50-@M73 8 50A9A���/2?N= � � "�� 9 =#"23U8%� 8 -! EA�5�=D-��0?im_��R R�nW5 �f3>A>=4:�=�"23P50:<:43>8��2M-$�� �.=#"�3
8X5�=414- {

M
�I1���8 m 2TR ? ��n -7?X==9-� 8 -@8Y39?2:<-���?2:>RCx 3 ���TA9/2: �0? 5`:4M@5�a�3e3 8 &�3

e �
50? 8 5`8V50:�=D391S3 8 &03

e  Rr} "23��E50:<-@: �I/2?2Ak=D-���?2: µi
j = µjei

50:<:��TA9-l5�=D3 8 9W-Q=#" =#"23m?�� 8 3 p �j
501<3m8�� 8 -
 23 8 �*$

∆µi
j|e ? = (µi

j)
mod − µi

j = −1

2
φ �12
(
nij∆n + tij∆t

)
, i = x, y, j = 1, 2.

x -7=#" =#"23 3>? 8 + ��-@?N=D:
p
 
k

�!�W=#"23 8V50:<=4391P3 8 &�3
e  ;�9S3d50:<:��TA9-l5�=D3X=�"23)�E50:<-@: �I/2?�A>=D-���?2:

φ`
k =

φ
 
k e`|e = ; k = 1, 2

;
` = x, y
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−(∆µi
j, P � φ

`
k)e ?

����1q=#"23nA���/'+�M@-@? & � �
(µi

j)
mod 9W-7=#"

φ`
k

R �-��?2:<3�IL/23>?L=4M-$%;�:<3>=<=D-@? &
mk = 1

2
(φ �12, P � φ
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| (µx
1)

mod (µy
1)

mod (µx
2)

mod (µy
2)

mod

φx
k | (1− n1 ·n2)mk (n1 × n2)mk (n1 · n2 − 1)mk (n1 × n2)mk

φ
y
k | −(n1 × n2)mk (1− n1 · n2)mk −(n1 × n2)mk (n1 · n2 − 1)mk


 .

x 3O?���=D3O=#"E5�=
φ �12 = 1

3
(µ1 − µ2)

;2=�"T/�: ;
mk
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A���?2:�=D-Q=D/�=43P=#"23q3&�]=439?2:<-���?�:m=�� =#"23P=41D50?2:<-@3>?L=m1<3 &�-78V3,�!� =#"23qA���141<39: + ��? 8 -@?'&d:<=D5�=D-���?E501($ +�1�� � $
M@398Y: =D14395�=D3 8 -@?�=#"23 +2143>A93 8 -@?'& A&"25�+�=D3>14:>R . 3 +21��iaT- 8 3 =#"23n:<=41���?'& 50? 8 9S3�5 (�A��0?L=4-@?L/���/�:
����148P/�Ml5�=4-���?2::;T=�"23m:43>8V- $ 8 -7:4A91<3>=43 ����148`/2Ml5�=4-���?�:-� ��=D50-@?�3 8 5 ��=D3>1p: +E5�A93 8 -@:<A9143k=D-���5�=4-���?5;�50? 8 =#"�3
=��0=D50M@M $ 8 -@:4A>143k=D3
����148`/2Ml5�=4-���?�:H5 ��=4391�5 8 8 -Q=D-���?E50M =D-78V3 8 -@:4A>143k=D-�95�=D-���?rR

��� � � � ���
	����� ��������	���� 	��
. 3Y-@?Na�3>:<=4-�&N5�=43q=#"23 8 3 ���0148V5�=D-���? �!�p50? 39M@50:<=4-@A&� � 8 $

Ω � ⊂ Rd 9W-Q=#" 8 39?2:<-7= $ ρ � : Ω � → IR/2? 8 3>1 &�-7a039? =D-78V3 8 3 +o3>? 8 39?N= a �0M@/28Y3\50? 8 :4/21$�J50A93 ����1<A93>:
f
50? 8 g

; 1439:)+o3>A>=4-7a�3>M-$%; $T-739M 8 -@?'&
50? 3��T=D3>?2:4-���? �!�m=#"23b:�=C5�=4-���?2501)$1� ��/2? 8 5�1)$ a�50M7/23 +21�� �2M7398 � � R ��	 $ � � R ? 	q=�� 5 :43>A���? 8 ��1 8 391
" $�+h391��'��M7-@A�-@?2-Q=D-@50M5�'�0/2? 8 501($ a05�M@/23�+21�� ��M@398cR � "23 �'��/�? 8 501($0�!� Ω �

9W-Q=#"\/2?�-7=S?���148V50M a�3>A>=��01
n �

-@:O=#"23 /2?�-���? �!� 8 -@: ���0-@?N=m:4/���:43>=4: Γ �; 50? 8 Γ �< ; ��? 9%"2-@A&" ?E5�=4/21D50M 5�? 8 3>:4:<39?N=D-@50M 8 5�=C5c50143&�-7a039?5;�1439:)+o3>A>=4-7a�3>M-$0R � "23H:�=D1��0?'& ����1<8P/2Ml5�=D-��0? ����1.M7-@?239501�39Ml5�:<=��%$ 8 $T?E508Y-@A +21�� �2M7398Y:�=�"239?P1<3�5 8 :
50: ����M@M�� 9W:  &�-Qa�39?

u0,u1,f : Ω � → IRd ;� 2? 8 u : Ω � × (0, T )→ IRd :</2A&"n=�"E5�=

ρ � ü− div σ(u) = f
-@?

Ω � × (0, T ),
� ��R � 5
	

9W-7=#"�� � R���	 ; � � R . 	 ;5� ��/2? 8 501)$ A���? 8 -Q=D-���?2:p50?250M�� &	��/2:H=�� � � R ? 	 ;E?E5�8V3>M-$ ;

u = 0
�0?

Γ �< × (0, T ), σ(u)n � = g
��?

Γ �; × (0, T ),
� �2R � � 	

50? 8 -@?2-Q=D-@50MoA���? 8 -Q=D-���?2:
u(·, 0) = u0, u̇(·, 0) = u1

-@?
Ω � .

� �2R � A 	
�6�01X=#"23 9S3�5 ( ���0148P/2M@5�=D-���?5;p-Q= -@: ?E5�=D/21450M
=�� /2:<3b=#"23_: +250A93

X � = (H1
Γ �> (Ω � ))d

;
50? 8 =#"�3
1439:</2M7=4-@?'&ta�501<-l5�=4-���?250M +�1�� �2M7398 143�5 8 :   E? 8 u ∈ L2(0, T ;X � )

;
u̇ ∈ L2(0, T ;L2(Ω � ))

;B5�? 8
ü ∈ L2(0, T ;H−1(Ω � ))

:4/2A&"c=#"E5�= ����1W50M@Mo=D-@8Y39:
t ∈ (0, T )

〈ρ � v, ü(t)〉Ω � + a � (u(t), v) = lt(v) = (f(t), v)Ω � + (g(t), v)Γ �	 , v ∈ X � ,
� ��R 2
	

=�� &�3k=#"23>1 9W-7=�"Y-7?2-7=4-l50MLA���? 8 -Q=D-��0?2: � �2R � A 	 R . 3W398,+2M���$U=#"23W:�=C50? 8 501 8 :43k=4=D-7?'& �!� � � � ��M@3ka`:)+E50A93>:
����1H3>a	��M@/]=D-��0? +21��	�2M@3>8V::;]=#"�3O: +E50A>3

L2(0, T ;X � )
-@:H-7?N=D1�� 8 /2A>3 8 -7?��
3� E?�-7=D-���?��`R32 2]R � ? � �2R32
	 ;

〈·, ·〉Ω �
-7? 8 -7A�5�=439: =#"23 8 /E5�M@-7= $ +21�� 8 /2Ak=��0?

X � × (X � )′
;O50? 8 =#"23 �2-7M@-7?23�501 ���0148

ae(·, ·)
-7:

8 3� E?�3 8 5�?E50M���& ��/2:.=�� ����R � 	 R � "23
5�?E50M-$T:<-@: �!�h=#"23pa�501<-l5�=4-���?E5�M ����1<8��!�o:43>A���? 8 ��1 8 391 3>a	��M@/�=4-���?
3 � /E5�=4-���?2:�M@- (03 � �2R32
	H-@:�:4/"���<39Ak=
�!�j8V50?*$ =D3&�]=��'��� (L: ; % � � ; � � ; � � ; ��� 2 # R � "�3`8V50-@?dA��0? 8 -7=4-���?

� �
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����1 &�/E501450?N=D3>39-@? &X=#"23 9B3>M@M-+'��:<3 8 ?�39:4:
� �Z=#"23�+21�� ��M@398 ����1<8P/2M@5�=D-���?d-@:W=#"E5�=[=#"23,�2-@M7-@?239501 ����148

a � (·, ·)
:45�=D-7:  E3>:�5 �m501 8 -@?'&q-7?23 � /E5�M@-7= $%;

a � (v, v) ≥ α‖v‖21,Ω � − λ‖v‖20,Ω � ,
9W-7=�" A���?2:�=C50?N=D:

α > 0
50? 8 λ ≥ 0

R � =UA950? �h3V: "�� 9W? =�"E5�=U=#"23 9B395 (b:��0M@/�=4-���?
u
-@:m-@? 8 393 8

8%��143O1<3 &�/2M@501�9W-Q=#"d143>: +h39A>=�=��q=4-@8Y3%;�?2508V3>M-$%;

u ∈ C0([0, T ];X � ) ∩ C1([0, T ];L2(Ω � )).
��391$����148Y-@? &[5p:)+E5�=D-@50M 8 -@:4A>143k=D-�95�=D-���?!9W-7=�"m:<=C5�? 8 501 8 ?�� 8 50M  E?2-7=43 39M@3>8V3>?N=D: ; 9S3B5 +'+21�� �]-@8V5�=43

X �
�*$

X �h
R �O-7a039? 5�+'+21�� �]-78X5�=4-���?�:

u0,h,u1,h ∈ X �h
�!�H=#"�3X-@?�-7=D-@50M 8 5�=C5 u0,u1

; 9S3X:<393 ( 5
: +25�=D-@50M@M $ 8 -@:4A>143k=D3m:���M7/�=D-���? uh : t 7→ uh(t) ∈ X �h

:</2A&"n=�"E5�=

〈ρ � vh, üh(t)〉Ω � + a � (uh(t), vh) = lt(vh), vh ∈ X �h.
� �2R ��	

�5��M@M�� 9W-@?'& % ��� 2 # ;O5�? 5 +214-���14-e3>:<=4-@8V5�=D3_A�5�? �h3 &0-7a�3>?5;m50:<:4/28Y-@?'& =�"E5�=
u ∈ C2(0, T ;X � )50? 8 /2? 8 391K=�"23Y:4-@8,+2M7- � $T-@?'&XA���? 8 -7=D-���?t=#"25�=K=�"23%�2-@M7-@?239501 ����1<8 a � (·, ·)

-@:m3>M@M@--+�=D-7A���?
X �

R � ?+E501�=D-7A9/2M@501 ;T=#"23 8 -7:4A91<3>=4-��5�=D-��0? 39141���1 eh(t) = u(t)− uh(t)
5�=p=D-@8Y3

t
:D5�=4-@:  239:

‖eh(t)‖1,Ω � + ‖ėh(t)‖0,Ω �
. ‖u0,h −Ψhu0‖1,Ω � + ‖u1,h − Ψhu1‖0,Ω �
+ ‖u(t)−Ψhu(t)‖1,Ω � + ‖u̇(t)− Ψhu̇(t)‖0,Ω � +

∫ t

0

‖ü(s)− Ψhü(s)‖0,Ω � 8 s,
9W-7=�" =#"�3q39M@M7-�+�=4-@A +21��)�<39Ak=D-��0? � +h391D5�=���1

Ψh

50:<:��TA9-@5�=D3 8 9W-7=#"
a � (·, ·)

R � "L/2::;r=#"23q3>141��01eA�50?7�h3
� ��/2? 8 3 8 -@? =4391<8V: �!�W=#"23\3>141���1`-7? =#"23X-@?2-Q=D-l5�M 8 5�=C5 5�+'+21�� �]-78X5�=4-���? 50? 8 � �p=#"23 +�1��)�<3>A>=D-���?
391<1���1>R �[? 8 391 �I/�1<=#"�391p50:<:4/28,+�=4-���?2:���?X=�"23e: +25�=D-@50M 143 &0/2Ml501<-7= $4�!�s=�"23e:���M@/�=4-���?

u
5�? 8 -7=4:g=4-@8Y3

8 3>14-7a�5�=4-7a039: ;o3�50A&"_:<-@?'&�M73K3>141���1
=D3>148 5	� � a03PA�5�?7�o3 �I/�1<=#"�391e3>:<=D-78X5�=D3 8 -@? =�"23P:<=D50? 8 5�1 8 9B5�$%;
398,+2M�� $T-7?'&Y=�"23P5 +'+21�� �]-@8V5�=4-���? +21�� +o3>1<= $�!�Z=�"23,��+o3>1D5�=���1

Ψh

50:4:��]A>-l5�=43 8 9W-Q=#"n=�"23��m50M7391�(L-7?
5�+'+�1�� �]-@8V5�=D-���?.�!�

X �
�*$

X �h
R

� ��=D3>1W-@?N=D1�� 8 /�A9-@? & 54�250:4-7:+� �
X �h

;#9S3K8V5 $ 9W1<-7=D3 � �2R ��	B-@?d8V5�=D1<- � ����148 50:

Muüh(t) +Kuuh(t) = fh(t),
� �2R ��	

��1:;28��0143 &�3>?2391450M@M $ ;25�:

Muüh(t) + Cuu̇h(t) +Kuuh(t) = fh(t),
� �2R . 	

9W-7=�"\5 8 508,+2-@?'&m8V5�=D1<- �
Cu
R�� � � a03O50? 8 -@?Y=#"23�:43 � /�39M ; 9B3
/2:43�=#"23[:D508Y3[:($T8��'�0M���01B5  E?2-7=43

39M7398Y39?N= �I/2?2Ak=D-��0? 50? 8 -7=4:KA���141<39:)+'��? 8 -@?'&cA��T3��YA>-@39?N=Ka�39Ak=���1>R�T=C5�1<=D-7?'&�9W-7=�" � ��R . 	 ; �0?23VA950?
398,+2M�� $X5P:4/�-7=C5 �2M@3�� ��-�-@?N=D3 &�1D5�=D-��0?\:4A&"23>8V3 ; 50: ����1H3&��508"+�M@3���3:9W8V501�(	� :�8Y3>=�"�� 8 ; %  � ; ' � # R
�5��1[=�"23`=4-@8Y3 8 -7:4A>143>=4-�95�=D-���?5;79B3 8 3>A���8,+ ��:43`=�"23P-7?L=4391�a05�M

[0, T ]
-@?N=��\:</��2-7?L=4391�a05�M@:

[tn, tn+1]
;

n = 0, . . . , Nt − 1
; 9W-7=�"

tn = n∆t
;
∆t = T/Nt

R � ? =#"23 =D-78V3q:�=D3 + A���1<143>: + ��? 8 -7?'&c=��n=�"23
=D-78V3

tn+1

; 50?d3 � /�-@M@-��214-7/28 3 � /E5�=4-���? "E50:p=��%�h3m:D5�=4-@:  E3 8 ;E?2508V3>M-$%;

Muün+1 + Cuu̇n+1 +Kuun+1 = fn+1,
� �2R ? 	

�*.
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	��!��� � �-���`� 	 � � � � �
	��/� �]���� � �

9%"2391<3
un+1

;
u̇n+1

;�50? 8 ün+1
8 3>?��0=D3e5�+'+21�� �]-78X5�=4-���?�:��!�

uh(tn+1)
;
u̇h(tn+1)

;250? 8 üh(tn+1)
;

1439:)+o3>A>=4-7a�3>M-$0R �m-Qa�3>?n==9�� +E5014508Y3>=D3>14:
β
50? 8 γ ;E=#"23 8 3� 2?2-@?'& �I3�5�=4/2143��!�.�[3:9W8V501)( � :�8V3k=#"�� 8

-@:Z=��UA��08"+2/]=D3p=#"23[5�+'+�1�� �]-@8V5�=D-���?2:
u̇n+1

50? 8 ün+1
50: �I/2?2Ak=D-��0?2: �!�o=�"23 8 -@:)+2Ml50A>398Y39?N=D: un+1

;

u̇n+1(un+1) = a1un+1 − ̂̇un,
� �2R,'05�	

̂̇un = a1un +
γ − β
β

u̇n +
γ − 2β

2β
∆tün,

� �2R,' � 	

ün+1(un+1) = a2un+1 − ̂̈un,
� �2R,'�A 	

̂̈un = a2un +
1

β∆t
u̇n +

1− 2β

2β
ün,

� �2R,' 8 	

9W-7=#"
a1 = γ/(β∆t)

5�? 8 a2 = 1/(β∆t2)
R � "2-7: 5 8 8Y-7=D:�=��m3�� +21<39:4: � �2R ? 	.5�:S5O:($]:�=D3>8 �!�hM@-@?�3�501

3 � /E5�=4-���?2:p-7? =#"23m143>8X5�-@?2-7?'&P/2? (L?�� 9W?2:
un+1

;

K∗
uun+1 = fn+1 − Cu ̂̇un −Mu

̂̈un,
� ��R � 	

9W-7=#" =�"23m3 �o39A>=4-7a03U:�=D- �f?23>:4:�8X5�=D14- �

K∗
u = Ku + a1Cu + a2Mu.

� ��R  	
� "T/�: ;N-@?`3�50A&"P=4-@8Y3S:�=D3 +Y5
M7-@?239501�:)$T:<=4398 � �E=#"23 ���0148 � �2R � 	 "E50:.=��(�o3S:���MQa�3 8 R.�
? 5 +'+21���+214-@5�=D3
50?E50M $]:<-@:W-@:[5�&N5�-@?dA�501<14-73 8 �0/�=
-7? % ��� 2 # R �5��1p=#"�3`A&"���-7A93��!� +E5�1D508Y3>=43914:

β = 1/4
;
γ = 1/2

; -7=
-@:�9B3>M@M (T?"�49W?\=�"E5�=g=#"23��[3 9W8X501)( :4A&"23>8V3e-7:S/�?2A���? 8 -7=4-���?E5�M@M-$`:<=D5	�2M@3[50? 8 �!� � /E5 8 145�=D-7A ��1 8 3919W-7=#" 1439:)+o3>A>=e=��X=D-78V3�R � ?t8%��1<3 8 3k=C50-7M ;h50:4:</28Y-@?'&

u ∈ C2(0, T ;X � ) ∩ C4(0, T ;L2(Ω � ))
; 9S3

"E5�a�3 ����1H=#"23 8 -@:4A>143k=D3U:���M7/�=D-���? un

5�=p=D-@8Y3
tn
=�"E5�=

‖un − u(tn)‖0,Ω � . ‖u0,h −Ψhu0‖0,Ω � + ‖u1,h − Ψhu1‖0,Ω � + ‖u(tn)−Ψhu(tn)‖0,Ω �
+

∫ tn

0

‖ü(s)− Ψhü(s)‖0,Ω � + ∆t2‖u(4)(s)‖0,Ω � 8 s,
9%"2391<3 =�"23 :4/'+h391<:4A>14-�+]=

(4)
-7? 8 -@A95�=D3>:e=#"23 ����/�1<=#"b=4-@8Y3 8 391<-7a�5�=4-7a�3�R � �S=�"23Y5�+'+21�� ��-78X5�=D-��0? �!�

=#"23q-7?2-7=4-l50M 8 5�=D5d-7: +h391 ���0148Y3 8 9B3>M@Mj3>?���/'& " 50? 8 -��  2?2-7=43q39M@3>8V3>?N=D:
�!����1 8 391 k 50143q/�:43 8 ;�9S3
=#"23>143 ���0143�3�� +o3>A>=W5mA��0?La0391)&�39?2A>3
��1 8 391 O(hk+1 +∆t2)

����1j=#"�3
L2 $^?��0148��!�f=#"23 8 -@:<A91<3>=D-���5�=4-���?

39141���19R

��� � � � � ������� �	� �
����	 � � 	������  � 	��
�6�01W=�"23 8 39:4A>14--+�=D-���?��!�.=#"23K50A��0/2:<=4-@A'9H5�a�3 +�1�� +E5 &N5�=D-���?�9W-7=�"2-@?n5 8 �08X50-7? Ω


 ⊂ IRd ;�9S3P/2:<3
=#"23'9H5�a03P3 � /E5�=4-���? ����1W=#"23ma�3>M��TA9-Q= $ +'�0=439?N=D-@50M

ψ
;h-6R 3�R ;

v 
 = − gradψ
9W-Q=#"

v 
 8 39?��0=4-@?'& =#"�3
50A���/�:<=D-7A`a�3>M��TA9-Q= $  E3>M 8 R � "23 5�A���/2:�=D-7A +2143>:4:</2143

pa
-7:
=#"23>?_1439M@5�=D3 8 =��X=�"23 50A���/2:<=4-@A`a039M��]A>-7= $+'�0=439?N=D-@50M

ψ
�*$

pa = ρaψ̇
� �2R ��� 	

9W-7=#"
ρa : Ω


 → R
=#"23 8Y3�5�? 8 39?2:<-7= $ � �[=�"23 	E/2- 8 R �[?E50M���& ��/2:`=��t=#"23 3>Ml50:�=D-7A9-7= $ :43k=4=4-@?'& ;

=#"23[:<=D1���?'& ���0148P/2M@5�=D-���? ����1gM@-@?�3�501g50A���/2:<=4-@A>:B-@:B50?\3&�]=439?2:<-���?0�!� � � R � 	j=�� 9H501 8 :p50? " $�+h391��'��M7-@A

� ?



���������@��� 
��� �
�� � �

+21�� �2M@3>8nR � ? 8 -@A95�=D-7?'& 9W-7=�"
c : Ω


 → IR
=�"23d: +h393 8 �!�[:���/2? 8 ;B-Q= 143�5 8 :Y50: ����M@M��49W:  &�-7a039?

f, ψ0, ψ1 : Ω

 → IR

;� E? 8 ψ : Ω

 × (0, T )→ IR

:4/2A&"c=#"E5�=

c−2 ψ̈ − div gradψ = f
-@?

Ω

 × (0, T ),

� �2R �!� 5�	

9W-7=�"��'��/�? 8 501($ A���? 8 -7=4-���?2:

ψ = 0
��?

Γ

< × (0, T ), ∂ψ/∂n 
 = g

��?
Γ

; × (0, T ),

� �2R �!� � 	

50? 8 -7?2-7=4-l50MhA���? 8 -7=4-���?2:
ψ(·, 0) = ψ0, ψ̇(·, 0) = ψ1

-@?
Ω



.

� �2R � � A 	

� ? � �2R �!� 5�	 ;>9B3 8 39?��0=43 �*$
f
50?*$ 3&��A>-7=D5�=D-���? ��/2?2A>=4-���? ����1"&039?23>1D5�=4-@?'& =�"23t5�A���/2:�=D-7A 9B5ia030R

�]3k=4=D-7?'&
X



= H1

Γ �> (Ω 

)
;H=�"23 9S3�5 ( ����1<8 � ��� �2R � � 	q143�5 8 :  �.-7? 8 ψ ∈ L2(0, T ;X



)
;
ψ̇ ∈

L2(0, T ;L2(Ω


))
; 50? 8 ψ̈ ∈ L2(0, T ;H−1(Ω



))
:4/2A&"c=#"E5�= ���01W50M@Mh=D-@8Y39:

t ∈ (0, T )

〈c−2w, ψ̈(t)〉Ω � + (gradψ(t), gradw)Ω � = (f(t), w)Ω � + (g(t), w)Γ �	 , w ∈ X 

,

� ��R � 2�	

=���&�3>=�"2391 9W-7=�" � �2R � � A 	 R � +25�=D-@50M 8 -7:4A91<3>=4-��5�=D-��0?�*$d8Y3�50?�: �!�.:<=D50? 8 501 8 ?�� 8 50M  2?2-7=43U3>M@3>8V3>?L=4:$T-@3>M 8 :p-7?c8V5�=414- � ����1<8
Mψψ̈h +Kψψh = fh.

� ��R � �
	
� 50?*$V5�+'+2M7-@A�5�=D-��0?2: 9W-7=�"2-@?YA��08"+2/]=C5�=4-���?E5�M250A���/2:<=4-@A>:B501<3 ��+o3>? $ 8 �08X50-7? +21��	�2M@3>8V::;T-6R 3�R ;N=�"23

� ��/2? 8 3 8 8 ��8V50-@? Ω

 9H5�: � ��=D50-@?23 8 �I1��08 5�?P/2? �'�0/2? 8 3 8 8 ��8X5�-@?�� $`-@?N=D1�� 8 /2A9-7?'&e50?P501<=4-
 EA>-l50M

� ��/2? 8 5�1)$ Γ

 -@?Y5 8 8 -7=D-���?`=�� Γ


< 5�? 8 Γ

; R � ?���1 8 391Z=��mA���1<1439Ak=DM $q:���MQa�3p:</2A&" +21�� �2M7398Y: 9W-7=#"q=�"23

 E?2-Q=D3W39M7398Y39?N=g8V3k=#"�� 8 ; 9S3 "E5�a�3�=�� 8 3� 2?23e5�+ +21�� +�14-l5�=D3 � ��/2? 8 5�1)$ A��0? 8 -7=4-���?�:#�0? Γ

 R �]-78"+�M-$

/2:<-@?'& "���8%� &�39?�3���/2: �
-@1<-@A&"2M73>=���1 �[3>/28X5�?2? � ��/2? 8 5�1)$ A���? 8 -7=4-���?2: 9���/2M 8 143>:4/2MQ=`-7? 5c=��0=C5�M
143 	E39Ak=D-���?�� �f=#"�3+�0/�= & �0-@?'& 9B5ia039:B5�= =#"23�� ��/2? 8 5�1)$�R � "2391<3 ����1<3%;�:)+o3>A9-@50M5�'�0/2? 8 501($qA��0? 8 -7=4-���?�:
"E5�a�3[=��,�h3[5�+'+2M7-@3 8 ����1S5	�2:��01��2-7?'&U=�"23 9B5�a�3>:p-@8,+2-@?'&0-@?'&
��?V=#"23
501<=4-
 EA>-l50M�� ��/2? 8 501)$Y-78"+ ��:43 8
��? =�"23t5�A���/2:�=D-7A 8 ��8V50-7?rR���391<3%; 9B3 398,+2M���$ 5�9W- 8 39M-$ /�:43 8 M��]A950M@M $ 5	�2:���1���-@?'& � ��/2? 8 501)$
A��0? 8 -7=4-���?)� �  E1<:<=+��1 8 391 �J:<393 % � �#; � � # 	 ;

(∂/∂t − c ∂/∂n 
 )ψ = 0,
� �2R � ��	

9%"23>143
n 
 8 3>?��0=439:.=�"23B/2?�-7=Z?"��148V50M�a�3>A>=���1 ��? Γ


 R . 3B?��0=D3g=#"E5�=Z50?`3��T=D3>?2:4-���?&�!�2=�"2-@:�8V3k=#"�� 8
=�� 9B5�a�39:[-@?d:��0M@- 8 : �J3>: +h39A9-@50M@M $ +2-73 ����$^3>M@39Ak=D1<-@Ae8V5�=D3>14-@50M@: 	gA�5�? �h3 ����/2? 8 -@?+% ? ' # R
� � 8 391<-7a�3W=#"�3
A��014143>A>= ����148`/2Ml5�=4-���?q-7?2A9M7/ 8 -7?'&e=#"23
5	�2:���1��2-7?'&��'��/�? 8 501($ A���? 8 -7=D-���?Y50: &�-7a039?

-@? � ��R � ��	 ; 9B3[:<=D501<= �I1���8 =#"23 9B395 ( ����148 �I:43>3�� ��R � 2�	 	 9W-7=�"���/�=S:43k=4=D-7?'&m=#"23+�'�0/2? 8 501($Y-@?N=D3 &�1D50M
��?

Γ

 =�� �9391��

〈c−2w, ψ̈(t)〉Ω � + (gradψ(t), gradw)Ω � − 〈w, gradψ(t) ·n 
 〉Γ � = lt(w), w ∈ X 

,
� ��R � . 	

9%"23>143'9B3m:43k=
lt(w) = (f(t), w)Ω � + (g(t), w)Γ �	

R#�]/��2:�=D-7=4/�=D-7?'& � �2R � ��	B-7?N=�� � �2R � . 	g1439:</2M7=4:W-@?

〈c−2w, ψ̈(t)〉Ω � + (gradw, gradψ(t))Ω � − 〈c−1w,
˙︷ ︸︸ ︷

γ0ψ(t) 〉Γ � = lt(w), w ∈ X 

,
� ��R � ? 	

9%"23>143
γ0 : H1(Ω



)→ H1/2(∂Ω



) 8 39?��0=439:Z=�"23p/2:4/250M]=41D50A>3 � +o3>1D5�=���1 ;�:43>3 � "23���1<398 �KR � ��R'. 3

143>8X5�1�(P=#"25�=-�0?23
8V5 $ ?��0=SA&"E50?'&�3[=#"23 ��1 8 3>1�� �r=C5 (L-7?'&K=�"23[=41D50A>3
50? 8 �!� 8 - �f3>143>?L=4-l5�=4-@?'& 9W-Q=#"

� '



� �B�2�  �
	��!��� � �-���`� 	 � � � � �
	��/� �]���� � �

1439:)+o3>A>= =��O=4-@8Y3%;N:4-7?2A93
ψ̇(t)

-7: 50?
L2 $ �I/2?2Ak=D-��0?q-@? &�39?�391D5�M 9%"2-@A&" 8 �T39: ?��0=g50M7M�� 9 ����1 5e=D1450A93W-@?

=#"23K/2:4/E5�M.:43>?2:43�R � "23 5 8 8 -7=D-���?E50Ms:</21 �J5�A93P-7?L=43 &�1450M�8X5 $�h3P:43>39?_50:O5 8 508,+2-@?'& =D3>148 50A>=4-@?'&
��?2M-$4�0?X=#"23
:4/21$�J50A93 �!�s=#"23[A���8,+2/�=D5�=D-���?E50M 8 �08X50-7?rR � "23eA&"E501450A>=4391 � �s=#"23
50A���/�:<=D-7A +21�� �2M7398
� �2R � ? 	.-7:Z=#"23W:D5�8V3�50:j=#"�3+�0?23 � �o=�"23W39Ml5�:<=��%$ 8 $T?E508Y-@A +21�� ��M@398 � �2R32
	CRjGB39:<- 8 3>: "25iaT-7?'&U=��O=C5 (�3
-@?N=��V50A9A���/2?N=
=�"23K5 8 8 -Q=D-��0?E50Mr:</21 �J50A>3`-7?L=43 &�1450M ;E-Q=D:�50?E5�M-$T:4-7:[-7:�A���8,+2M@3k=D39M $d50?E5�M�� & �0/2:9R � ? %,' # ;-7=p-7:p:�"�� 9W?n=�"E5�=

ψ ∈ C0(0, T ;X


) ∩ C1(0, T ;L2(Ω



)),

˙︷︸︸︷
γ0ψ ∈ L2(0, T ;L2(Γ



)),

� �2R � '
	
50? 8 =�"E5�= ψ 8 3 +o3>? 8 :pA��0?L=4-@?L/���/�:4M-$���?X=�"23 8 5�=C5 f, g, ψ0, ψ1

9W-Q=#"\1<39: +h39Ak=H=��K=#"23O5 +'+21���+214-@5�=D3
?���148Y:9R
� "23U: +25�=D-@50M 8 -7:4A>143>=4-�95�=D-���?)�!� � �2R � ? 	SM73�5 8 :p=��

Mψψ̈h + Cψψ̇h +Kψψh = fh ,
� �2R � � 	

50? 8 ����1U=#"23\=4-@8Y3 8 -7:4A91<3>=4-��5�=D-��0? ��?23XA�50?�50M7:��b5�+ +2M-$ 5��[3 9W8X5�1�( :<A&"2398Y30R � ? 50?E5�M�� &�$_=��
� �2R � 	 ;5��?23 � ��=D50-@?2:

K∗
ψψn+1 = fn+1 − Cψ ̂̇ψn −Mψ

̂̈ψn,
9%"2391<3 ̂̇ψn ; ̂̈ψn ; 50? 8 K∗

ψ
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〈ρ � v, ü(t)〉Ω � + a � (u(t), v) + 〈ρ 
 v·n,
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t ∈ (0, T )

〈ρ � v, ü(t)〉Ω � + a � (u(t), v) + 〈ρ 
 v · n,
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γ0ψ(t) 〉Γ = lt(v), v ∈ X � ,
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〈c−2ρ 
 w, ψ̈(t)〉Ω � + a 
 (ρ 
 ψ(t), w)− 〈ρ 
 w,
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γ0u(t)·n 〉Γ = 0, w ∈ X 
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3 � /E5�=D-��0? ���01H=#"23Oa�3>M��TA9-Q= $ + �0=D3>?L=4-l50M7:

ψi : Ωi × (0, T )→ IR
;

c−2 ψ̈i − div gradψi = fi
-@?

Ωi × (0, T ), i = 1, 2,
� �2R32 � 	

5�&N5�-@? A���8,+2M73>=D3 8 �*$V5�+'+21�� +21<-l5�=43�-7?2-7=4-l50M]A���? 8 -7=4-���?2:S5�= =D-78V3 t = 0
50? 8 � ��/2? 8 501)$ A���? 8 -Q=D-��0?2:

��?b=#"�3,&0M�� �E5�M � ��/2? 8 5�1)$ Γ

 R . 3 398,+ "E50:<-�>3P=#"E5�= ;s-@?_A��0?L=41D50:�=m=�� �]39Ak=D-���? �2R 2TR � ;�5�M@M � �S=�"23

����M7M�� 9W-@?'&OA���?2:<- 8 3>1D5�=4-���?2:g5�+ +2M-$q3 � /E50M@M $P=��m=#"�3 ����1<8P/2M@5�=D-���?&�!�f=�"23�M@-@?�3�501 50A���/2:�=D-@A�3 � /E5�=D-��0?2:
-@? =439148Y: �!��=#"23U50A���/2:�=D-@A +�1439:<:4/21<30R

� � �� � �������� ��� �����������
�5��1e:<-@8,+2M@-7A9-7= $%; 9S3Y/2:43q=#"�3q:D508Y3q3 � /E5�=4-���? 50? 8 +�14-@8V50M�a�5014-@5	�2M@3K-@? � �0=#"b:</�� 8 ��8X5�-@?2::;�50? 8
=#"�3K-7?L=4391$�J50A93U-@:.�</2:<=
501�=D-
 2A9-l5�M ;2-6R 3�R ; ?��V8X5�=4391<-l50MrA&"250?'&�3 �]A>A9/21<:9R . 3U143��I391�=��&%,'; '  )# ���01�=�"23
=D1<3�5�=48V3>?N=,�!�H8���1<3 &�39?23>1D50Mg:4-Q=D/E5�=D-��0?2:9R,� "�39143�����143 ;Z-@?_=#"�3X:<=41���? & :43k=4=4-@?'& ;�-7=K-@:m?E5�=D/21450Mj=��
-@8,+ ��:43eA���?N=D-7?T/�-7= $ -7?\=#"23O=D1450A93U50? 8 	E/����!��=#"23Oa�3>M��TA9-Q= $ +'��=D39?N=4-l50M ;]-6R 3�R ;

ψ1 = ψ2

5�? 8 gradψ1 · n = gradψ2 · n
��?

Γ.
�
?250M�� &	��/2:[=��\=#"23q:�=C5�=4-���?2501)$cA�5�:43q=D1<3�5�=43 8 -@?+� "25�+�=D3>1�2;f=�"23 	E/ �tA���/'+�M@-@? &XA��0? 8 -7=4-���? 9W-@M@M
�h3U3>? ����1<A93 8 -@?c5q:<=41���? &V:<39?2:<3 �*$ -7?L=41�� 8 /2A>-@?'&P=�"23 ��5 &�1D50? &�3O8P/2MQ=D-�+�M@-@3>1

λ = − gradψ1 · n = − gradψ2 · n,
� ��R 2  	

9%"23>143�5�:�=�"23mA���?N=D-7?L/2-7= $X-@? =#"23O=41D50A>3'9W-7M@M'�o3m/2? 8 3914:�=���� 8 -@?d5 9S3�5 ( :<39?2:<3`50:

b(ψ, µ) = 〈ψ1 − ψ2, µ〉Γ = 0,
� �2R � � 	

����1W50M7Mo=439:<=%�I/2?�A>=D-���?2:
µ
��/�=��!��=#"23 ��5�&�1450?'&�3
8P/2M7=4-�+2M7-@3>1S:)+E50A93

M = H−1/2(Γ)
R

 �



� �B�2�  �
	��!����� �-���`� 	�� � � � �
	��/���]���� � �

� � ����� �� ��������������������
. 3 +21��]A>393 8 50:U-@? �]39Ak=D-���? ��R 2]R � 50? 8 � ��=C5�-@? �I1���8 � �2R32 � 	 ;.5 &N50-@?_--&�?���1<-@?'& ���01m=�"23Y8���8Y39?N=
=#"23 � ��/2? 8 5�1)$\A���? 8 -Q=D-���?���?

Γ

 ;

〈c−2wi, ψ̈i(t)〉Ωi + (gradψi(t), gradwi)Ωi − 〈wi, gradψi(t) · ni〉Γ = (fi(t), wi)Ωi,

����1.5�M@MN=D3>:<= �I/2?�A>=D-���?2:
wi
;
i = 1, 2

R � ?2:<391<=4-@?'&e=�"23 8 3� E?2-Q=D-���?,�!�E=�"23 ��5�&01D50?'&03B8P/2MQ=D--+2M@-7391 � �2R32  	
50? 8 :4/�8V8Y-@?'&`/'+5;#9S3 � ��=C5�-@?X=�"23O:)$T8Y8V3k=D14-7A
3ka ��M7/�=D-���?E501($X:45 8 8 M73 +'�0-@?N= +21�� �2M@3>8 � �  2? 8 -@? &
ψ = (ψ1, ψ2) ∈ L2(0, T ; X)

50? 8 λ ∈ L2(0, T ; M)
:</2A&"n=�"E5�= ����1W5�M@Mf=4-@8Y39:

t ∈ (0, T )

〈c−2w, ψ̈(t)〉Ω + a(ψ(t), w) + b(w, λ(t)) = (f(t), w)Ω, w ∈ X, � �2R � � 5�	

b(ψ(t), µ) = 0, µ ∈M.
� �2R � � � 	

� :</2-7=D5	�2M@3 &�3>?2391450M%�I/2?2A>=4-���?250M �I1D508Y3:9���1)( ����1�� �2R � � 	P-@:,+2143>:43>?L=43 8 -7? %(' # ;BA���?2:<-@:�=D-@? & �!�O5
A���8���-@?E5�=4-���?�!�j=�"23K=�"23���1($�� � 3>a �0M@/�=4-���?E5�1)$da�5014-@5�=D-���?E50Mr3 � /E5�=D-���?2::;*% � � # ;r50? 8 =�"23K=�"23��01)$ �!�
:<=C5�=D-��0?E501)$U:45 8 8 M73 +'�0-@?N= +21�� �2M7398Y: ; % 2"' # R � ? +E5�1<=D-7A9/2M@501 ;�=#"23B:D508Y3H143 &�/2M@5014-Q= $ � �2R � '
	.50: ���01�=#"�3
+2/2143>M-$	+214-78X5�M ����1<8P/2M@5�=D-���? � �2R � ? 	�A950?4�o3B39:<=D5	�2M7-@:�"�3 8 :4/"� 8 �08X50-7? $ 9W-7:43 ����1 ψ R � "23 ��5�&�1450?'&�3
8P/2M7=4-�+2M7-@3>1

λ
A�5�? �h3K-7?N=D391)+2143k=D3 8 50:�5 M@-@?�3�501p8V5�+'+2-7?'& �I1���8

H1
0 (0, T )

=��
M
RpG-��=#"

ψ
50? 8 λ8 3 +h39? 8 A��0?L=4-@?L/���/�:4M-$.��? =#"23 8 5�=D5 9W-Q=#"d143>: +h39Ak=[=�� =�"23mA���1<143>: + ��? 8 -7?'& A�50?��0?2-@A950Mr?���1<8V:>R

� � � �������
	 � � � �  ����� � ����� �
� &N50-7? : 9W-Q=DA&"2-7?'& =�� =�"23_50M�&03��21450-@A ����148`/2Ml5�=4-���? 50? 8 50:<:4/28Y-@?'& =#"E5�=�9S3 "E5�a�3_A&"��0:439? =#"�3
��5 &�1D50? &�3O8P/2MQ=D-�+�M@-@3>14:�9W-7=�"c1<39:)+o3>A>=�=��

Ω1 ;2=#"23 8 -7:4A>143>=4-�95�=D-���?)�!� � �2R � � 5�	 ; � �2R � � � 	 $]-739M 8 :


M1 0 0

0 M2 0

0 0 0







ψ̈1,h

ψ̈2,h

λ̈h


+




0 0 0

0 Cψ 0

0 0 0







ψ̇1,h

ψ̇2,h

λ̇h


+



K1 0 D

0 K2 M

D
�

M
�

0






ψ1,h

ψ2,h

λh


 =



f1,h

f2,h

0


 .

� "23WA���/'+�M@-@? &e8X5�=D14-7A93>:
D,M

50143 &0-7a�3>?4� $ � � R32 ��	 ;�=#"23 8 508,+2-7?'&e8V5�=D1<- �
Cψ

143>:4/2MQ=D: �I1���8 =#"�3
5	�2:��01��2-7?'&,� ��/2? 8 501)$VA���? 8 -7=4-���?�� �2R � ��	 ��? Γ


 R � ? %(' # ;�5`14--& ��1���/2:B3>141���1H50?250M-$T:4-7:B-7: +21<39:43>?N=D3 8 R�
:4:</28Y-@?'&_39?"��/'& " :48%���0=#"2?�39:4:4�!��=#"�3%+ �0=439?N=D-@50M
ψ
;S?E5�8V3>M-$ ;

ψ ∈ L∞(0, T ; H2(Ω))
;
ψ̇ ∈

L∞(0, T ; H1(Ω))
;
ψ̈ ∈ L2(0, T ; L2(Ω))

;.50? 8 � �H=#"23 ��5�&�1D5�?'&�3Y8P/2M7=4-�+2M7-@3>1
λ
;�?E508Y39M $ ;

λ ∈
L∞(0, T ; H1(Γ))

;
λ̇ ∈ L2(0, T ; L2(Γ))

;p-Q=XA950? �h3 :�""�49W? =�"E5�=Y=#"23t5�+'+21�� �]-78X5�=4-���? 3>141��01

e �h = Ψhψ − ψh
A�5�? �h3 �'��/�? 8 3 8 �*$

‖e �h ‖2C0(X) + ‖ė �h ‖2C0(L2(Ω)) + ‖γ0ė �h ‖2L2(L2(Γ � ))

. ‖e �h (0)‖2X + ‖ė �h (0)‖20,Ω
-@?2-Q=D-@50M 8 5�=C5 5�+'+�1�� �]-@8V5�=D-���?5;

+ ‖ψ − Ψhψ‖2C0(X) + ‖ψ̈ − Ψhψ̈‖2L2(L2(Ω))

+21�� �<39A>=4-���?c391<1���1p-7?
ψ
;

+ ‖γ0ψ̇ − γ0Ψhψ̇‖2C0(L2(Γ)) + ‖γ0ψ̈ − γ0Ψhψ̈‖2L2(L2(Γ))

+21�� �<39A>=4-���?c391<1���1p-7?
γ0ψ

;
+ ‖λ− Φhλ‖2L∞(M) + ‖λ̇− Φhλ̇‖2L2(M)

+21�� �<39A>=4-���?c391<1���1p-7?
λ
;

9W-7=#"d:</2-7=D5	�2M@3 +21��)�<3>A>=4-���?� +h391D5�=���1<:
Ψh

50? 8 Φh
R

 2
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���� �	� �
��������� ��
����������
. 3�+�1439:<39?N=e:<3>a0391D5�M�?L/28Y391<-@A�5�Ms3�� +o3>14-78V3>?L=4: ���01W=�"23m39M@50:<=���$ 50A���/2:�=D-@Am5�? 8 503>1���$^50A��0/2:<=4-@AOA��0/ $+2M7-@?'&2R � ?/��1 8 391P=�� ���TA9/�:&��? =#"23 �I395�=D/21<39:&�!��=#"�3 ?���?2A���? ����1<8V-7?'&b5�+'+�1��N50A&" ;g8V50?*$ � �[=�"23
+21�� �2M@3>8;:43k=4=4-@?'&�:[501<3�(�3 +�= � /2-7=43U:<-@8,+2M@3�R � ? +E501�=D-@A>/2Ml5�1 ; ����1p=�"23`5�391��%$ 50A���/2:<=4-@AOA���/'+2M7-@?'& ; 9S3
9W-@M7M ?��0= +h391$����148 5U?T/�8V3>14-@A950Mo5�+'+21�� �]-78X5�=4-���?%�!�r=�"23�	E/�- 8 	5� 9 3 � /25�=D-���?2: ;�50? 8 -7?2:<=43�5 8 ��?2M-$
A��0?2:4- 8 391P=�"23d5�+'+2M7-@A95�=D-���? �!� �s-�&!"L=�"2-@M7M � :U50?E50M�� &�$ ;j?2508V3>M-$ =#"E5�= 5t?���? �>391�� 1<-�& "N= "250? 8 :4- 8 3
-@:[39?N=D3>14-7?'& =#"23q5�A���/2:�=D-7A 9H5�a03Y3 � /E5�=D-���?rR�� ��1<3��ia�3>1 ;�����1�=#"23 +21<39:<39?N=D3 8 3&�25�8"+2M739::;r-7= 9-��/�M 8
�!��=439?Y?��0=#�o3W?23>A93>:4:D5�1)$Y=��m143>:���MQa�3W=#"23�:48V50M@M�:4/��21<3 &�-���? 9W-7=#"Y5  E?23>1 &�1<- 8 =#"250?Y=�"23�Ml501)&�3 ��?23�R
� � 9S3>a0391 ;f50:���/�=4M@-@?�3 8 -@?d=#"23U-@?N=41�� 8 /2A>=4-���? ;#9B3K501<3K-7?L=4391<39:<=43 8 -@?%+21�� ��M@398 :43>=<=D-7?'&�: 9%"2391<3`-Q=
-@:�8V50? 8 5�=���1)$ =�"E5�=[=#"23P8Y39: " ��? =�"23`:<8X5�M@M�:4/�� 8 ��8V50-7?n-7:
:4/"�2:<=D50?N=D-l5�M@M-$  2?2391�=#"E50?n=#"23��0?23
��?X=�"23
M@501 &03[:</�� 8 ��8X5�-@?rR'� "2-@:S8X5 $%�o3 8 /23�=��`=�"23
?23>3 8 ����1g143>:���MQaT-@?'&K:48V50M@M $^:4A950M@3p?"��?2M@-7?23�5�1
3 �o39Ak=D:+��1pA��08"+2M7-@A95�=D3 8 &�3���8Y3>=414-739:9R

� ? �T39A>=4-���? ��R ��R � ; 9S3 -@?Na�3>:<=4-�&N5�=43X=#"�3 39Ml5�:<=��%$ 50A���/2:<=4-@AVA���/'+�M@-@? & ; 9%"23>143�5�:q1439:</2M7=4: ����1`=�"23
503>1���$^50A���/�:<=D-7APA��0/'+2M@-7?'&d501<3 +2143>:439?N=43 8 -7? �]39Ak=D-���? �2R �]R 2]R � ? 5�M@M.?L/28Y391<-@A950MZ3�� +h391<-@8Y39?N=D::; 9S3
/2:<3X=#"23 �[3:9W8V501)( :<A&"2398Y3 ����1U=D-@8Y3Y-@?N=D3 &�1D5�=4-���? 9W-7=�" +E5014508Y3>=D3>14:

β = 1/4
;
γ = 1/2

R � ?3�5�A&"_=4-@8Y3`:�=D3 + ;�=�"23q143>:4/2MQ=D-7?'& M@-7?23�501[:)$T:<=4398 -7:e:��0M7a�3 8 3���50A>=4M-$0R&�]-7?2A93 9S3 8 �d?��0=
"25ia03Y50?*$
8%� aT-7?'&&�'� 8 -739:H-7?La	��M7a03 8 ;2=�"23m:)$T:<=4398u8V5�=D1<- � 9%"2-7A&" "E5�:H=��4�o3O-7?Na�391�=D3 8 -@:S=#"23m:D5�8V3O-7? 3�50A&"
=D-78V3
:<=D3 +rR�� "L/2::; -7=W-@: + ��:<:4-���M@3e=�� �J50Ak=���1H=�"2-@:W:)$T:�=D398 8V5�=D1<- �0��?2M $.��?2A>3%;h50? 8 =#"�39?d=��Y1439/�:43
=#"�3 �J5�A>=��014-�95�=D-���?\-7?c3950A&"c:<=D3 +rR

����� � � ��� 	����� ��� 	������� � 	 � � ��� � � � � �
�5���! #"��%$'&,+!()"+* ���� -,�"!".&/"10&"2$'3%4)05$6( $7$60����!*8,94:0*($;*8,9"+&�$' �" +! �"+*�"13<,�" 8>= �?4) @*@,�;A$B*�4)&,+!(:",=9���$
8 4:&"+3!*�4���32$'(<*@"+,�,�4)3'&C4)*?0���3!*@4 8 "+ �" 8 4:3��� 8 "1 �,��CD6$'(:4 8 $6,�"E,#"!"F3"��3!0��'3 ���� �&/4)3 &C$�+ +! ��<$60&" = � "!"+35;9G" 8 "1&%��3!*8,9 9$H,9" �*$I&/"5$63!* �!��$'3J$%�;4:*)$K&&/"+,� �4:0 +! �� �!()"+& ; "�� 9�,�"!"L3M�!&/"1 �4:05$'(K �"+*��!(N,9*E&$ $,��"
�!� + � �� � �!$'()4N, $ ;%4�� ��3!"
"2$'*F,��O"1&,+!(���$ 8 4)*8,��� 8,9" 8 "+()"+&"+3M,�* ���� L$'0&"%4)"+DK4:3'&O&P$H,90&"!4:3'&O4)3<,9"+ ��$'0+"
&� @4 8 *:;%4)3P0���3<,9 �$'*@,L,��-,#"%"��!*�"
�!�Q*8,9 @�!0+,��! �" 8 &� @4 8 *G&P$ 8 " + ��*�*@4��!(:" �*$ 8  �� +'+!4:3'&I,#"%"R&P$H,90&"!4:3'&
 �" � �!4) @"1&/"13<, = �5��(:(�� 9S4)3 &/,�"!4)*:; 9G" 8 "1&%��3!*8,9 �$6,9"T,#"!" &�$'4)3B4)3 	2"&�;4��!4:()4:, $ ���' �,�"!"I3���3%0���3 ���' �& $
4)3 &�$�+'+! ��<$'0&" �*$�4)3<D�"+*@,94-&<$6,�4)3'&�,�"!"U"+&4:*�*�4���3 � �-$60����!*8,94:0 9V$WD'"1* �� ��'& *@"+D�"+ 9$'(C0 $K()4:3 8  �4:05$'(*@,� ��!0X,9�! @"1* = �?4:32$'(:(-$ ; 9G"�+% �"1*@"13<,C,�"!"�*�4:&I�!()$6,94���3.�!�?$ +!4)" ����$Y"1()"+0+,� �4)0�(���� 8 *)+Z"1$ ('"+ =
[]\ � 	 ��� �  � � ��� � � �_^Q` � ��� � 
.a"*8,b$' 8, 9S4:,�"�$c,=9Vd%$ 8 4:&"+3!*�4:d�32$'(E"&�!$6&"+!(:" = �2d� �,#"%" 	2�!4 8�8 d'&P$'4:3 Ω



= (−0.05, 0.06) ×

(0.001, 0.1)
& 2 ;e,#"!"	+2$' �$'&"X,9"+ �*�d!�A$'4: f$6 �"#,9$ ('"+35;

c = 343
& �6* ;

ρ 
 = 1.205
( &��6& 3 = �R3g,�"!"()d 9G"1 I" 8 &�"�d!�

Ω

 ; 9G"h$�+'+�"13 8 ,�"!"�*@,� ��!0X,9�! @" Ω � = (0, 0.01) × (0, 0.001)

& 2 01d�3%*�4)*8,94:3'&Ud!�
*�4:()4:01d�35;

E = 1.62·1011 � �H& 2 ; ν = 0.2
;
ρ � = 2.3·103 ( &��6& 3 = � "!"J*8,9 ��%0+,9�% �" Ω �

4:*  !�;" 8 d�34:,�*#(:" �i,-$'3 8  @4�& "<,#" 8 &�" ;jd�3k4N,9*#()d 9V"+ -" 8 &�".$ +! �"+*�*��% �" ��d� @01"
g
4)*-$'0+,�4)3'&<9S4:,#"�$ �� �" � �!"13!0�$

f = 1000
� �%;

g(t) = (0, 106 sin(2πft)) l � �6& 2 = �m,�4)&/"-*@,�" +n*�4��1"Od!�
10µ

*�4:*R�!*�" 8 $63 8 9V"
$�+'+%(-$�$ +!()$'3!"�*8,9 9$64)3 ��d� �&-�!(o$6,�4)d�3 ��d� F,#"!"�&/"10&"2$63!4)01$'(>*@,� ��!0X,9�! @" =
.�"J01d'&"+2$6 �"I,#"%"/ @"1*@�!(:,�*�d�p%,b$64)3!" 8 9S4N,#"q01d'3 ��d� �&/4)3 & &� �4 8 *!9S4:,�"r,#"!"J&/"+,#"%d 8 �!*@4)3'&c3!d'3 $

01d'3 ��d� �&/4)3 & &� �4 8 * = � 3 �_4�&��! @" � =ts ;!$ �+d;d�&ud!��,#"!"�0+d�&,+!�%,b$H,94)d'32$'( &� �4 8 *F4)*V*�"!d 9S3hd�3�,#"!"�(:" �i, =
�2d� �pZd',�"U05$6()01�%(o$6,�4)d�3!*:;2,#"!"	&� �4 8 d�3 Ω �

01d'3!*�4:*@,9*fd!�
64×16

�!3!4���d� �& � �2$ 8  �4:(o$6,�"1 9$6(�"+()"+&"+3M,�* =

 �



�������  �
	��!�������-����� 	�� � � � �
	��/���	���� � �

��� � ��� � ��
 �

�?4�&��% �" � =ts  s � "��%$'&,+!()"  ��$�	 &' �4��� ��p 	G$601d��!*8,94:0�D'"1()dK014N, $ +Zd6,9"13<,�4o$'(�� ��0 	��!"���d' �&/"��P*8,9 @�!0+,��! �" =
��d +h �d��  01d�3	��d� �&/4)3'& &' �4�%*��!p�d',�,�d�&  @d��  3%d�3!01d'3���d� �&/4)3 & &� �4��!* =

�ed' G,��%"�3!d�3!0+d�3���d� @&4:3'&O$�+'+% �d<$'0����%,��!" &' �4��d'3
Ω


 �!$'*
44×40

"1()"+&"+3<,9*�� $;4:"1(��!4)3'&I$I 9$6,�4)dId��
,��!"�&/"1*��h*@4�+"�d�3

Ω

 ,�dI,��!"�d�3%"�d�3

Ω �
d��

16:1 = � 3cd� ��!"+ F,9dJ$'0��%4)"+D'"T$-,9 ��%(-$.3%d�3!01d'3���d� �&/4)3 &
*�4:,��2$6,�4)d�3��K,��!"T3!d��!"1*�d�3c,��!"�(:d��G"1 S"��'&�"Td��

Ω

 &"+"+,94:3'&

Ω �
�G"1 �"#$'(:*�dJ&dWD'"��g*@()4-& �<,9(-$,9dO,��%"

()"��i, = �2d� C,��!"O01d'3���d� �&/4)3 &c$�+'+! @d<$'0����>,��!"�!7�!3'+�"1 8,9�! @pZ"��	" &' �4�rd'3
Ω


 �V$'*�&P$'3M�2$6()(-$h @"� 23!"��
��d��! I,94:&"+*I4)3�,��!"c �" &'4)d�3 &/"1"+,�4)3'&

Ω � = �#�!" +!4:0+,9�% �"1*J4:3 ,��!"c&4����!(:".*��!d��	,��!"c4)*@d�()4:3!"1*-d��
,��!"h$'0+d��!*@,�4)0�D�"+()dK014N, $ +�d',9"+3M,�4o$'(:*J$$�i,9"+ &% . ,94:&"�*8,9" +%*��V,��!" +!4)0X,9�! @"1*Jd�3 ,��!"c �4-& �<,O,��!"�D'd�3
�B4)*@"1*-*8,9 @"1*�*@"1*Od�3n,��!"'�!"���d' �&/"��k*8,9 ��%0+,9�% �"1*(�S4:,��)�!4)*)+!(o$601"1&/"13<,�*#&$�&�3!4! 2"��ap*$�$*��$'0+,�d� Td��
.�+ + = �#�%"- �"+*��!(N,9*,��d� SpZd',��g01$'()0+�!(o$6,�4)d�3%*LpZ"��2$5D�"I" � �!$'()( $-�V"+()(���3%d � �2$'(:4:,b$H,94:D'".�!4��Z"1 @"13!0+"-05$63
pZ".�!"X,9"10X,9"�� = �#�!4:*f"&�%$'&"+%()"� �"XD�"1$'()*S,��!"�0+()"5$6 f$$�%D6$'3<,b$�&�"+*Sd��?,��!"�3!d�3!0+d�3���d� @&4:3'&J$�+'+! @d<$'0�� =
�ed' j,��!" &�"13%"1 9$H,94)d'3/d$� $�*��!p/�!d�&$'4)3 &� @4���<3%d#4:3���d� �&$6,�4)d�3��� @d�& ,��!"Sd',��!"+ G*@�!p/�!d�&$'4)30�2$'*E,�d
pZ"T�!*�"�� = .a"-$' @"-$6p!()"�,9d/�!*@"#,��%"	&� @4�!*#�1�!4:0��U$' @"#p�"1*8,C*@�!4:,�"��2��d� L,��!"T*�d�(:�%,94:d�3hd��?,��!"#(:d;01$'(
*��!p'+% �d�p!(:"1&/* = �hd� �"+d D'"1 �� 4��Ad�3!"-$6,�,�"1&,+%,9"��U,9d.&/dWD�"-,��!"I*8,9 ��%0+,9�% �"

Ω �
,9d.,��!"I()"3�i,Cd' R �4-& �<,4�

4:,.�Vd'�!(�n3!d',#pZ"/3!"+01"1*@*9$' ($�,�dB @"1&/"1*��a,��!" 	2�!4��
Ω


 $'3��a,9dh �"1$'*�*@"1&Ip%()",��!"/01d� @ �"1*)+Zd'3��!4)3 &
&P$'*@*S$'3��c*@,�4��Z3!"1*@*S&P$6,� �4 � = �R3!(-$.$J @"5$'*@*�"+&Ip!(-$Pd���,��!"�0+d��'+!(:4)3'&O&$6,9 @4)0+"1*��Gd��!(��2�!$WD'"�,9dJpZ"
+Z"+ ���d� @&"�� =

�f`65 � �8797 ;:�<�5��)=><@? �BA 67
�C*�$)���% @,��%"1 P,�"1*@,��#�V"U0+d�3!*@4�!"+ �$'3 $%�;4:*�CK&&/"+,� �4:0ED! @d�p!(:"1& = �#�!"r*8,9 ��%0+,9�% �"

Ω �
��$�0�CK(:4)3 $

�! �4:05$'(FD!(o$6,�"rd��T 9$��%4)�!*
0.2

& $63��G�!"14�H �<,
0.01

&E�S4:*�*��!p��@"+0+,c,9d $ID! @"1*�*@�! �"J��d� @01"
g(t) =

(0, 0, 106 sin 2πt) l � �H& 2 $'0X,94:3�H�d�3 4:,�*.p�d',�,�d�& ��d' P,��!"B,94)&/"U4:3M,�"1 8D'$6(
[0, 1

&/*
] = �2d� ,��!"$'01d��%*@,94:0 	2�!4��

Ω

 � �V"S0��!dKd�*@"F,��!"S0�CK(:4)3��!"+ jd��� 9$$�!4)�!*

1.4
& $'3��0�!"+4H �<,

0.7
&2��$6,@,b$'0��!"��O,9d

Ω � =KR4o$R,� 9$'3!*L��d� �&$6,�4)d�3-,�d#03CK()4)3��! �4:05$'(!0+d;d' ��!4:32$6,9"+*�� �G"f @"��!�%01"S,��!"�d� �4�H�4)3!$'()(MC�,��! @"1"�$@�!4)&/"13%*�4)d'32$'(
D! �d�p%()"1&u,9d$I,N�Vd�$@�!4)&/"13%*�4)d'32$'(>d�3%" = .�"�0+d�&'D!$' �"�,��%"T01$'()0+�!(o$H,94)d'3!*���d� >��d��% #�!4��Z"1 @"13<,,H� �4��!*��
$'*J4)()(:�!*@,� 9$6,�"���4:3 �?4�H��! @"&O = � = �2d� O,��%"B*8,9 ��%0+,9�% �" Ω �

�P�V"B$'(M�F$4CK*�%*�"B$)H� @4� 01d�3%*�4)*8,94:3�Hqd��
48×4

"1(:"1&/"13<,9* =RQ 3qd� ��%"1 R,9d&�!$WD'"P$. @"���"+ �"13%01"J*�d�(:�%,94:d�3q$5D6$'4)()$'p!()"$�/�G"J0��!dKd�*�"/$. 9$H,��!"+ TS23!"
�!3!4���d' �&UH� �4��kd��.% % + s V "+()"1&/"13<,�*���d� #,��!" 	2�!4��

Ω

 = �2d� -,��!".d',��!"1 -,��! �"+"&H� �4��!*��W�V"�0��!dKd�*@"

 O



������� � �������
	��������� � ����

��� � ��� � ��
 � ��� �

�?4�H��! �" O = �  � �;4)*LCK&&/"+,� �4)0 "&�%$'&'D%()"���0+d�& D!�%,b$H,94)d'32$'( H� �4��!*  ��$�	� �"3��"1 �"+3!01"$� ��p 	k$'3�� ��0 	
&P$H,90��!4:3�H�� � � 	V3!d�3 $Y&P$H,90��!4:3�H =

 �d'��H �!(MC-,��%"f*�$'&"S3M�!&Ip�"1 Ad��Z"1(:"1&/"13<,9* � $6 �d��!3�� ��% + + 	3�M$6*�*��%&4:3�H�,��2$6,A,��!4)*E4:*A,��!"S&P$ �%4:&I�!&
3M�!&Ip�"1 GpZ"+05$'�!*@"�d�� &/"1&/d� �CJ @"1*8,9 �4:0+,�4)d�3!* = .a"C,9"+*@,V,N�GdO*�4N,9�2$H,94)d'3!*P�S4N,��.&$6,�0��!4)3�H H� @4�!*V$'3��
d�3!"0�S4:,���3!d'3 $ &$6,90��%4)3�H2H� �4��!* = �#�!".4)*@d�()4:3!"1*�d$�F,��!"/D�"+()dK014:,NC DZd',�"13<,94)$'(]$6,T,94)&/"

t = 1.3
&/*

��d� T,��!" ��d'�! -01$'()0+�!(o$6,�4)d�3%*#$6 �"P*��!d��S3 4)3 �?4�H��! @"'O = O = �#�%"P,N�Vdr0+d�3���d� @&4:3�Hg*@4:,��2$6,94:d�3!* H�4:D'"
��� � ����� ��
 � ��� �

�?4�H��! �" O = O  � �;4)*LCK&&/"+,� �4)0O"&�%$'&'D%()"��Q4:*�d�(:4)3!"+*�d��V,��!"/$'01d��%*@,94:00DZd',�"13<,94)$'(  ��$�	R �"3��"1 �"+3!01"$���p 	
$'3�� ��0 	L&$6,�0��!4)3�H�� � � 	L3%d�3 $ &$6,�0��!4)3�H =

 9$H,��!"+ � �d���H��n�%3�D��;CK*�4)01$'(A*�d�(:�%,94:d�3!*����1�!4)(:"I,��!"O3%d�3!01d'3���d� �&/4)3�H�d�3!"O �"+&P$64)3!* � �!4N,9"O*�&/dKd',�� =
� �Q01d��% �*�"$�%,��%"1 �"C&4�H �<,Vp�"R&$6,90��!4:3�H�H' �4�%* CK4)"+(�!4:3�H-p�"+,@,9"1 V �"1*@�!(:,�*V,��!$'3.,��!"Cd�3!"1* �1�!4)0��c$' @"
*��%d��S3 =�� �%,G,��!"R$$�%D6$'3<,b$�H�"fd��>,��!"C3!d'3!01d�3	��d� �&/4)3�H#$�D�D% �d<$'0��P4)*A,��2$6,G,��!"f�!*�"+ ��!dK"1*G3!d',��2$5D�",9d(�Vd� @ �CP$'p�d��%,V,��!"1*@"�4)*@*��!"+*L$'3���01$'3�0��!dKd�*�"Rd�D%,94:&P$'(6H' �4�%* �S4:,��. �"+*�D�"10X,L,9d-,��!"R*��%pB�!d'&P$'4:3
H�"+d�&"X,9 LC�$'3��c,��%"#$5D6$'4:(o$'p!(:"C0+d�&'D%�%,b$6,�4)d�3!$'(Z @"1*@d��! �0+"1* =
^ `��	5 :���:45 ?	��
������A :45��BA�� � :�<�����:��B<���
�C*C$'S2 @*@,R @"5$'(Q,��% �"1"&$N�!4:&"+3!*�4:d�32$'(Q"&�!$6&'D!(:"��8�V"(D! �"+*�"+3M,�,��!"-"+&4:*�*@4)d�3Bd��A$'0+d��!*@,�4)0 �F$5D�"+*�p;C
&I�!(N,94�D!()"R*8,9 @�!0+,��! �"+* �1�!4)0��g$��!&/4:,�*S,��!"T*@,9"+"1 @4)3�Hd��?,��!"(�V$5D�"1*Cp Ch"&�%0+4:,�4)3�HJ,��!"T*@,� ��!0X,9�! @"1*R4:3
$P*�DZ"+014�S!"��U0��! @d�3!d�(:d H�4:05$'(Qd� ��!"1 = Q 3 D2$6 @,94:01�!()$' ��6�G"O�!*�"(��d� �,��!"I*8,9 ��%0+,9�% �"

Ω � s V 0�CK()4:3��! �4:05$'(*�4:()4:01d�3c0��!4�D!* �S4:,��9�!4)$'&/"+,9"+ 
50 µ

& $63�� �!"+4H �<,
1 µ

& = �#�!"�Cg$' @"�D!()$'01"��U$'*C$
(5 × 5)

$7$' @ 9$4C �
"5$60�� D!()$6,9" �!$WDK4:3�H $ �!4:*@,9$'3!01"qd��

50 µ
& ,�d 4:,9*c3!"1$' �"+*@,h3!"+4H �Mp�d� �* = �C3 "��;014N,b$6,�4)d�3 ��d� @01"

�S4:,�� �� @" � �!"+3!0�C f = 1 � � �n4)*h$�D�D!(:4)"�� d'3 ,��!"14: h(:d��V"+ h"+3�� =�� d� �,��!"n$'01d��%*@,94:0)�%d�&P$64)3
Ω


 �1�!4:0�� 4)*/$'*@*��!&/"���,9d�p�"E�V$6,�"1 ��S$n01�!p�d�4���d��R()"13�H',�� $'3�� �S4��%,��
1200 µ

&�$63�� �!"+4H �<,
420 µ

& 4:*_0��%d�*�"+3 =�� �!"],9df*�CK&&/"+,� �CT �"1$'*�d'3!*����G"V�%*�"F$6*?01d'&'D!�;,b$6,�4)d�32$6( �!d�&$'4)3Td�3!" � �2$' 8,9"1 d���,��!"cd� @4H�4:32$'(Gd�3!" = Q 3 � 4H = O = V�� $ � �V$ D2$' 8,/d��f,��!"&S23!4N,9"c"1(:"1&/"13<,/&"+*��!"+*/4:*J*��!d��S3��P��d� 

 V



� �����  �
	��!�������-����� 	�� � � � �
	��/���	������ �

��� �

��� �

� 4H��% �"TO = V  � $ �T03C;(:4)3��% �4)01$'( D!(o$H,9"1*-$6,�,9$'0��!"��k,9dU,��%" 	2�!4��I�!d�&$'4)3�� � p ��4)*�d'*��! L��$'01"+*Id��L,��%"$601d��!*8,94:0 D�d',�"13<,94)$'( �	�!"���d� @&"��*D!(o$6,�"1*

�1�!4)0��q$.�!3%4���d� @& H' �4�gd��
40×40×28

01�!p�"1*�4:*R�!*@"��r,9d-�%4)*�0+ �"X,94�+"-,��%"J$'01d��%*@,94:0R�!d�&$'4:3U$'3��
$)H� @4� d���'�� � �!"&�!$$�!"��! @d�3!*.4:*"+&'D%()d�C�"�� ��d� /"5$'0�� ���!()(S0�CK(:4)3��! @4)01$'(L0��!4D = �#�K�%*��1�2$5DK4)3�H�$
&"+*��;�S4�%,��qd��

h 
 = 600 µ
&
/40 = 15 µ

&&���G"J�!*�"
c/(fh 
 ) = 1500

& * −1/(1 � � � ·h 
 ) = 10"1()"+&"+3<,9*1DZ"+ #�F$5D�"+()"+3�H',��2��d� 
Ω


 = Q �jd�3%" �!$��h,�d"+&'D%()d�C.&$6,90��%4)3�H0H� @4�!*��!4:,#�Gd��!(��Bp�" � �%4:,9"
�!4 �/01�%(:,V,�dRH�"+3!"1 �$6,9"R,��!"1&2�!$'3���4�� ,��%"R&"+*�� $ �S4�%,���01d��%(�.3!d6,LpZ"fD�"1 LC�*�&$'(:(ZdWD�"+ F,��!"F�1�!d�()"
�!d�&$'4)3��5,��!"] �"1*@�!(:,�4)3�HS"+()"1&/"13<,�*��!$�DZ"+*W�Gd��!(��(D�d�*�*@4)p!(MC� �"+*��!(N,�4)3#$,D�d;d' Q$�D�D! @d �;4:&P$6,�4)d�3�d$�%,��%"
*�d�(:�%,94:d�3 = �#�!"F3!d'3!01d�3	��d� �&/4)3�HC$�D�D! @d<$'0��J$��%&4N,9*Q,9dR�!*@"V,��%">H� �4����!"+*�4: �"��R��d' ?"5$60��O*��!p/�!d�&$'4)3
 �"�H�$' ��!(:"1*@*Cd��j,��!"�H' �4�%*,��d� S,��%"-d',��!"1 f*��!p/�!d�&$'4)3%* = � d� @"1dWD�"+ ��>4N,f4:*fD'"1 �CB"5$6*�Cc,9d�$$���U&/d� �"D!(o$6,�"1*Rd' R,9d�0��2$'3�H�"O,��!"+4) TD�d�*�4N,94:d�3 = �R3!(�Ch,��!"J0+d� � @"1*�D�d�3��%4)3�H&D2$6 @,�d��A,��%"O01d���D%()4)3�H.&P$H,9 �4 �
�Vd��%(���2$5D'"P,9dUp�" �  �"&$ �801$'()0+�!(o$H,9"�� = � 4�H��! @"1* O = �g$'3���O = 'B*��!d��	*@32$�D!*��!d',�*��j,b$�('"13�"XD�"+ �C % +
,94)&/"�*@,�"�D!*Rd$�

3.5
3!*��Zd��j,��%"-"+D'd�()�;,94)d'3gd��j,��!"I$601d��!*8,94:0#D�"+()dK014N,NC*DZd',�"13<,94)$'(

ψ
$6()d�3�H0�S4:,��B,��!"

�!"���d� @&P$H,94)d'3d��Q,��!"R*@,� ��!0X,9�! @"1* � &P$�H'3!4�S2"��Pp;C�$���$60+,9d' Vd�� % +�+ + � = � d� A,��!"� @"1*��%(:,9*�D! �"+*�"13<,�"��4)3 � 4H��% �",O = �	�M,��!"C03CK()4)3��! �4:05$'(6D!()$6,9"+*V$6 �"�"��;014N,9"��P*�4)&-�!(:,9$'3!"1d'�!*�(MC �;�1�!4)(:"#��d� � 4H��! @"1O = '��K,��!"�C$' �"J"��;0+4:,9"��a*@�!010+"1*@*�4:D'"1(MC = � d� �p�d',��n05$'(:01�!()$6,94:d�3!*�� ,��!"0�V$WD'"1*#"1&/4:,�,�4)3�H-�� @d�& ,��!"J*@,9 @�!0+,��! �"+*
$����T��D-$6*_"&��D�"10X,9"��-,9dS01d'3!*@,�4:,9�;,9"A,��!"A*���DZ"+ �D�d�*�"��RH�()d'p2$'(�*@d��!3��TpZ"1$'& =�� 4:D'"13#$S,9$' �H�"X, DZd�4:3<,4�4:,#4)*�D�d�*@*�4)p%()",�dUd D%,�4)&$'()(MCU*8,9"1"+ -,��%"�$'01d'�!*@,�4)0'�V$5D�".,�d��V$' ��!*-,��%4)*�D�d�4:3M,-p;Ck$�D�D! �d D% �4o$H,9"1(MC
$��)�@�!*8,94)3�H#,��%"R0��! �d'3!d�()d�H�4)01$'(ed� ��!"+ Fd��Q"&�%0+4:,9$6,94:d�3Pd�� ,��!"R*@4)()4:01d�30��!4D%* = �#�!4:*>D! �4:3!014�D!()"�4)*G�!*�"��4)3�*�d%$ 05$6()()"���05$�D!$'014N,94:D'"�&4:01 @d�$ &$'0��!4:3!"��k�%(:,9 �$'*�d'�!3���,9 �$'3!*��%�!01"+ �* � � ��� �_* �3��%('�� # = �#�!"+ �"$�
,��!"'�!"���d� @&P$H,94)d'3�d��F,��!".*8,9 ��%0+,9�% �"�4)*T4)3��!�!01"���p;Ck$'3�"+()"+0+,9 @d�*@,9$6,94:0*@�! ���$601" ��d� @01"�$60+,94:3�Hgd'3
,��!"�p�d��!3��2$6 �C = .�" �S4:()( $����! �"+*�*f$/*@4)&/4)(o$6 V"1(:"10X,9 �4:0�$Y&"+0��2$'3!4:05$'( $7$'0+d��!*@,�4)0f*�CK*@,�"1& 4)3�,��%"#3!"&�K,
"��%$'& D!()"#p CB&/"5$'3!*Cd��]$ D!4:" �1d%$ "1(:"10X,9 �4:0#*8,9 @�!0+,��! �"$���1�!"1 @"O$D�d'()�!&/"-0+d���D!(:4)3�Hd��E,��!"-"1()"+0+,� �4)0
$'3���,��!"�&/"10��2$63!4)01$'(�S2"+(�h4)*L01d'3!*�4��!"1 @"��cD;4)$I,��!"�01d'3!*@,�4:,9�;,94:D'"�(o$4� =

 �



� ����� � �������
	��������� � ����

� 4�H��! �" O = �  -jD�d�(:�%,94:d�3rd��A,��!"/$'0+d��!*8,94)0#D�"1(:d;0+4:,NC9DZd',�"13<,94)$'(j$63��rd��],��!" �!"3��d� �&/"��r*8,9 @�!0+,��! �"+*��
*�CK3!0��! @d�3!d��%*C"��;0+4:,b$H,94)d'3  *�32$$D!*��!d6,9*�$$�i,9"+ 

10, 20, . . . , 80
,94:&"+*@,9"�D!* =

 '
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� 4H��% �"TO = '  -jD'd�()�%,�4)d�3rd$�],��!"J$'0+d��!*@,�4)0ID'"1()dK014N,NC9D�d',�"13<,94)$'(j$'3��nd$�],��!"0�!"���d' �&/"��r*@,� ��!0X,9�! @"1*��
*@�!010+"1*@*�4:D'"I"��;0+4:,b$H,94)d'3  *�3!$�D!*��%d',9*f$$�i,9"+ 

10, 20, . . . , 80
,94:&"+*@,9"�D!* =

 �



� ����� � �������
	��������� � ����

� =�5 � � ? 	��8A � ��:�<�5 ���8?	� � � � ���� �6<

Q 3Jd��! j3%"��K,A"��%$'& D!()"$���G"�0��%d;d�*@"S$TD!4)" �1d�$Y"1(:"10+,� �4:0V&$6,9"+ �4o$6(���d� j$TD2$' @,
Ω �

d��e,��!"L*8,9 ��%0+,9�% �"
Ω �

�
�1�!"+ �"]&"+0��2$'3!4:05$'( � �2$'3<,�4:,94:"1* 4:3M,�"1 �$'0+, �S4:,��-$63#"+()"10X,9 @4)0 S2"+(� = �#�!"]3!"�� $$���!4:,�4)d�3!$'('�!3!(K3%d��S3%*��
32$'&/"1(MC ��,��!"S"1()"+0+,� �4)0#D�d',�"13<,94)$'(

ϕ
�<,��%" 	!� � �!"13%*�4:,NC

d
�K$'3��/,��!"S"1()"+0+,� �4)0>S!"1(�

e
�M01d' � �"+*�D�d�3��J,9d

,��%",�%4)*�D%(o$'0+"1&/"13<,
u �

��,��!"S*@,� �"+*�*
σ �

�K$'3��O,��!"S*8,9 9$64)3
ε �
�M �"+*�D�"10+,�4:D'"1(�C = .G�!4:()"F,��%"�"XD�d�(:�%,94:d�3Od��

,��%"-&/"10��2$'3%4)05$6( �%4)*�D%(o$'0+"1&/"13<,
u �

4)*�*@,�4)(:( H�dWD�"1 @3!"��qp;Ch,��!"#" � �!4)(:4)p! @4)�!&	d�����d� @01"1* � O = %W$ ���B�G"
�2$5D�"f,9dI*�$6,94:*�� C$-*�"+01d�3��&D2$' @,�4o$'(8�!4 � "+ �"+3M,�4o$'(e" � �!$6,94:d�3. �"1$'()4��14:3�HT,��!"C0+d�3!*@"1 @D6$6,�4)d�3Pd��Q"1(:"10+,� �4:00��2$' �H�" = � d� @"1dWD�"+ ��',��!"G0+d���D!(:4)3�HSp�"+,N�G"1"+3-,��!"]"1(:"10X,9 �4:05$'(M$63��T,��!"]&"+0��2$'3!4:05$'(;D2$6 @,�,b$ (6"1* D!(o$'0+"�S4:,��!4)3J,��%"f0+d�3!*@,�4:,��%,94ND�"� �"1()$6,94:d�3!*A$'3��P4)*]0��2$' �$'0+,�"1 @4�1"��Pp;CJ,��!"�"1()$'*@,�4)0S*@,�4��Z3!"1*@*G,�"13!*@d� C �K,��!"D!4:" �1d%$ "1(:"10X,9 �4:0I,9"+3!*�d� B �_$'3��n,��!" �!4:"1()"+0+,� �4)0 D�"1 @&4N,�,�4:DK4:,NCh,9"+3!*�d� E = �CD�"+ 9$'(:( � ,��%" ��d�(:()d��S4)3�H
01d'��D!()"��*D! �d�p%()"1& ��d� �&I�%(o$6,�4)d�34)*Ld�p%,9$'4)3%"��  � 4:3�� (u � , ϕ) : Ω � × (0, T )→ Rd+1 *@�!0��B,��2$6,

ρ � ü � − div σ � (u � , ϕ) = f
�
,

div d(u � , ϕ) = q,

σ � (u � , ϕ) = Cε � (u � ) + B l gradϕ,

d(u � , ϕ) = Bε � (u � )− E gradϕ,
�1�!"+ �"J,��!"J*@,� 9$'4:3

ε � (u � )
4)*.H�4ND�"13np;C � % = V ���_0+d�&'D%()"1&/"13<,�"��qp;Cn$�D�D! @d D! �4)$6,9"Op�d��!3��2$' �Cr$'3��

4)3%4:,94)$'(E01d'3��!4:,�4)d�3%*��
% O # = �#�!"-D!4:" �1d%$ "1(:"10X,9 �4:0 D2$6 @,
Ω �

4:*I$6,@,b$'0��%"��k,9dq$63 $'()�!&/4)3M�!& D!$' @,
Ω �*��%0��B,��!$6,

Ω � = Ω � ∪ Ω �
�2$'*1�!"�D!4)0X,9"��B4:3 � 4H��! @"TO = � = � d� Ω �

���V"T*�"+" (.,��!".�!4)*�D!(o$'0+"1&/"13<,
u �

40mm

30mm

piezo0.05mm
0.25mmaluminum

��� � ��� �

� 4H��! @" O = �! �E4)" �1d�$Y"1()"+0+,� �4)0C()d����%*�D�"5$ (6"1  DK4)"3� d���,��%" � $ � (x, y)
$ND!()$'3!"$� � p�� (x, z)

$ND!()$'3!" =
$'*L*@d�()�%,�4)d�3�d$�_,��!"�*@,b$63��2$' ��h&/d��!"1(>d$�?(:4)3!"1$' V"+(o$'*8,9d�$@��CK32$'&/4)01* � O = %W$ � � � % = O���e$'3�� � % = V � = �#�!"01d'��D!()4:3�H/pZ"X,N�V"+"13

Ω �
$'3��

Ω �
4)*f$�H<$64)3g @"5$'(:4�+"��gp;Ch,��!"-&d� 8,b$' �$�D�D! �d<$60��q$'*C01$' � @4)"��gd��%,R4:3

���2$�D;,9"1 �� = � d� ?,��!4)* D!$' @,�4)01�%(o$' �"��%$'& D!()"$�',��%"#D!4)" �1d�$Y"1()"+0+,� �4)0 D2$' 8,
Ω �

4)*j0��%d�*�"+3/,�d�pZ"F,��!"L()"1$��
,94N,b$'3!$6,9" �14) @01d�3!$6,9"�0+d�&'D�d�*@4:,94:d�3 ��� ��$ V �S4N,��&�!"+3!*�4N,NC

ρ � = 7.75025·103 ( HE& −3 = �#�%"T"+(o$'*8,94:0*@,�4��Z3!"1*@*G,�"13!*@d� C �K,��!",D!4)" �1d�$Y"1()"+0+,� �4)0L,�"13!*@d� B �%$'3��,��%" �!4:"1()"+0+,� �4)01D�"1 @&4N,�,94NDK4:,NC-,�"13!*@d� E $6 �"H�4ND�"13c4:3*KAd'4H',L3%d',b$6,�4)d�3 % % % � # p;C

C =




c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 (c11 − c22)/2




, B l =




0 0 b31

0 0 b31

0 0 b33

0 b15 0
b15 0 0
0 0 0




, E =




e11 0 0
0 e11 0
0 0 e33


,

�1�!"+ �"
c11 = 1.26·1011 �U& −2, c12 = c13 = 8.41·1010 �U& −2, c33 = 1.17·1011 �U& −2,

 " 



� �����  �
	��!�������-����� 	�� � � � �
	��/���	������ �

c44 = 2.3·1010 �B& −2, b31 = −6.5
�.& −2, b33 = 23.3

�.& −2,

b15 = 17
��& −2, e11 = 1.51·10−8 �-K −1 & −1, e33 = 1.27·10−8 �-K −1 & −1.

� d' G,��%"�$'()�!&/4)3M�!& &/"1&-p! 9$'3%"
Ω �

���V".�2$5D'"R,��!" �!"+3!*�4N,NC
ρ � = 8.4·103 ( HA& −3 $'3��.,��%"���$6&��

D2$' 9$6&"X,9"1 @*
λ � = 2.30769·1010 �U& −2 � µ � = 1.53846·1010 �U& −2 = �#�!"h&"+&Ip! 9$63!"

Ω �
4)*

S!�;"��h$6,S$'(:(Zd$�_4N,9*],��!4:3!3!"1 V*�4�%"1*S$'*VDK4:*��2$'(:4�+"��.4:3 � 4H��% �" O = � ���1�!4)(:"f,��!"� �"+&P$'4:3!4)3�H#p�d��!3��!$' �Cd��_,��!"�01d�& D�d�*�"��h*8,9 @�!0+,��! �"
Ω �

 @"1&$'4)3!*>�� @"1" =�� "+,N�G"1"13h,��!"�(:d��G"1 �$'3��c,��!"���D�D�"1 S"13��Bd���,��%"
D!4)" �1d

Ω �
�>$ D�d',9"+3<,94o$6( �%4��Z"1 �"+3!01"

∆ϕ(t) = sin 2πft
d�� �� �" � �!"+3!0�C f 4)*C$�D�D!(:4)"��gp;Cg&/"5$63!*Cd��$ � 4) �4:0��!()"X,Lp�d��!3��2$6 �C�0+d�3��!4N,94)d'3-��d� F,��!"�"+()"10X,9 @4)0 D�d',9"+3M,�4o$'(

ϕ =�  �d'& ,��!"-H�"+d�&"X,9 LC �!4:&"+3!*�4:d�3!*(H�4:D'"13 4)3 � 4H��! @" O = � �E4N,I05$63�pZ"�*@"1"13�,��2$6,I,��!"� 9$6,�4)dBd��()"13�H',��g,�d.,��!4:0�(M3!"1*@*#4:*�% � + ��d' C,��!"J$6()�!&/4)3M�!& D2$6 @,
Ω �

$'3�� � + + ��d' C,��!" D%4)" �+d�$ "+()"+0+,9 @4)0(D2$' @,
Ω � = �  @d�& ,��!4:*I(o$' �H�"P �$6,94:d��E$U*8,9 �d'3�Hr()dK0�(M4)3�HU" � "+0+,0�2$6*-,9drp�"�"��	D�"10+,�"�� = .�"�4:3<D�"1*8,94�H<$6,9"
,��!4:*O()dK0�(K4:3�Hq" �Z"10X,Pp;C 01d'&'D2$6 �4)3�Hq,��!"h �"1*@�!(:,�*Jd��C,��!"c&d',�4)d�3 �!3��!"1 $n0+d�3!*8,b$'3<,'DZd',�"13<,94)$'(
�!4��Z"1 @"13!0+"

∆ϕ = 1
d�p%,9$'4)3!"���p;C �!*@4)3�H D!4)"+01"3�S4)*�"h,9 @4)()4:3!"5$6 I"1(:"1&/"13<,9*0�S4:,�� ,��!"Bd'3!"1* �� �d�&

"1& D!()d�CK4)3�H��K"1 �"+3��!4�D!4:,NC "+()"1&/"13<,�* = Q 3�d� ��%"1 O,9d �2$5D�"g$n&/d� �"��%3!4���d� @& "1(:"1&/"13<, � �2$'()4N,NC�4)3,9"1 @&*Vd�� ,��!"� �$6,94:d
h/d

d���()"+3�H',��P,9dI,��!4)0�(M3!"+*�*����G"�*@,9$' @,��S4:,��
2×2

"1()"+&"+3<,9*F4:3
Ω �

$63��
4×4"1()"+&"+3<,9*P4:3

Ω �
�S$63�� D�"1 ���d' �& $��!3%4���d� @&� �"�S!3!"1&/"13<,&D! @d;0+"��!�% �"Ud�3%(�C 4)3

(x, y)
$N�!4: �"10X,94:d�3��

,��M�!*��A$6(��V$�CK*I�%*�4)3�HUd�3!(MCad'3!"P"+()"1&/"13<,-4)3
z
$@�!4) @"10X,94)d'3 =9Q 3 � 4H��! @" O =  � $ �3��,��!" �� @" � �!"+3!0�C�d��,��!"T �"+*��!(N,94)3�H&/d',94:d�3h$6,�,��!"Tp2$' LC;0+"13<,9"+ 

p0

d$�?,��%"-��D�D�"1 �p�d��!3��2$6 �Chd��
Ω �

4:*FD!(:d',�,�"����6�1�!4:()"
4)3 � 4H��% �"*O =  � p � �V,��%"g&$%�;4)&I�!& D�"+ @,94:05$'(,�!4:*�D!()$'01"+&"+3M,/d��C,��!"B*9$'&/"ED�d�4:3M,/4:*/DK4)*@�2$'(:4�1"����
pZd',��a,�4)&/"1*T$�H<$'4:3!*@,T,��%"P&$%�;4)&I�!&  9$6,�4)d

h/d
d��F,��!"P"+&'D!(:d�C�"��a"1(:"1&/"13<,9* = �#�!" �"+*��!(N,9*(��d' 
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� 4H��% �"TO =   �Vd'&'D2$6 �4)*@d�3 d��T()4:3!"5$6 '�S4:,�� � �2$��! �$6,94:0U"1(:"1&/"13<,9*  � $ �0�� �" � �!"+3!0�C�� � p��D�"1 8,94:05$'(
�%4)*�D%(o$'0+"1&/"13<,S4)3

p0

$�H<$'4:3!*@,V,��!"�&$%�;4)&I�!&	 9$6,�4)d
h/d

d���,��!"�"1(:"1&/"13<,9* =
,9 �4:()4:3!"5$' L"+()"+&"+3M,�*C0+()"5$6 �(�C."��	�!4)p%4:,�,��!"T,NC	D%4)05$6(_*@4H�3!*fd��E(:d;0�(M4)3�H��e32$'&/"1(�C���$'3UdWD�"+ �"1*8,94:&P$6,�4)d�3
d��?,��!"(�� @" � �!"13%0�C � $'3g�%3��!"1 @"1*8,94)&$6,�4)d�3hd��j,��!"(�%4)*�D%(o$'0+"1&/"13<,9*�� $'3��U$/D'"1 LCB*@()d�� 0+d�3<D�"1 �H�"13%01"
,9d��F$6 ��!*�,��%"n0+d� � @"10X,hD6$'(:�!"1* = Q 3 01d�3<,9 �$'*@,���$� 9$�D%4� 01d'3MD'"1 �H�"13!0+"�01$'3 pZ"qd�p!*@"1 8D�"�� 4���,��%"
� �!$��! 9$H,94)0��;"+ �"+3��!4D%4:,NC�"+()"1&/"13<,�*_$6 �"]�!*�"�� = �#�M�!*���4)3Td� ��%"1 ,9df$5D�d�4��#(:d;0�(M4)3�H����V"P�!4)*@01 @"+,94��1"E,��%"*@,9 @�!0+,��! �"fp;C��;"1 @"13��!4�D!4:,NCJ"+()"+&"+3M,�*G4:3/,��!4)*A"&�!$6&'D!(:" = .a"� �"1&$' )(-,��2$H,G,��!"1 @"f"&�%4:*@,G3M�!&"+ �d��%*$'(:,�"1 �3!$6,94ND�"1*>��d' L �"��%�!014:3�HJ()dK0�(K4:3�HJ" �Z"10X,9*#��d� L()d��G"1*8,fd' ��!"+ �"+()"+&"+3M,�*�� % s ����%�% s � % %�O # =
Q 3c,��!" ��d�(:()d��S4)3�H��	�G"�4)3<D�"+*@,94�H<$6,�"�,��!"�"1()$'*@,�4)0� �"+*�D�d�3!*@"#d���,��%"T*8,9 @�!0+,��! �"�,9d$�D�D!(:4)"��&DZd',�"13 $

,94o$6()*jd���,��%",��d� @&
∆ϕ(t) = sin(2πft)

�S4N,�� �!4��Z"1 @"13<, �� �" � �!"+3!014:"1* f = �#�%",S23%4:,9"S"+()"1&/"13<,]&/"1*��

% + +
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4)* ('"�D;,�S!�;"��$6,
16×16

"1(:"1&/"13<,9*E4:3
Ω �

$'3��
8×8

"1(:"1&/"13<,9*E4:3
Ω �

�<01d' � �"+*�D�d�3��!4:3�HR,9dR,��!"FD6$'()�%"
h/d = 37.5

4)3 � 4H'�! �" O =  = Q 3)D2$6 @,94:01�!()$' ����G"J"��%$'&/4)3!"O,��!"/$�D�D!(:4)05$6p!4)(:4:,NCh$'3��q,��%"/" � "+0+,Td��
4)3<,� �d��!�!014:3�H$'�2$'& D!4:3�H&$6,� �4 �

Cu
4)3h,��!" ��d� �&I�%(o$6,�4)d�3 � O = V ���8�1�!4)0��U*��!d��!(��gp�"- @"1*�D�d�3!*@4)p!(:"

��d� R,��!"'�!$'&'D%4)3�H�d��V�!3��!"+*�4: �"��a"14�H�"13!&/d��!"1* = .a"/�!*�"J,��!"J"1$'*�Cq&/d	�%"1(Ed�� �f$6()"14�H �J�2$'& D!4)3�H
�1�!4:0��g4)*�0��2$' �$'0+,�"1 @4�1"��Up;C

Cu
p�"14)3�H D! @d DZd' @,94:d�32$'(Z,9dJ,��!"#&P$'*@*C$63��g*8,94��Z3!"+*�*C&$6,� �4)0+"1*��24 = " = �

Cu = αMu + βKu
= �F, S2 �*8,4�?$h(:d�� �� �" � �%"13!03C f = 50

� �J4)*�01d�3%*�4�%"1 �"�� = ��"1 ���d' �&/4)3�H s + +,94:&"G*@,�"�D!*Ad���*�4��1"
∆t = 5·10−4 ��,��%"FD�"1 8,94:05$'(��%4)*�D%(o$'0+"1&/"13<,A$6, p0

4:*j �"+01d� ��!"��$'3��0�!"�D!4)0X,9"��/4:3
� 4�H��! �"FO = % + � $ � = �#�!" �!$'*��!"��B(:4)3!"f01d� @ �"+*�D�d�3��!*L,9dI,��!"R�!3��2$'& DZ"��*��d' �&I�!()$6,94:d�3 = �#�!"�$�D�D%()4)"��
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��� � �����

� 4�H��! �" O = % +! KA"1 8,94:05$'(8�!4:*�D!()$'01"+&"+3M,F$6, p0

��d� P�!4��Z"1 @"13<,��� @" � �!"+3!014:"1*Ld�� "&�;014:,9$6,94:d�3  � $ � 50
� �$�

� p�� 500
� � =

�� �" � �!"13!03Cq4)*T�G"1(:(jpZ"+()d�� ,��!" S2 @*@,�"14�H�"13	�� �" � �!"+3!0�C �1�%4)0�� �2$'*�p�"1"13 �!"X,9"1 @&4:3!"��qp;CU,��!"J(o$'*8,
,9"+*@,L,�d/p�"�$6,S @d���H �!(MC

f0 = 720
� ���!$6*#�!"�D!4:0+,�"��h4)3 � 4�H��! �"TO =  � $ � = .G�%4)()"f,��!"R,�4)&/"R*@,�"�Dh*�4�+"

4)*T&/d',94ND'$H,9"��qp;Cn,��!"P$�D�D!(:4)"��J�� �" � �!"13!03C �E4N,#4:*T,�d;dB(o$' �H�"O,9d2���!()(MCr �"+*�d�(ND�",��!"P" � "+0+,�*Id��F,��!"
"14�H�"13%&d��!"1*��e$0��"1$6,9�% �".�1�!4)0��B4)*S01(:"5$' @(�C&�!"+*�4: �"��B4)3�,��%4)*,D2$' @,�4)0+�!(o$' V01d�3<,9"&�K, = �#�!"T �"+&P$'4:3!4)3�H4)3 	2�!"13%01"J05$'3np�"O"5$'*@4)(�C9�2$'& DZ"��qd��%,4�Q @"1*��%(:,94:3�H�4)3r,��!"J*�d�(:4�r()4:3!"I"&���%4)p!4N,94)3�Hc$c*8,b$'p%()"O*�4:3M� $
*�d'4�2$'(Q&/d',94:d�3 = �f"+ �"$�Z,��%"��2$'& D!4:3�H D2$6 9$'&/"+,�"1 �*C$' �"#*�"X,C,9d

α = 2.51·101 � β = 1.59·10−4 4:3
Ω �

�%$'3��.,9d
α = 1.63·101 � β = 1.03·10−4 4:3 Ω � = �#�%"�4)3 	2�%"13!0+"�d�� ,��!"�"+4H�"+3!&/d	�!"+*V4:3!01 @"5$'*@"1*01d'3!*�4��!"1 �$'p!(�C���d� j,��!"S3!"&�K,F$�D�D!()4:"�� �� �" � �%"13!03C f = 500

� ��� �1�!4:0��P4)*E4:3O,��!"�*9$'&/"L 9$63�H�"�$'*
f0
=�C*FDK4:*��2$'(:4�+"��.4:3 � 4H��% �" O = % + � p � �;,��%"��!3��2$'& D�"���&/d',94:d�3.4)*G01(:"5$' @(�C'�!4)*8,9�! @pZ"���p CP,��!"R(:d��V"+*@,

"14�H�"13%&d��!" = �f"XD�"+ @,��%"1()"+*�*��_4N,R4)*�*8,94:()( ��"5$'*@4)p!(:"-,9d�"&�;,� 9$'0X,T$�*@,b$6p!()"I*@4)3M�!*@d�4�2$6(j&d6,94)d'3U$6,�,��!"$�D�D%()4)"��2�� @" � �!"+3!0�CBp;CB"+&'D%()d�CK4)3�HO,��%" ��$'()"+4H �*�2$'& D!4:3�H = .G�%4)()"�,��!"�D2$6 9$'&/"+,�"1 
β
�2$'*�pZ"+"13

()"3�i,L�!3!0��!$'3�H�"����2,��!".D2$' �$'&/"+,9"+ 
α
�2$'*SpZ"+"13h4)3!0+ �"1$'*�"��Bp;Cc$ ��$'0+,�d� Ld�� % + =

�#�!"F*�4N,9�2$H,94)d'3Tp�"10+d�&/"1*?&/d� @"]0+ �4N,94)01$'(<4��
f
4:*_0��%d�*�"+3I,9d�pZ" H� �"1$6,9"+ �,��2$'3

f0
= �f*j$'3#"��%$'& D!()"$�

�G"T0+d�3!*@4�!"+ 
f = 5000

� � = �#�%"T @"1*@�!(:,�4)3�HOD�"+ @,�4)05$6(>&d6,94)d'3.d�� p0

4)*#H�4ND�"+3h4:3 � 4H'�! �" O = % % = �C*p�"���d� @"��!,��%"TdWD'"1 9$6()( &/d',94:d�3.4)*�$O*���DZ"+ �D�d�*�4N,94)d'3hd$�?&/d',94:d�3!*Fd$� �!4 � "+ �"13<,1�� �" � �!"13!03C = �fd��V"XD�"+ ��,��%"F�� �" � �!"13!03C f �V" �V$'3<,V,�dI"��K,� 9$'0X,F4:*V3!d�� ,9 @�!(�CJ4:3Pp�"+,N�G"1"+3h*@"+D'"1 9$6( "14�H�"13	�� �" � �!"+3!014:"1*��2$'3��3!d',V,��!"�(:d��G"1*8,�d�3!"R(:4 ('"C4)3.,��%"�"��%$'& D!()"+*LpZ"3��d� �" = � C.&$'3M�2$'(:(�C$��)�@�!*8,94:3�HI,��!" D!$' 9$'&/"+,�"1 @* α$'3��
β
d��G,��!"O01()$'*�*@4)01$'(
��$'()"+4H � �!$'&'D%4)3�H�� 4:,�*@"1"1&/*�4)& DZd'*�*�4:p!()"T,9dc"��K,� 9$'0X,-$-�%"1*�4: �"��a*8,b$'p!(:"

*�4:3M�!*�d�4��2$'( &/d',94:d�3c$6,L,��!"-$$D�D!()4:"��&�� �" � �!"13!03C = �#�%"#*@d�()4��h(:4)3!"�4:3 � 4H��% �" O = % %T01d� @ �"1*�DZd'3��!*S,9d,��%"f @"1*��%(:,Gd��>,��%"F�2$6&'D�"�� ��d� �&I�%(o$6,�4)d�3R�S4N,��
α
d�3%01"C&/d� @"�4:3!01 @"5$'*@"��.p;C$ ��$60+,9d' ]d$��% + $'3��

β�!"+01 �"1$'*�"��Bp;Cc$���$60+,9d' Fd�� % + = �Rp<DK4)d��!*@(�C��2$I&d' �"R*@d D��!4:*@,94:05$6,�"��c*@,� 9$6,�"�H�CP4)*F3%"1"��%"��c,9d0�2$'& D
d��%,I"14H'"13��� @" � �!"13%014)"+*R�1�!4)0�� $6 �".(:d��G"1 I,��2$'3k,��!"�$�D�D%()4)"�� �� �" � �!"13!03C = �#�!"&�!"+D'"1(:d D!&/"13<,Od��
*��%0��U$O*@,� 9$6,�"�H�C�4:*L01(:"5$' @(�C.p�"�C'd�3��c,��!"�*@01d D�"#d$�_,��!4)*F,��!"1*@4)* =

% + %
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� 4H'�! �"TO = % %  KA"1 8,94)01$'(��!4:*�D!()$'01"+&"+3<,�$6, p0
��d� S$'3h"��;014N,b$6,�4)d�3�d�� �� �" � �!"13!03C 5000

� � =

Q ,- �"1&$'4:3!*T,�dg4:3MD'"1*8,94H�$6,9"/,��!""1(o$6*@,9d%$7$'0+d��!*@,�4)0/01d���D!()4:3�H = �;4:3!01"/,��!"�$601d��!*8,94:0&/"��!4:�!& 4)*
0��!d�*�"+3�,9dUp�".$'4: �� �G".01$'3�3!"�H'()"10X,-,��!".4)3 	2�!"13%01".d��L,��!"�$'0+d��!*8,94)0 S2"1(��kd�3<,9dU,��!"P*8,9 @�!0+,��! �" =
�#�K�%*��!,��%"R*�CK*@,�"1& � O =ts � �G4:*>�!"10+d���D!(:"���p;C.*@"+,@,94)3�H Cuψ ,9d �1"+ �dO4:3P,��!"TS! �*@,S(:4)3!"fd�� � O =ts � � =�Q 3"+D�"+ �CO,�4)&/"F*@,�"�D��M,��!"S*8,9 ��%0+,9�% 9$'(2" � �!$6,94:d�3J4)*E*�d'(:D�"�� S! �*@,��<,b$ (M4)3�HT4:3<,9dT$'010+d��!3<,A,��!"S0��2$63�H�"1*]4)3
,��!"G$�D�D!(:4)"��#"+()"10X,9 @4)0 DZd6,9"13<,�4o$'( = �,�i,9"+ ��V$' ��!*��',��%"V$'0+d��!*8,94)0] �"+*�D�d�3!*@"V4)*�05$6()01�%(o$6,�"���p;C#4:&'D�d�*@4)3�H
,��!"T3!d� @&P$'(>D'"1(:d;0+4:,NCcd��_,��!"#*@,9 @�!0+,��! �"-$'*�4)3��!d'&d H'"13!"+d��!* �f"+�!&P$63!3g0+d�3��!4N,94)d'3g$6,S,��!" 	2�%4� $
*@,9 @�!0+,��! �"#4)3<,9"+ ���$'0+" = � d� S,��!"T*�d�(:4���6�G"-�!*@"-,��%"#*�$'&"#&"+*��g$'*Cp�"���d� @"  d'3!"#()$4C�"1 f4)3hD�"1 8,94:05$'(
�!4) @"10+,�4)d�3qd��

16×16
"1(:"1&/"13<,9*�4:3

Ω �
$'3��

8×8
"1()"+&"+3<,9*T4)3

Ω �
�_ @"1*�DZ"+0+,94ND�"+(�C �?$����!4:3�Hh��Da,�d

$'pZd'�%, % s + + + �!"�H� �"+"1*#d����� @"1"��%d�& = �#�!"P$601d��!*8,94:0'�!d'&P$'4:3
Ω


 4)*�*@"+,T,9dgp�"$h0+�!pZd'4�nd��
3
&

�S4�%,��B$63��E�%"�D%,�����$'3��hd��
1.5

& �%"14H��M,��201"+3M,�"1 @"��r$'p�dWD�"�,��!"�*8,9 ��%0+,9�% �" = �R3 Ω

 ���G"-$'(:*�dJ�!*@"

� �!$��! 9$H,94)0 �;"1 @"13��%4D!4N,NCg"+()"1&/"13<,�*Rd�3r$.*8,9 ��%0+,9�% �"��JH� @4�Bd��A&"+*��!*@4�+"
3/32

&2�6CK4)"1(��!4)3�H
16384�!"��%$��!"��! �d'3!*j$'3��-$'p�d��%,

70000
�%"�H� @"1"1*_d����� @"1"��!d�& = �#�!"]0��!d�4:01"Ad��;,��!"]&"+*��!*@4�+"G4:* &d',�4:D6$6,�"��p CC,��!"E"&��D�"10X,9"��(�V$WD'"1(:"13�H',��  *�4)3%01"E,��!"E"&�;014:,9$6,94:d�3T�� �" � �!"13!03C�4)* *@"+,Q,9d f = 500

� �$�4�V"]"13�����D
�S4:,��c @d���H �!(MC

7.3 � �2$��! �$6,94:0�"1(:"1&/"13<,9*1D�"1 #�F$5D'"1()"+3�H',����6�1�!4)0��h4)*L"+3!d���H �c,9d0H�4ND�"� �"1$'*�d'32$'p!(:"
 �"1*@�!(:,�* = � ,94:&"S*@,�"�D�*@4�1"

∆t = 5·10−5 *V4)*]�!*@"��-��d� PDZ"+ ���d� @&4:3�H0% � + ,94)&/"S*@,�"�D!* =�� 4H��! @"1O = % s*��!d��S*_,��!"A �"+*��!(N,94)3�H�D'"1()dK014N,NC D�d',9"+3M,�4o$'(<4:3 ��d��! Q3!d��!"1*
pi
$6, �!4)*8,b$'3!0+"1*

i·0.1875
&2�

i = 1, . . . , 4
�

()dK05$6,�"��-�!4: �"+0+,9(MC.$6pZdWD�"R,��!"�01"+3<,9"1 Sd��Q,��!"�*�d�(:4� = �C*L"��	D�"10X,9"����!,��!"T�� @" � �!"13%0�Cc01d'4)3!0+4�!"+*��S4:,��
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� 4H'�! �"TO = % s  KA"1(:d;0+4:,NC-D�d',�"13<,94)$'( $6,
pi
�
i = 1, . . . , 4

����d� S$63h"&�;014:,9$6,94:d�3cd�� �� �" � �!"+3!0�C 500
� � =

,��!" �� @" � �!"+3!0�C�d��S"��;014N,b$6,�4)d�3ap;C�,��%"P*@,� ��!0X,9�! @" = � d� @"1dWD�"+ ��E,��%"�$'& D!()4N,9���!"Jd��L,��!"�$'0+d��!*8,94)0
�F$5D�"+*1�!"10+ �"5$6*�"1*f$'*V,��!" �!4:*@,b$63!01"R,�dI,��!"RDK4)p% 9$6,�4)3�H#*@,9 @�!0+,��! �"�4:3!01 @"5$'*@"1* = Q � �G" �!$��.,9dO0��!dKd�*@",��!"I&/"1*��!*�4��1"O0+d�3���d� @&4:3�H,�d.,��!"I*@d�()4���� 3!$'&"+(�C

1/200
&2� $63�� �!4�g3!d',T�V$'3<,�,9d&�!4:*@,�d� @,f,��!"

% + s
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"1(:"1&/"13<,9*Gp;CP0+d<$' �*@"13!4:3�H#,��!"1&2� �V" �Gd��!(��."13��.��D �S4N,��
(3·200/32)3 = (75/4)3 > 6000

,�4)&/"1*
,��%"E3K�%&IpZ"+ Qd��K"1()"+&"+3<,9* ��d� ,��!"A$'01d'�!*@,�4)0�D2$' 8,4���1�!4:0�� �Gd��!(��Tp�"E01(:"5$' @(�CfpZ"3C�d�3��T,��!"A05$�D2$6p!4)(:4:,NC
d�� D! �"+*�"13<,�*@4)3�H'()" D! @d;0+"1*�*@d� R$6 �0��!4N,9"10X,9�! @"1* = �#�!4)*�" �Z"10X, �Gd��!(�hp�"101d'&"T"+D'"13U*8,9 �d'3�H�"1 ��Z4M�?,��!"
�V$WD'"1(:"13�H',��k4)3%01 �"1$'*�"���$'3���(o$' �H�"1 �"1(:"1&/"13<,9*T01d'�!(�apZ"0��!d�*�"+3�,9dg$�D�D! @d �%4:&P$H,9"O,��!"/D�"+()dK014:,NC
D�d',9"+3M,�4o$'( =
����� � � ��� ������ � ������� ������ � ��� � ��� ��� � ���
.a",D% �"1*@"13<,V,��!"� �"1*@�!(:,�*Ad��>*@"+D�"+ 9$'(�3M�!&/"1 �4:05$'(%"��%$'& D!()"+* =�� CJ&/"5$63!*Ad��Z,��!",D! �d D!$�H<$6,�4)d�3Od��>$'3$'0+d��!*@,�4)0R�V$5D�"/"1&/4:,�,�"��qp;Cq$&DZd'4)3<,�*�d��% �01"$��,��!" S2 �*8,�d�3!"0�!"+&d�3%*@,9 �$6,9"+*�,��2$6,�d'�! T$�D�D! @d<$'0��
4)*OD'"1 �C� �d'p!�!*@, �S4:,��  @"1*�D�"10X,P,�dk$a()$' �H'"&�!4��Z"1 @"13!0+"g4)3 ,��%"9H� @4� *�4�+"1*/d��R,N�Gdk*��%pB�!d'&P$'4:3!*��
$'3�� $'()*@d �S4N,��  �"+*�D�"10+,,9dn,��!"h0��!d�4:01"gd$�C,��%"B&$'*@,�"1 $'3�� ,��!"h*�()$WD'"g*@4�!" = .�"g$'()*@da*8,9���	C
,��%"I01d�3<D'"1 �H'"13!0+"p�"��2$5DK4)d' Rp;CU01d'3!*@,� ��!0X,94)3�H.,��!"O*@d��! �0+"I,9"+ �& d'�%,�d��]$'3q"&�!$60+,�*�d'()�%,�4)d�3 = �C*
��d� �,��%"a"+(o$'*8,9d�$ $'01d��%*@,94:0JD! �d�p%()"1&2�F�G"k$$H<$'4)3 4:()()�%*@,9 �$6,9"U,��!"n3!"�H<$H,94:D'"a" � "+0+,�*gd����2$5D;4:3�H ,9d
�!*@" �!4:*@,9d' @,9"��a"+()"+&"+3M,�*#4:3ad' ��!"+ T,�dgd�p%,9$'4)3n&$6,90��!4:3�Hc4)3<,9"+ ���$'0+"'H' �4�%*Tp;Cn4)3<D'"1*@,�4H<$H,94)3�Hh,��!"
3M�!&/"1 �4:05$'(G$�D�D% �d �;4)&$6,94:d�3ad$��$U*�4)3�H�()"$'01d'�!*@,�4)0.*�D��!"1 @4)01$'( D%�!()*@" = � 4:32$'()(MC � �V"&�%"1&/d�3!*@,� 9$6,�"
,��%"J$�D�D!(:4)05$6p!4)(:4:,NC�d��A,��!"I3!d�3%01d�3���d' �&/4)3�H.&/"+,��!d��U,9d�*�01$6,�,�"1 @4)3�H&D! @d�p!(:"1&/*����1�!"+ �"Od�3%01"�� ,��!"
4)3%01d�&/4)3�H-�V$5D�"4)*�*�4:&'D!(MC H�"+3!"1 �$6,9"��kp;Cn$h3%d�3 $Y,� �4ND;4)$'(jp�d��!3��!$' �Cq0+d�3��!4N,94)d'3��Q$'3��ad�3!01"$�_,��!"
*�d'�! �0+"�,�"1 @& 4)*#H�4ND�"+3Bp;C�	2�!4���	2d�� �2$6,9$ =
=W?�5 ��: � ?	�B< � �

Q 3q$'S2 @*@,R,�"1*8,4���G"O0��!dKd�*�"-,��!"R�!d'&P$'4:3
Ω = (−0.05, 0.05)

& 2 $63�� �!"+01d�& DZd'*�"I4N,R4)3<,�d
Ω � =

(−0.0125, 0.0125)
& 2 $63�� Ω � = Ω \ Ω � = � DZd�4:3<,�*�d��% �01"/4)*C()dK05$6,�"��n$6,

(0, 0)
$'3��n �"5$6()4�+"��

$'*T$ � 4) @4)0��!(:"+,�3!d��!"0�!4)0X,b$6,�4)3�H.,��!"J*�d�(:�%,94:d�3r,9dhpZ"
u(0, 0, t) = sin(2πft)

�S4:,��n$&�� �" � �%"13!03C
f = 1000

� � = �C*T&"��!4)�!&2���G"0��!dKd�*@"P$'4:  
c = 343

& �6* = � ,94:&"O*8,9"�D�*�4��1"
∆t = 10µ

*�4)*
�!*@"�� =�� 4H��! @"�O = % �R*��!d��S*A,��!"F4:3!4:,�4o$'( H� @4�O$'3��I,N�Vd �1dKd�&/*?,9d��V$' ��%*j,��!"F4:3<,9"1 L��$'01"Ld$�2,��!"S$'0X,9�2$6(
��� � ����� ��
 �

� 4�H��! �" O = % �  �L01d'�!*@,�4)0.DZd'4)3<,S*�d��% �01"  � $ �V4:3!4:,�4o$'(/H� �4���� � p �F$'3�� � 0 �G,N�Vd �1dKd�&*V4)3<,9dO,��%"T0+d�& $
D!�%,9$6,94:d�32$'(�H� �4�� =

01d'&'D!�;,b$6,�4)d�32$6(6H� �4����;�1�!4)0��-�V$'*Fd�p;,b$'4:3!"��p C �"3S23!4:3�H#,��!"TH� @4�Pd'3
Ω �

*�4 �/,94)&/"1*G$'3��,��!"Rd'3!"
d�3

Ω �
,��! @"1"V,�4)&/"1* = �#�M�!*��<d'3-,��!"G()d��G"1 j4:3M,�"1 L��$'01"]*�4��!"����G">�2$5D'"L$C01d'&'D!(:"+,�"1(�C�3%d�3!01d'3���d� �&/4)3�H

*�4N,9�2$H,94)d'3����1�%"1 �"1$'*Sd�3�,��!"�d6,��!"+ F*�4��!"1*��!,��!"�4:3!3!"1 V4)3<,9"+ ���$'0+" H� �4��.4)*L$ D!�% �"� �"3S23!"+&"+3M,Sd$�_,��!"
d��%,�"1 jd'3!"�� �S4N,��O$R&/"1*��O*�4�+"F 9$H,94)d

h1/h2 = 1/8 = Q 3 � 4H'�! �"�O = %4O��H,��!"L4:*�d�(:4)3!"+*_d$��,��!"F*@d�()�%,�4)d�3%*

% + �
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� 4H��% �"TO = %4O  �;d�()�;,94)d'3�$6,O,94:&" t = 280µ
*����Q$�H' 9$'3�H'".&I�!(N,94D%()4)"+ �* �!"�S!3!"�� �S4:,��  @"1*�D�"10X,J,9d

,��!"  � $ � S23!"�*@4�!"$� � p �F01d�$' �*@"T*@4�!" =

��d� T,N�Gdq*�"X,�,94:3�H�*-$$�i,9"+ s � ,�4)&/"*8,9"�D!*J$6, t = 280µ
*#$' @"-D!()d6,�,9"�� = � d� � 4H'�! �"'O = %4O � $ � �_,��%"

�!4)*@01 �"X,9" �Q$�H' 9$'3�H'"&I�%(:,94�D!()4:"1 �*�D2$'01"'�F$'*O0��%d�*�"+3 �S4N,��a �"1*�DZ"+0+,O,�dg,��!"'S23!"-H� @4�ad�3
Ω �

� ��d� 
� 4H��% �" O = %4O � p � �]4N,I4:*R�!"�S!3!"�� d�3�,��!"�0+d<$' @*�"&H� @4��d��

Ω � = �#�%"1 �"�4:*O3!d � �2$'(:4:,b$H,94:D'".$'3�� 3%d
3!d',9"3�Vd' @,��;C � �!$'3<,94:,9$6,94ND�"R�%4��Z"1 �"+3!01"Op�"+,N�G"1"+3ap�d',��U*�d�(:�%,94:d�3!* = �#�K�%*�� ��d� f,��!4)*C"��%$'& D!()"$�Z,��%"
0��!d�4)0+"Bd$�R,��!"2H� @4� ��d� O,��!" ��$$H� 9$'3�H�"c&I�!(:,�4D!(:4)"+ I*�D2$601"9�%d;"+*3!d6,P4:3 	2�!"+3!01"h,��!"h3M�!&"+ �4:05$'(
*�d�(:�%,94:d�3 = � d� @"h4:&'D�d� 8,b$'3<,4�Ap�d',�� *�d'()�%,�4)d�3!*J$6 �"*�V"+()(Lp�"��2$5D�"�� 3!"1$' /,��!"c4)3<,9"+ ���$'0+"g$63���3%d
$' @,�4�S20+4o$'(� �" 	2"10X,94)d'3!*Sd;0+01�! 1�!"+*�D!4N,9"�,��!"�D'"1 �Cc()$' �H'" �!4��Z"1 @"13!0+"T4:3�,��!"�&/"1*��c*@4�1"+*

h1

$'3��
h2
=

� ?	��� �6<�� ����� ��� ��� �	�85 ?B<
.�"#*@,9����Cg,��!"I"1 @ �d� F�!"101$4CE�S4N,��U @"1*�D�"10X,�,9d�$'H�4:D'"13r$'3!$'(�CM,94:0#*@d�()�;,94)d'3 = �#�%" H�()d�p!$'( �!d�&$'4)3
4)*

Ω = (−1, 1)2 ���S4N,�� *��!p/�!d�&$'4)3%*
Ω � = (−1/3, 1/3)2 $'3�� Ω � = Ω \ Ω � = Q 3 d' ��!"+ /,�d

*�"�D!$' 9$6,�"1(MC 4)3<D�"+*@,94�H<$6,�"h,��!"E�%"�D�"13��!"+3!01"gd��R,��%"B"+ � �d' d�3 ,��!"2�!4:*�01 @"+,�4�5$H,94)d'3 D2$6 9$'&/"+,�"1 �*
h$'3��

∆t
���V" D�"1 L��d� �& ,N�Vd*�!4 � "+ �"+3M,C,9"1*8,9* = �R3!01"$���V" (6"1"�Dq,��%"I,94)&/"T*@,9"�Da*@4�+" ∆t

S!�;"���$'3��
DZ"+ ���d� @& $q�!3!4���d' �&  @"�S23%"1&/"13<, D% �dK01"��%�! �"hd���,��!"*H� @4�!*Jd�3

Ω �
$63��

Ω �
*@,9$' @,�4)3�H �� �d'& ,��%"

4)3!4N,94o$6(],� �4o$63�H��!()$6,94:d�3�D!(:d',�,�"�� 4)3 � 4H'�! �"*O = % V � $ � = �#�!"B"��%$'0+,*�d'()�%,�4)d�3 4)*O*@"+,/,9d
ψ(x, t) =

 1e-05

 0.0001
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 0.01
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105104103102

dof

H1
Oh
L2

Oh2


 ��
� �
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 0.001

 0.01

 0.1

 1

105104103102

O(h)

O(h2)
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� �

L2  � � �
� �

�����#� �������#�&��� �����!�#"

��� � �����

� 4�H��! �" O = % V  Q 3<D�"+*@,94�H<$6,�4)d�3cd��?*�D2$6,�4o$'( $'010+�! 9$60�C  � $ �V4)3%4:,94)$'(/H� �4���� � p �F"1 � @d� #�!"+05$4C =

% + O



� ����� � �������
	��������� � ����

t2 exp(−50|x|2) ���1�!4:0��.4)* � �2$��! �$6,94:0f4:3,�4)&/" = �#�M�!*����G"T�!d-3%d',F"&��D�"10X,F,9d(H�"+,V$'3;C"1 � @d� P�!�!"
,9dT,94:&",�!4)*@01 @"+,94��5$6,�4)d�3 = � d� E,��!"C"1 � @d� P�!"101$�C/DK4)*@�2$'()4��1"��P4)3 � 4H'�! �",O = % V � p��3�<,��!" L2 $ 3!d� @&u$'3��
,��%"

H1 $ 3!d' �& d��G,��!"J"1 @ �d� �$$�i,�"1 % + ,�4)&/"I*@,�"�D!*Td��G*�4�+"
∆t = 0.1

�2$5D�"/p�"1"13n05$6()01�%(o$6,�"�� ��d� 
"5$60��n @"�S23%"1&/"13<,�*@,�"�D = �C*�"��	D�"10X,9"��ap;Cg,��%"I,��!"+d� �C��>,��!" L2 $Y3!d� �& �!"+05$4Cr4)*

O(h2)
� $'3��r,��!"

H1 $Y3!d� @& �!"+05$4Cc4)*
O(h) = Q 3hd� ��%"1 F,9d/4)3<D'"1*@,�4H<$H,9"R,��%"(�!"�DZ"+3��!"+3!01"#d��_,��!"�"1 @ �d� Sd�3�,��%"�,�4)&/"

*@,�"�D *�4��1"
∆t

� �G"�*�"X,O,��!"."&�%$'0+,J*@d�()�%,�4)d�3n,9d
ψ(x, t) = 1

2
c2t3(x1 − x2)

= �#�M�!*��E,��%"�*�D2$6,�4o$'(
D2$' 8,

x1 − x2

01$'3gp�"#"&�%$'0+,�(�Cc4)3<,�"1 �D�d�()$6,9"��hd'3B,��%"#4:3!4:,�4o$'(BH� �4��*�� @d�& � 4�H��! �" O = % V�� $ � �e$'3��E�G"
�!d�3!d6,�"��	D�"10+,#$'3;Cg"1 � @d� �!�!"I,�d�*�D2$601" �!4:*�01 @"+,�4�5$H,94)d'3 =�� "+"�D!4:3�H.,��%4)*TH� @4�9S �%"���� �V"O @"10+d� ��
,��%" �!4)*@01 �"X,94��5$6,�4)d�3."+ � @d� L$6,F,�4)&/"

T = 4·10−3 ��d� VD6$' LC;4:3�HI,94:&"f*@,�"�Dh*�4�+"1*
∆tk = 4·10−4·2−k �

k = 0, . . . , 9 = �#�!"T �"+*��!(N,�4)*1H�4:D'"13B4)3 � 4H'�! �" O = % � = �C*�01d��!(��Bp�"�"��	D�"10+,�"��Up;C�,��!"(D% �d D�"1 8,94)"+*
d���,��!"���"��S&$' �(.*@0��!"1&/"��ep�d',���,��!"

H1 $G$'3���,��!" L2 $Y3!d� @& �!"+05$4C&�S4:,��hd' ��!"+ 
O(∆t2) =
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time
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=
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0
−

3

O(∆t2)

H1  � � �
� �

L2  � � �
� �

��� " � � � �
	 � ��� �
∆t

� 4�H��! �" O = % �  Q 3<D�"+*@,94�H<$6,�4)d�3hd��?,�"1& DZd' 9$'( $60101�% 9$'03C  �!4)*@01 @"+,94��5$6,�4)d�3c"+ � �d' f$H,�,�4)&/"
T = 4·10−3

��d� FD6$' LC;4:3�HO,94:&"R*8,9"�Dg*�4��1"+*
∆tk = 4·10−4·2−k � k = 0, . . . , 9 =

� � � �6<L5 � ��A = ��A � �
.a" ���! @,��!"1 @&d' �"P4:3<D�"1*8,94�H<$6,9"/,��!"P3K�%&"+ �4)01$'(G$�D�D! @d�;4:&P$6,�4)d�3nd���$g*@4)3�H'()"$'01d��%*@,94:0.*�D��!"1 @4)05$6(
D!�!(:*�"Jd�� �� �" � �!"+3!0�C 1000

� �J$63��a&$�H�3%4:,9���!"&% =�� �!"0+d�& D!�%,b$H,94)d'32$'( �!d'&P$'4:3r4)3r,��%"
(r, z)

$
D!()$'3!"P4:*I*��%d��S3 4:3�,��!"�(:"��i,�D!4)0X,9�! @".d�� � 4H'�! �"'O = % ' =�� �!"&D!�!(:*�".4:*-4:&'D�d�*�"��k4)3���d' �& d��f$'3
"1*@*�"+3M,�4o$'(Ap�d��!3��!$' �Cr0+d�3��!4N,94:d�3rd�3

Γ � ⊂ ∂Ω1 = �C*Tp�"���d� @"�� �V"$'*@*��!&/"O,��2$6,�,��!"0H� �4��nd'3
Ω1

�2$'*�,9dfpZ"G*��!p!*8,b$'3<,�4o$'(:(�C S23!"+ _,��2$'3-,��2$6,j @" � �!4: �"��-p C�,��!"L$'0+d��!*@,�4)0 �F$5D'"1()"+3�H',�� =�� �!"+ �"���d' �"�� �G"�!*@"
2·40·40 = 3200

"1(:"1&/"13<,9* d�3
Ω1 �6$'* �!"�D!4)0X,9"��T4)3�,��!"E �4�H �<, D!4)0X,9�! @"Ed�� � 4H��! @" O = % ' = Q 3Td� ��!"+ ,9dJ0+d�&'D!$' �"R,��!"#0+d�3���d� @&4:3�HI&/"+,��!d	�&�S4N,��c,��!"�3!d�3%01d�3���d' �&/4)3�HOd�3%"����G"�,9$ ('"

6400
"1(:"1&/"13<,9*

d�3
Ω2 4)3Op�d',��O01$'*�"+*��M0��!dKd�*�4:3�H nx = 80

�
ny = 40

��d� _,��!"S01d'3���d� �&/4)3�HR$'3��
nx = 160

�
ny = 20��d� A,��!"f3!d�3!0+d�3���d� @&4:3�H�05$'*@" =�Q 3 � 4H��! @"FO = % � �M,��!"C4:*�d�(:4)3!"+*���d� ],��!"SD�"1(:d;0+4:,NC D�d',9"+3M,�4o$'(e$H,G,�4)&/"

t = 1.6
&*$' @"gDK4)*��!$'()4��1"�� = .G�!"+ �"5$6*.,��!"U0+d�3���d� @&4:3�H�&/"+,��!d�� "�	�!4:p!4:,�*P3M�!&/"1 �4:05$'(�3!d�4:*�"

p�"���d� @"C$'3��Pp�"��!4:3��,��!" D!�%()*�"$�K,��!"C3%d�3!01d'3���d� �&/4)3�H#$$D�D! �d�$'0��.4)*]&I�!0��01(:d�*�"+ G,9d�,��%"C"�	D�"10X,9"��
*�d'()�%,�4)d�3 = Q 3!*@4�!"q,��%" D%�!()*@"��R,��%"a �$��!4o$6(R*�CK&/&"X,9 �C d��-,��!"q4)*�d'()4)3%"1*-�� �d'& ,��!"n01d'3���d� �&/4)3�H
&/"+,��%d	�T4)*�d�p!*@"1 @D6$'p%(�C.�!4:*@,9�% �p�"�� =�� �!"�D�d;d' � �2$6()4:,NCRd��%,��!"V0+d�3���d� @&4:3�HS&"X,��!d��#01$'3Ip�"G"1$'*�4:(�C"�	D!()$'4)3%"��hp C�,��!" ��$'0+,��2,��2$6,��24)3cd� ��!"1 S,9d/d�p%,9$'4)3c&$6,90��!4:3�HJ4)3<,9"+ ���$'0+".H� �4��!*��!,��!"�&"+*��gd'3

Ω2

% + V
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� 4H��% �"TO = % '�� �	D��!"+ �4)01$'( �E�!(:*�"�� � $ �#$ ;4)*�CK&/&"X,9 @4)0 �!d�&$'4)3 � �!4)&/"13%*�4)d'3!*-4:3�&"X,9"1 �3� � p �(D2$��
 9$'&/"+,�"1 �*#��d� F,��!"�01d�& D!�%,9$6,94:d�32$'(/H� @4�!* =

��� � ��� �

� 4H��% �"TO = % � � Q *�d�(:4)3!"+*Rd��E,��%"O$'01d'�!*@,�4)0-D'"1()dK014N,NC9D�d',�"13<,94)$'(?$H,R,94:&"
t = 1.6

&/*�� � $ �f&P$H,90��!4:3�H$'3�� � p �V3!d'3�� &$6,90��%4)3�H H� @4�!* =

4)*�*�4)& D!(MC.,9dKdP0+d<$' �*@"#,�d.01d� @ �"+0+,9(MCc �"+*�d�(ND�"-,��!"-*@d�()�%,�4)d�3 =#Q 3Ud� ��%"1 f,�dP" !$6&4:3!"#,��!"#,� 9$'3!*@4)"+3M,pZ"��2$5D;4:d� �&/d� �"J01(:d�*�"+(�C�� �G"JD;4:*��2$6()4�+"I,��!"/"+D'd�()�;,94)d'3nd$�G,��!"P$601d��!*8,94:0 D�d',�"13<,94)$'(E$6,�,��%"'D�d�4)3<,
(0, 0.1

&
) l 4:3 � 4H'�! �",O = %  =�Q 3c$����%4:,94:d�3,�d-,��%"�01d�& D2$' @4)*�d'3Pd��Qp�d',��c$$D�D! �d�$'0��!"1*����V"C"1& D!()d�C

$I �"���"+ �"+3!01"�*�d'()�%,�4)d�3��Kd�p%,9$'4)3%"��-�S4:,��c$I�!3!4M��d� �&/(�C0S23!" H' �4�Pd�� V O V + + "+()"+&"+3M,�* = �f*L"�	DZ"+0+,�"��
�� �d�& ,��!"�d'p!*�"+ @D6$6,94:d�3!*S$'p�dWD�"$�%,��!"�0+d�3���d� @&4:3�HO$�D�D! �d<$60��h" 	�!4)p!4N,9* � �!4N,9"�*8,9 �d'3�HJd�*�0+4)()()$6,94:d�3!*��
�1�!4)(:"S,��!"Rp�"��2$5DK4)d' Gd�� ,��!"f3!d�3!0+d�3���d� @&4:3�H#&/"+,��!d��P4)* � �!4:,�"C*@&dKd',��P$'3��PDK4:*��2$'(:(�CO0+d�4)3%014�%4)3�H
�S4:,��k,��!"� �"3��"1 @"13!0+"B*@d�()�%,�4)d�3 = .a"� �"+&P$6 ��a,��2$6,O"XD�"+3�,��%"� �"���"+ �"+3!01"c*�d'()�%,�4)d�3k4:*O*��!p��@"10+,J,�d
*�&$'()(Z�!3�D��;CK*�4:05$'(Qd�*@014)(:(o$6,�4)d�3%* �!4: �"+0+,9(MC�$$�i,�"1 F,��!".D!�!()*@" =
� � ��:�:��6<L5���� ?��R=>A � � �6<! ��� ��

Q 3Id��! �3!"�K,E" %$'&'D%()"�� �V"G"�%$'&/4)3!"A,��%"F*�01$6,�,�"1 �4:3�HCd$�e$F�V$WD'"Fp;CI$� �4�H�4�Td�p!*8,b$'0+()" = �C*_d�p!*@,9$'01(:"��$R014) @01(:"Vd��� 9$$�!4)�!* %L4)*j0��%d�*�"+3��;�1�!4)0��0�2$'*�D�"1 L��"10X,9(�C# �" 	2"10X,94:3�HT�F$6()()*_ �"1$'()4��1"��Op;C��!d�&/d H�"13%"1d��!*
�f"1�%&P$'3%3-p�d��!3��2$6 �CT01d�3��!4:,�4)d�3!* =WQ ,?4)*�d�p<DK4)d��!*�,��2$H,_,��!"V0+()d�*@"V3!"+4H �Mp�d� ��!dKd��#d��2,��!"V0+4) @01()"]05$63

% + �
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� 4�H��! �" O = %  � -jD�d�(:�%,94:d�3�d���,��!"T$'0+d��!*@,�4)0.D�d',9"+3M,�4o$'(>$6,L,��!".D�d�4)3<,
(0, 0.1) l =

3!d',FpZ"�&/"1*��!"��cp;C�$I�!3%4���d� @&u,� �4o$63�H��!()$6,94:d�3 = � �!"1 @"���d� @"����G"�0��!d;d'*�"�$ � �2$��! �$6,94:0R*��%pB�!d'&P$'4:3
Ω1 d��R*@4�!"�(:"13�H',�� 10/3

�1�%4)0�� 01d�3<,b$64)3!*O,��%"h*@05$6,@,9"+ �4)3�Ha0+4) �0+()" =IQ 3!*�4��!"�,��!4:*O*��!p/�!d�&$'4)3��G$�!3!*8,9 @�!0+,��! �"��P&/"1*��/d��Z �"+(o$6,�4:D�"+(�C#*�&$'()(%&"+*��;�S4�%,��4:*E�!*�"����;�1�!4)(:"Ld��%,�*�4�%"��M4:,E4:*E3!d�� D�d�*�*@4)p!(:"
,9d-"1& D!()d�C/$-*8,9 ��%0+,9�% �"��&H' �4� ��d� Vd'p%,b$'4:3!4)3�H-$'3Pd D%,94:&P$6( � �!$'()4N,NCJd�� ,��!"C*�d�(:�%,94:d�3 �S4N,��. @"1*�DZ"+0+,
,9dU,��!"&H� @4��*�4��1" = � 4�H��! @"-O =ts + � $ ��DK4)*@�2$'()4��1"+*-,��!"�4:3!4:,�4o$'( H� @4���1�!4:0�� 4)*I @"�S23!"�� ,��! �"+".,94:&"+*
&/d� �" ��d� �,��%"P$'0X,9�2$6(E01d�& D!�%,9$6,94:d�3 = ��3q,��%"(:"��i,TpZd'�!3��2$' LCqd��V,��!"/01d�& D!�%,9$6,94:d�32$'( �%d�&P$64)3��
$ � 4) @4)0��!(:"+,Jp�d��!3��2$6 �C 01d'3��!4:,�4)d�3 4:*/4:&'D�d�*@"�� �1�!4)0��� �"5$6()4�+"1*O,��%"B4:3 	2d�� d��R$)D!()$'32$' R�V$5D�"
,9 �$5D�"1(:4)3�HO4:3

x1

�N�!4: �"10X,94:d�3��
ψ � (x, t) = sin(x1 − ct),

�1�!"+ �"V,��!"F*�D�"1"��Jd��e*�d��%3��O4)*_*�"+,?,9d
c = 1 = �R3I,��!"F��D�D�"1 j$'3��I(:d��G"1 ?pZd��%3��2$' LC � �!d'&d H'"13!"+d��!*�f"+�!&$'3!3k0+d�3��!4N,94)d'3!*I$' @"P�!*@"������1�!4:()"/d�3k,��%"P �4�H �<,Ip�d��!3��!$' �C�� �V"."+&'D%()d�Cq,��!" S! �*@,Id� ��!"+ 

()dK05$6( $'p!*@d� �p!4:3�H/pZd��%3��2$' LCc01d�3��%4:,94:d�3!* � O = %�O� = � d' S,�"1& DZd' 9$'(>4:3<,9"�H' 9$6,�4)d�3��	�V"#0��!d;d'*�"#$J,�4)&/"
*@,�"�D *@4�1"Bd��

∆t = 0.05 = � 4�H��! �"2O =�s + � p �O*��%d��S*.,��!"g*@05$6,@,9"+ �"�� �V$5D�"+*B$H,P,94:&"
t = 13.5 =�C*-"�	DZ"+0+,�"���� �V"P05$'3�d�p%*�"1 8D�"h$g*@��DZ"+ �D�d�*�4N,94:d�3kd��S4:3!01d�&/4)3�HU$'3��� �" 	!"10+,�"�� �F$5D'"1* CK4)"1(��!4)3�H

$'& D!()4MS205$H,94)d'3!*F$'*1�G"1()(Q$6*� @"��!�%0+,94:d�3!*,�!"�D�"13��!4)3�H/d�3h*�D2$601"I$63��h,�4)&/" = � �!" D! �"+*�"+3!01"Id$�?3!d'3��&$6,90��!4:3�H H� @4�!*S$6,L,��!"T$' @,�4�S20+4o$'(Z4)3<,9"+ ���$'0+" �!dK"1*S3!d',,D! @d	�!�%01"T$'3;C��!3��%"1*�4: �"��g" �Z"10X,9* =

% + '
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� 4H��% �"TO =ts + � �;05$6,@,9"+ �4)3�H/p;Cc$63Bd�p%*@,b$601()"�� � $ �V4:3!4:,�4o$'(/H� @4��� � p �V*�01$6,�,�"1 @"��E�V$5D�"+*R$6,
t = 13.5 =

�WA ?K\ � � � ��� �����1?�5 � �
���% �S232$'(Z"�%$'& D!()"C"�%$'&/4)3!"+*V,��!"�*@d��!3��*H�"+3!"1 �$6,94:d�3&�!�!"R,�dJ$'4) 	2d�� $' �d��%3��c$'3�d�p!*8,b$'0+()"$� %  )# =
Q 3 � 4�H��! �"0O =ts % � $ �3�Q,��%"P*�4N,9�2$H,94)d'3n4:3a,��! �"+"'�!4:&"+3!*�4:d�3!*T4)*�4)(:()�!*8,9 �$6,9"�� = �u01�!p�d�4�!$'(Ep!()dK0 �r4)*

� 4H'�! �" O =ts % � � ()d�� 4)3��!�%01"��h3!d�4:*�"��Ed�p!*@,9$'01(:"�*��!p��@"10+,�,9d$'4: 	2d�� =
*��!p��@"+0+,L,�dO$'3�4)3%01d�&/4)3�H-$'4) 	2d�� =�� �!"�*@05$6,@,9"1 @"���	2�!4�� 	2d�� 4)*F @"1*�DZd�3%*�4)p%()"F��d' G,��%" H�"13!"+ 9$6,�4)d�3
d��E$'0+d��!*8,94)0.�V$WD'"1* = �C*�05$6 � �4:"��Bd��%,fpZ"3��d� �"$��d'3!"-d��i,�"13B4)*S4)3<,9"+ �"+*@,9"��U4)3h,��!"T*�d'�!3��9S2"+(� � �%4:,9"
��$' T$��V$4CJ�� �d�& ,��!"/d�p!*@,9$'01(:" = �;4)3!0+"/,��!"$�D�D! @d�;4:&P$6,�4)d�3rd$�V,��%" ���!(:(.	2d�� D! @d�p!()"+& dWD�"1 �,��%"
�1�!d�()"J$6 �"5$.d$�V4:3M,�"1 @"1*@, �Gd��!(��qpZ"O,9dKd.,94:&" � 0+d�3!*��%&4:3�H��e,��!"/$'*@*��!& D%,94:d�3r4)*�&$��!"#,��2$6,�4N,�4)*
*�� �/014:"13<,],9dT*�d�(ND�"S,��!" 	2d��GD! �d'p!()"+&md�3!(MCO4)3J,��!"�*��%pB�!d'&P$'4:3

Ω1 = Ω �
�<,9dT05$6()01�%(o$6,�"f$�*�d'�! �0+"

,9"1 @& ��d� �,��!"P$'01d'�!*@,�4)0 �F$5D'"." � �2$6,�4)d�3a$'0+01d� ��!4)3�Hh,9d � 4H �<,��%4)()( � *R$'32$'(:d H�C % � s # �j$63��a,�dB*@d�(:D'",��!" �V$WD'"#" � �2$6,94:d�3cd�3hpZd',�� Ω1 $'3��Bd�3�,��!"�"�K,9"+ �4)d' ,�%d�&P$64)3 Ω2 = Ω �
=

�a"L �"+*@,9 @4)0X,Ed��! j" %$'&'D%()"V,�d�$R �"��%�!0+,�4)d�3Od��e,��!">D! @d�p!()"+& ,�dR,N�Vd.�!4:&"+3!*�4:d�3!* = � �!"Ld�p%*@,b$601()"4)*�,b$��6"13 ,�d�p�"q,��!"n* � �2$' @" Ω
�

= (−0.01
&
, 0.01

&
)2 �R,��!" 	2�!4�� 	2d��  @"�H�4:d�3 4:**H�4:D'"13 p;C

Ω1 = (−0.2
&
, 0.6

&
) × (−0.11

&
, 0.11

&
) \ Ω

� ��$'3��q,��!"J �"+&P$'4:3!4)3�H-D!�! @"1(�Cr$'01d��%*@,94:0O �"�H�4)d�3
4)*C*@"+,R,�d

Ω2 = (−2.84
&
, 3.24

&
) × (−2.75

&
, 2.75

&
) \ Ω

� ∪ Ω1 = �R3UpZd6,��U*@�!pB�%d�&P$64)3!*��B�G""1& D!()d�Ch*@,� ��!0X,9�! @"�� � �!$��! �4:(o$6,�"1 �$'( H� �4��!* = �R3 Ω1 � ,��%"RH� �4��r*�4��1"I4:*
h1 = 0.01

$'*R �" � �!4) @"��qp;C

% +��



��� ��� �� � ����������� � ���� �
�

,��%" 	2d�� D! �d�p%()"1&2� �1�!4:()"d�3
Ω2 �A$ H� @4��*@4�+"

h2 = 0.055
4)*#*�� �/014:"13<,4�]$'*- �" � �!4: �"���p Ca,��!"$'0+d��!*@,�4)0.�F$5D'"O()"13�H',�� = �a"�D�"1 ���d' �& � + ,�4)&/"�*@,9"�D!*Rd��j*�4�+"
∆t = 10−4 * = � 4�H��! @" O =�s�s *��!d��S*,��%"O4)*�d'()4)3%"1*Cd$�G,��!"J$'01d'�!*@,�4)0-D'"1()dK014N,NC D�d',9"+3<,94o$6(?01(:d�*�"I,�d.,��!"J4:3!3!"1 C �"�H'4)d�3

Ω1 $$�i,9"+ � + ,�4)&/"*@,�"�D!* = � �!"C4:3 	2d�� 4:* �� @d�&m(:"��i,A,9dT �4�H �<, = �V(:"5$' @(�C ��,��!",�!4H �%"1*@,]D6$'()�%"1*]d;0+01�! ]4)3J,��!"�4)&/&/"��!4)$6,9"

� 4H'�! �"TO =�s�s � � ()d�� 4)3��%�!01"��B3!d'4)*�"��jD�"+()dK014:,NC-DZd',�"13<,94)$'( 0+()d�*@"�,9dO,��!"�4:3!3!"1 L @"�H�4:d�3
Ω1 =

D! @d�;4:&4N,NC�d���,��%"hd'p!*@,9$'01(:" = � d� @"c4)& DZd� 8,b$'3<,(��d� �!"1&/d�3!*8,9 �$6,94:3�HU,��!"h$�D�D!()4:05$'p!4:()4N,NCqd��Cd'�! 
$�D�D% �d<$'0���4:*#,��!"'��$'0X,I,��!$6,-,��!".4)*@d�()4:3!"1*T01 @d�*�*#,��!"�$6 @,94MS2014)$'(E4)3<,�"1 ���$601".4:3k$U �"1$'*�d'32$'p!(:"'�V$�C =
� 4�H��! �" O =�s�� DK4:*��2$'(:4�+"1*F,��%"T*@d��!3��*S2"+(�*���! @,��!"1 S$4�V$�C&�� @d�&	,��!"�d�p!*8,b$'0+()" =

� 4�H��! @"TO =ts�� � � (:d�� 4:3��!�!0+"��h3!d�4)*@"��jD'"1()dK014N,NC-D�d',9"+3<,94o$6(>4)3�,��%".�1�%d�()"�0+d�&'D%�%,b$6,�4)d�3!$'(��!d'&P$'4:3 =

% +  
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Q 3I,��!4:*j*�"+0+,94:d�3�� �G"L"�K,9"+3��J,��!"L"+(o$'*8,9d�� $'01d��%*@,94:0�D! @d�p!(:"1& ��d� �&I�%(o$6,�4)d�3 � O =ts V �Q,9d H�"+d�&"X,9 @4)05$6()(�C3!d�3!(:4)3!"1$' L*@,� ��!0X,9�! @"1* = � �!"I$' @4)*@4)3�HO0+d���D!(:"��g*LCK*@,9"+& 01d�3!*@4)*8,9*�d��j3!d'3!()4:3!"5$' L" � �2$6,94:d�3!*1��d� F,��%"*@,9 @�!0+,��! 9$6( D!$' @,��8�1�%4)()" ��d� L,��!"-$601d��!*8,94:0(D2$6 @,4�6�G"-*8,94)(:(>d�p%,9$'4)3h()4:3!"5$6 L" � �2$6,�4)d�3!* = �a"(D! @"1*@"13<,
$'3J$'(H'd� �4N,��!& �1�!4:0��J,9$��'"+*A4)3<,9dT$'0+01d��!3<,E,��!4)*E*�DZ"+014o$6(%*@,� ��!0X,9�! @"C$63�� C;4:"1(��!*E$'3J"��/0+4)"13<,A*@d�(:D'"1 =
��� ����� ��� � � � � ��� � � � � � 	� �
��"-S2 @*@, D! @"1*�"+3<,,��!"&�!4)*@01 @"+,9"c*LC;*8,9"+& $' �4:*�4)3�H �� �d�& 3!d�3!(:4)3!"1$' I*@,� ��!0X,9�! �$'(L&/"10��2$'3%4)01*J$ �i,9"1 
*�D2$'0+"I$'3��g,94:&".�!4:*�01 @"+,�4�5$H,94)d'3 = �F�i,�"1 S,��2$6,���,��!"-0+d� � @"1*�DZd�3��!4)3�H*�CK*@,�"1& ��d� f(:4)3!"1$' S$'0+d��!*@,�4)0+*
4)*#H�4ND�"13 = � 4)32$6()(�C��K,��!" ���!()(MCP0+d���D!(:"��2H�()d'p2$'( *LCK*@,9"+& 4)*S4)3<,� �d��!�!01"�� =
�,?	��A 5�����8< � :�< ����:��B<���A 	 ��� ��7E5 � �

� �!"P3!d6,b$6,�4)d�3q*�"X,9*#��Dkd�3 %,'�� # = � d� �,��!",�4)&/"O4)3<,9"�H� 9$6,�4)d�3nd��V3!d�3!(:4)3!"1$' �*@,9 @�!0+,��! 9$6(P�	C;3!$'& �4)01*�� �G"E�S4:()(F0+d�3!*�4��!"1 J,��%"EH�"+3!"1 �$'()4��1"��
α
� &/"+,��%d	��� �1�!4:0�� "�K,�"13��!* �f"3�S&P$' �	� *&"X,��!d���p;C

4)3<,9 @d	�!�%014)3�HI,N�Vd$����!4N,94:d�32$'(BD2$' 9$6&"X,9"1 @*
αm, αf ∈ [0, 1]

$'3��B*@"+,�,�4)3�H

ün+1−αm = (1− αm)ün+1 + αmün, u̇n+1−αf
= (1− αf)u̇n+1 + αf u̇n,

� O = �<s $ �
un+1−αf

= (1− αf )un+1 + αfun, fn+1−αf
= (1− αf)fn+1 + αffn.

� O = �<s p �
� D�D!(MCK4)3�H � O = ��s �T,9dr3%d�3!()4:3!"5$6 #*8,9 ��%0+,9�% 9$'(>�	C;3!$'&4:01*Id'3 ,��!".*�D2$6,94)$'()(MCJ�!4)*@01 @"+,9"�(:"+D'"1(�CK4)"+(�!*
,��!"�*�CK*8,9"1&

Muün+1−αm + Cuu̇n+1−αf
+N(un+1−αf

) = fn+1−αf
, � O = � � �

�S4:,��.,��!"�01d'3!*@,9$'3<,S&P$'*@*F&$6,9 @4 
Mu

�;,��!"�01d�3%*@,b$63M,,�2$6&'D!4:3�HI&$6,9 @4 
Cu

�%,��!"�4)3<,�"1 �3!$'(B��d� @01"+*
N
$'3���,��!"�" ;,�"1 @32$'(Q()d<$$�

f =
�;"X,�,�4)3�H

a1 = (1 − αf )γ/(β∆t)
$'3��

a2 = (1 − αm)/(β∆t2)
�>,��!"0H�"+3!"1 �$'()4��1"��q&/4���@DZd'4)3<,

D�"1(:d;0+4:,�4)"1*_$'3��I$'010+"1()"+ 9$6,�4)d�3%*?05$63OpZ" H�4:D'"13J$'* ���!3!0+,�4)d�3%*?d��2,��!"F"13����ND�d�4)3<, �!4)*�D!(o$'0+"1&/"13<,9*
un+14)3c$'32$6()d H�C,9d � O = ' �Vp;C

u̇n+1−αf
(un+1) = a1un+1 − ̂̇un,

� O = � O<$ �
̂̇un = a1un +

(1− αf)γ − β
β

u̇n +
(1− αf)(γ − 2β)

2β
∆tün,

� O = � O�p �

ün+1−αm(un+1) = a2un+1 − ̂̈un,
� O = � O�0��

̂̈un = a2un +
1− αm
β∆t

u̇n +
1− αm − 2β

2β
ün.

� O = � O � �

� �!4)*#H�4ND�"+*S,��!"�" �Z"10X,94:D'"#*8,9 @�!0+,��! 9$'( " � �2$6,94:d�3

0 = Gu(un+1) = N(un+1−αf
)−fn+1−αf

+Cuu̇n+1−αf
(un+1)+Muün+1−αm(un+1).

� O = �;V �
� �!"-$$D�D!()4:05$6,�4)d�3cd��.�f"3�L,9d�3 � *C&/"+,��!d��h,�d � O = �;V �S$6&d��%3M,�*�,�d*@d�(:D'"-4:3B"1$'0��g4N,9"1 �$6,94:d�3c*@,�"�D q,��!"�()4:3!"5$6 F*�CK*@,�"1&

K∗
u(u

q
n+1)∆u = −Gu(u

q
n+1), ∆u = u

q+1
n+1 − u

q
n+1,

� O = � � �

% % +



��� ��� ����� 4���������� ���	���� ����� � ����� �

�S4:,���,��!".�!"3��d� �&$6,94:d�3��@�!"�D�"13��%"13<,S" �Z"10X,94:D'"�,b$'3�H'"13<,94)$'(>&$6,9 @4 
K∗(uq

n+1)
H�4ND�"13hp;C

K∗
u(u

q
n+1) = K �n+1−αm

(uq
n+1) + a1Cu + a2Mu,

� O = � ' �
�1�!"+ �"

K �n+1−αm
(uq

n+1)
�!"+3!d',�"1*S,��!"�,b$63�H�"13<,�4o$'(Z*@,94 � 3%"1*�*�&$6,9 @4 

K �n+1−αm
(uq

n+1) =
∂N(uq

n+1−αf
)

∂un+1

. � O = � � �

��5�����8< � � ?	����:45 � �

� �!" H�"+3!"1 �$'()4��1"��
α
�Y&"X,��!d�� � O = �<s �f$�D�D%()4)"��g,9d.,��!"��G"5$��2��d� �& � O = % � ��d��A,��%"��F$5D'"/" � �2$6,94:d�3

� O = % %5$ �P��d� F,��!"T$'01d��%*@,94:0�D�"1(:d;0+4:,NC DZd',�"13<,94)$'(
ψ

H'4:D�"+*

Mψψ̈n+1−αm + Cψψ̇n+1−αf
+Kψψn+1−αf

= 0, � O = �  �
�S4:,��P0+d�3!*@,9$'3<,F&$6,9 @4)0+"1*

Mψ, Cψ, Kψ
= ��d��.�;,��%"C01d'3!*�4��!"1 �$6,94:d�3 � O = � O� CK4)"1(��!*G$#()4:3!"5$6 ]*LCK*@,9"+&,9dJp�"�*�d�(ND�"��B$6,S"1$'0��B,�4)&/"R*@,�"�D��

K∗
ψψn+1 = Cψ

̂̇ψn +Mψ
̂̈ψn, � O = O + �

�S4:,���,��!"�01d'3!*@,9$'3<,f" � "+0+,�4:D�"#$'0+d��!*@,�4)0�*8,94��Z3!"+*�*�&P$6,� �4 

K∗
ψ = Kψ + a1Cψ + a2Mψ.

� O = O�%��
[ � ���.A ?	
 �BA � � �3:��67
�a"T*@"+,

u = (u, ψ) l $'3��c,��!"�&P$H,9 �4:01"+*

C =

(
C̃u·
C̃ψ·

)
=

(
Cu Cuψ
Cψu Cψ

)
, M =

(
M̃u·

M̃ψ·

)
=

(
Mu 0
0 Mψ

)
. � O = O s �

� �!".H�(:d�p2$'(Z*�CK*@,�"1& 01d���D!()4:3�HO*@,� ��!0X,9�! �$'( ��CK32$'&/4)0+*1�S4N,��h$'0+d��!*@,�4)0+*� @"5$��%*

G(un+1) = 0, � O = O � $ �
K∗
ψ·un+1 = gn,

� O = O � p��
�S4:,��

G(un+1) = N(un+1−αf
) +

(
a1C̃u· + a2M̃u·

)
un+1 − fn+1−αf

− ũn,
� O = O O �

K∗
ψ· =

(
0 Kψ

)
+ a1C̃ψ· + a2M̃ψ·,

� O = O V �
gn = ψ̃n,

� O = O � �
�1�!"+ �".�V"�*�"X,

ũn = Ĉ̇un +M ̂̈un. � O = O�' �

%�% %
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��� ��� � � 	��� 	  ��� � � � � �  � ���
��"O" �D%()d�4N,R,��!"J*8,9 ��%0+,9�% �"Jd��],��!"0H�(:d�p2$'(_*�CK*@,�"1& � O = O � �fp;Cr01d�3%*@,9 @�!0+,�4)3�Hh4:,�"1 �$6,94ND�"I*@0��!"1&/"1*��
�1�!"1 @"f,��%"C3!d�3%()4)3%"5$' A" � �2$H,94)d'3!* � O = O � $ �E$' �"F�!"10+d���D!(:"�� �� @d�&m,��%"C()4:3!"5$6 ]" � �2$6,94:d�3!* � O = O � p �E4)3"5$'0��B4:,9"+ 9$6,�4)d�3�*8,9"�D = �a".S2 �*8,FD% �"1*@"13<,C,��!"T&d�*8,S*@,� 9$'4�H �<,���d� L�F$' ��h$'(:,�"1 �3!$6,94ND�"�p;C�&"1$'3!*Sd��j$
3!d�3��Yd D'"1 @(o$�D�D%4)3�H�p!(:d;0 � � $'����� �;"14��!"1(%*�0��!"+&" = �;4)3!0+"L,��!4:*]*@0��!"1&/"S,9�! @3!*Gd'�%,A,9d�pZ"�4)3%"��/014:"13<,4�
�V".4:&'D% �dWD�"4:,#p Ck$��!&/4:,@,94)3�Hc,��!"-�!4)$�H�d�3!$'(Ap!()dK0 �M*-,9dUdWD'"1 �()$�D = � 4)32$'(:(�C�� �G"�4)3<D'"1*@,�4H<$H,9".$634)3!" !$60+,LD6$' �4)$'3<,Sp;C-S ;4)3�HO,��!"�&P$ ;4:&I�!& 3M�!&-pZ"+ Ld��*��"��L,9d'3B*8,9"�D%* =
�,?	� 	�?�� �6<�A�� � �B5 � �

Q 3!*@,�"5$��kd$�S$�D�D!(MCK4)3�H��f"3�L,9d�3 � *I&/"+,��!d��n,�dB,��%" H�(:d�p2$'(E*LC;*8,9"+& � O = O � � � �V"&P$��'"P�%*�"Pd$�V,��%"()4)3%"5$' @4:,NC/d�� � O = O � p �Vp;Cc"1& D!()d�CK4)3�HI,��!" � $'���	� �K"14�%"1( *@0��!"1&/"

G(uk+1, ψk) = 0, � O = O ��$ �
K∗
ψ·u

k+1 = g. � O = O �'p �
��"L$6 �"V3%d���$'p%()"G,�d�$�D�D%(�C �f"��L,�d�3 � *j&/"+,��%d	�Id'3!(�C�,9d � O = O ��$ � = � �!"Vd D'"1 �$'()(;4:,9"+ 9$6,�4:D'"G*@d�()�%,�4)d�3
D! �dK01"��!�! �"�4)* H�4ND�"+3Pp;C �C(H'd� �4N,��!& s;= �a"f @"1&$' ��-,��2$6,G&d'*@,]d�� ,��!"�&P$6,� �4:01"1*Ad�3%(�C �2$5D'"f,9d#pZ"
$'*�*@"1&Ip!(:"��qd�3!0+"O4)3r,��%"ID�"1 LCrp�"�H�4:3!3!4)3�H�� $'3��qd�3%(�Ch,��!"J �"+(o$6,�4:D'"1(�Ch*@&P$'(:(_,9$'3�H�"+3M,�4o$'(_*@,�4��Z3!"1*@*
&P$6,� �4 

K � (u)
�!$'*#,�dBp�"01$'()0+�!(o$H,9"��n4)3n"+D'"1 LC���"��L,9d'3k*@,�"�D = � 3���d� @,��!32$6,�"1(MC �Q,��!"4:,9"+ 9$6,�4)d�301d��!3<,.��d� �,��%" � $'����� �;"14��!"1(E*@0��!"1&/"/4)* ��$' R,9dKd*�!4H��q,�d2CK4:"1(�n$'3n"��/0+4)"13<,-$'(H'd� �4N,��!&2�>$'*.�G"

�S4)()(Z*��!d�� p;Cc$O3M�!&/"1 @4)05$6(>"�%$'& D!()" =

�������	������� � Q ,9"+ 9$6,�4:D�"�*@d�()�%,�4)d�3�p;Ch$Op!(:d;0 � � $'���	� �;"+4�!"+(>*�0��!"+&"
�;"X,���Dh,��!"�&P$H,9 �4:01"+*

M
�
C
�
Kψ

�
K∗
ψ
= � O = O s � � � O = O�% �

� ��� $6()(Z,�4)&/"R*@,�"�D!*
n = 1, . . .

� �
�F$'()0+�!(o$6,�"

f
� ̂̇u � ̂̈u � ũ � g = � O = � O�p �3� � O = � O�� � � � O = O�' � � � O = O � �

� ��� $'(:( � $6���	� �;"+4�!"+( *8,9"�D%* k = 1, . . .
� �

� ��� $6()( ��"��L,�d�3g*8,9"�D%*
q = 1, . . .

� �
�F$'()0+�!(o$6,�"

K � (u)
�
K∗
u(u)

�
G(u) = � O = � � � � � O = � ' � � � O = O O�

�;d�(:D'"
K∗
u∆u = −G(u) =

� D/�2$6,9" u← u + ∆u =���!"10 �-��d� ��"��L,�d�3g0+d�3<D�"1 �H�"13%01" =
��� � � ���
�F$'(:01�!()$6,9"

ĝ = g − a1Cψu
= � O = O V �

�;d'(:D�"
K∗
ψψ = ĝ = � O = O V �

� DB�2$H,9" u � �2$'& D!4)3�H D�d�*@*�4)p%()"�� =���!"+0 �&��d� � $6���	� �;"+4�!"+(>01d'3MD'"1 �H�"13!0+" =
��� � � ���

� D/�2$6,9" u̇ � ü = � O = � O<$ ��� � O = � O�0��
��� � � ���

�a"�4)3<D�"+*@,�4H<$6,�"P,��%"�*�d��!3���"1&/4)*�*@4)d�3�d��f$gD;4:p! 9$H,94)3�HU*@,� ��!0X,9�! @"�4)3 �V$6,9"+ = � �!"c*@,� ��!0X,9�! @"
Ω � 4)*gd�� �S4�%,��

0.2
& $'3�� �!"14�H �<,

0.01
& $'3�� �2$'*B,��!"�&$6,9"+ �4)$'(.D2$' 9$6&"X,9"1 @*Ud��/*�4:()4:01d�3��

% % s
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ρ � =2.3·103 ��HA& −3 � E=1.62·1011 �g& −2 � ν=0.2 = Q ,4)*RS ;"�� $6,/4:,9*O(:"��i,$'3��  �4�H �<,JpZd'�!3����
$' LC �F$63�� $q*��! L��$'01"c,9 �$'0+,�4)d�3 d��

108 sin(2π1000t)
�B& −2 4)*/$'0X,94:3�Hq4)3 D�"1 8,94:05$'(1�!4: �"10X,94:d�3 $6,

4:,�*-(:d��G"1 -pZd��%3��2$' LC = �a"�$'*�*@�!&/"P,��!"P*@,9 @�!0+,��! �".,�dUp�"��2$5D�"*H�"+d�&/"+,9 @4)01$'()(MCr3!d�3!(:4)3!"1$' = � �!"$'0+d��!*@,�4)0
	2�!4��'�%d�&P$64)3
Ω

� d$���S4�;,��
1.4

& $'3��'�!"14�H �<,
0.7

& 4)*A01"+3M,�"1 @"���$'p�dWD�"S,��!"�*@,� ��!0X,9�! @" =
� �!"/&"1$'3 �%"13!*@4:,NCq4)*

ρ � = 103 � HA& −3 ��,��!"*�DZ"+"��kd$�F*�d'�!3���4:* c = 1.5·103 & * −1 = � �!"J,9d*�CK&/&"X,9 LC. �"1$'*�d'3!*����G"#01$'3c*�"X,�,��!"�01d'&'D!�;,b$6,�4)d�32$6(��!d�&$'4:3P,9dJd�3!" �!$'(���d���,��!"�d� @4H�4:32$'(�d�3!" =
Q 3 � 4�H��! �" O =ts O � $ �3�',��!"F01d'&'D!�;,b$6,�4)d�32$6(�H' �4�-4)* D!(:d',�,�"����6D;4:*��2$6()4�+4)3�HS,��%"L*@,9 @�!0+,��! �"L4:3-,��%"L()d��V"+ 
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� 4�H��! �" O =�s O � � "1*@,hd�� � $'����� �;"14��!"1(f*�0��!"+&"�� � $ �/01d�& D!�%,9$6,94:d�32$'(,H� �4���� � p �P4N,9"1 �$6,94:d�3 0+d��!3<,
D�"+ �*@�!*f,�4)&/"R*@,�"�D

()"3�i,�D2$' 8, =�� 4H��! @"#O =ts O � p��_*��!d��S*],��!"S4:,�"1 �$6,94:d�3I01d'�!3<,Gd$�Z,��!" � $'����� �;"+4�!"+(!*�0��%"1&/",��d� _,��!"#S2 @*@,
s + ,�4)&/"C*8,9"�D%* = � "�D�"13��!4)3�HOd'3.,��!"R,�4)&/"f*8,9"�D��!4:,V 9$'3�H'"1*Lp�"+,N�G"1"132O � $63���� + �1�!4:0���4)* ��$6 V,9dKd
�!4�H � ��d� -$gp!()dK0 �q,N�Vd��Yp;C � ,N�Vdq*LC;*8,9"+& = � $'& D!4:3�HU*��%p!*@,9$'3<,94o$6()(�Cq4:&'D% �dWD�"+*-,��!"P01d�3<D�"+ �H�"+3!01"
p�"��2$5DK4)d� = �F,S,��!"�"13��Bd��_"5$60�� � $'����� �;"14��!"1( *@,9"�D��6�V"�0��!dKd�*@"

u = ωu
� ���

+ (1− ω)u
��� �
.

� � �!4N,9"TH�dKd��.4)& D! �dWD'"1&/"13<,F4:*L$'0��!4:"+D�"��&��d� 
ω = 0.7

�%$'*L$'(:*�dI*��!d��S3B4:3 � 4�H��! �" O =�s O � p � =�� �!"4:,�"1 �$6,94:d�3#0+d��!3<,E4:*W�!"+01 @"5$'*@"��O,9dR%  $'3��I4:*�D'"1 LCI �d'p!�!*@,W�S4:,��I �"+*�D�"10+,?,9dC,��!"F*�d'()�%,�4)d�3TpZ"��2$5DK4)d� =
�fd��G"+D'"1 ���4:,F4)*L*@,�4)(:(Z,9dKd0�!4H��*��d' Ld�p%,b$64)3!4:3�HI3M�!&/"1 �4:05$'( "��/014:"13!03C =

� � �6<�A � � �B5 � �

Q 3 d� ��%"1 O,9dq4)& D! @d D'"P,��%"h0+d�3<D�"+ �H�"+3!01"BpZ"��2$5D;4:d� Od��S,��%" � $'����� �;"14��!"1(G&"X,��!d������G"2���! 8,��!"+ 
�!"+01d�& DZd'*�"

ψ
4)3<,9d

(ψ1, ψ2, λ)
�	�1�%"1 �"

u
01d���D!()"+*��S4:,��

ψ1
DK4o$

Cuψ
$'3��

Cψu
�2$'3��

ψ1
�S4:,��

ψ2DK4o$I,��%" �Q$�H' 9$'3�H'"T&-�!(:,�4D!(:4)"1 
λ
4)3�,��!"�*9$'&/"�&P$'3%3!"1 �$'*S4)3�,��!".D! �"+01"��%4)3�H/0��2$�D%,�"1 @* = � d� L,��!"

%�% �



� �������������	�
������������������������������	���
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&P$6,� �4:01"1*��	�G"(�!$WD'"

C =




C̃u·
C̃1·

C̃2·

C̃λ·


 =




Cu Cuψ 0 0
Cψu C1 0 0
0 0 C2 0
0 0 0 0


 , M =




M̃u·

M̃1·

M̃2·

M̃λ·


 =




Mu 0 0 0
0 M1 0 0
0 0 M2 0
0 0 0 0


 .

��"�&/d	�!4M� C � O = O � �],9d��V$' ��%*�,��!"�d D'"1 @(o$�D�D%4)3�HJ*�0��%"1&/"

G
�
(uk+1, ψk+1

1 , ψk2 , λ
k) = 0, � O = O  $ �

K∗
ψ·u

k+1 = g, � O = O  p �
�S4:,��

K∗
ψ· =




0 K11 0 K1λ

0 0 K22 K2λ

0 Kλ1 Kλ2 0


+ a1C̃ψ· + a2M̃ψ·,

� O = V + �

G
�
(u) =

(
N(u)− f

K11ψ1 +K1λλ

)
+ (a1Cu1,· + a2Mu1,·) u−

(
ũ

ψ̃1

)
, � O = V % �

g = ψ̃. � O = V�s �
� d' j,��!"S �"+*��!(N,94:3�H�$'(H'd� �4N,��!&2�'d�3%(�C-,��!" �f"3�L,9d�3/4:,�"1 9$H,94)d'3 �2$'*E,9dTpZ"L0��!$'3�H�"����;4 = " = ,��%"�*��2$��!"�� �"�H'4)d�3�4:3��f(H�d' �4:,��!& s;= � �!"�&d��!4MS2"����f"3�L,9d�3h*�0��%"1&/"#4:*#H�4:D'"13c4)3 �C(�H�d� @4:,��%& �%=

�������	������� � �f"3�L,9d�3B4:,9"+ 9$6,�4)d�3'��d� LdWD�"1 @(o$�D�D!4)3�HJ*@0��!"1&/"
� ��� $6()( ��"��L,�d�3B*8,9"�D!*

q = 1, . . .
� �

�F$'()0+�!(o$6,�"
K � (u)

�
K∗
u(u)

�
G

�
(u) = � O = � � � � � O = � ' � � � O = V % �

�;"+,���D
K∗� =

(
K∗
u(u) K∗

uψ

K∗
ψu K∗

1

) =
�;d�(:D'"

K∗� ∆

(
u

ψ1

)
= −G �

(u) =

� D/�2$6,9"
(

u

ψ1

)
←
(

u

ψ1

)
+ ∆

(
u

ψ1

) =
���!"10 �-��d� ��"��L,�d�3g0+d�3<D�"1 �H�"13%01" =

��� � � ���

�a"r�!*�"r,��!"r*9$'&/"r"�%$'& D!(:"r$'*c$'p�dWD�"U,9d 4:3MD'"1*8,94H�$6,9"g,��!"qpZ"��2$5DK4)d� .d$�T,��!"rdWD�"+ �(o$$D�D!4)3�H
&"X,��!d�� = Q 3 D2$' @,�4)0+�!(o$' ����G"gD6$' �C ,��!"B,��!4:0 �K3%"1*�*�d$��,��!"Bd D'"1 @(o$�D = � �!"g,��%4)0 �'"+ -�!d� @4�+d�3<,b$'(
()4)3%"4:3!*�4��!",��!"c$'01d'�!*@,�4)0 �%d�&P$64)3�4:3 � 4�H��! �"'O =ts V � $ �T4)3��!4)01$6,9"+*#,��%".��D�D�"1 Op�d��!3��!$' �Cad��L,��%"d D'"1 @(o$�D�D%4)3�HI @"�H�4:d�3 =�� �M�!*�����d��! F"+()"+&"+3M,F(o$4C�"+ �*Fd���dWD�"+ �()$�Dc$' �"C�!*�"�� = Q 3 � 4H��! @" O =ts V � p �3�M,��%"4:,9"+ 9$6,�4)d�3#01d��%3M,�*���d� �!4 � "+ �"13<,A3M�!&Ip�"1 @*Ed���dWD�"1 @(o$�D�D!4)3�H�()$4C�"1 @*A$' �"FDK4:*��2$'(:4�+"�� = �C() @"5$��	CI$CD'"1 �C*�&$'()(�3M�!&Ip�"1 �d��G(o$4C�"+ �*� �"+*��!(N,9*�4)3q$�*8,9 �d'3�Hc4)& D! �dWD�"+&"+3<, = � 4N,�� ��d��! �d� �"+4H �<,�()$4C�"1 @*�� ,��%"
01d��!3<,�4)*S$6 �d��!3�� V d� #O��	�1�!4)0��h4)* � �!4N,9"� �"1$'*�d�3!$'p!()" =

% %4O
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� 4�H��! �" O =�s�V � � "1*@,Rd��EdWD�"+ �(o$$D�D!4)3�HP*�0��%"1&/"�� � $ �#�!d�&$'4:3E�!"+01d�& D�d�*�4N,94)d'3�� � p �S4:,�"1 9$H,94)d'3h0+d��!3<,D�"+ �*@�!*f,�4)&/"R*@,�"�D��2D6$' �CK4:3�HI,��!"�dWD�"+ �()$�D

� � �<` ����: � :�< ��:�� � �

�;d-��$' �� 4)3r"1$'0�� � $'���	� �;"+4�!"+(?*@,�"�D�� ,��!"1 @" �2$5D�"JpZ"+"13n&P$$�!"I*�dc&$'3;C ��"��L,�d�3a*8,9"�D!*T$'*�3!"10 �
"1*@*9$' LC�,9dJ&/"1"+,L,��!"�*@,�d D�D!4:3�H0+ �4N,9"1 @4o$-d$�?,��%"T @"1()$6,94ND�"T�!4 � "+ �"+3!01"�d��_,N�Vd/4:,�"1 9$H,9"1*F,�dJpZ"�p�"1()d��
10−10 =�Q 3 � 4H'�! �"RO =�s �	� ,��!"J3M�!&Ip�"1 �d$� ��"��L,�d�3a4N,9"+ 9$6,�4)d�3!*f4)*TD%()d',@,9"��UD'"1 @*��!*�,��!"O,�4)&/"-*@,�"�D

� 4�H��! �" O =�s �	�	�CD�"+ �(o$$D�D!4)3�H � $'���	� �;"14��!"1( *@0��!"1&/"��8��d��! S(o$4C'"1 �*�d��?d D'"1 @(o$�D � �f"3�L,9d�3B4:,9"+ 9$6,�4)d�3%*D�"+ �*@�!*f,�4)&/"R*@,�"�D =
��d� F,��!" � $6���	� �;"+4�!"+(>*�0��%"1&/"T�%*�4)3�H0��d'�! L(o$4C�"+ �*Sd��_dWD�"1 @(o$�D =PQ 3*D2$6 @,94:01�!()$' ��K,��!"�,�d',b$'( 3K�%&IpZ"+ 
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V;=�sK=�� �%"0+d� � @"1*�D�d�3��%4)3�HB$'(H'"1p! �$'4)0O*LC;*8,9"+& 4:* �!"1 @4:D'"���4:3 �K"10+,�4)d�3 V;= �%= �;"10X,94:d�3 VK= Oh4)*.�!"��!4 �
05$6,�"��P,�d#,��%" D! @"1*�"+3<,b$6,�4)d�3.d$� *�"XD�"1 �$'( 3M�!&/"1 @4)01$'(e �"1*@�!(:,�*��;4)3!0+()���!4:3�H#$

P1

�
P2

0+d���D!(:4)3�H#$'3���$63
$�D�D!(:4)05$H,94)d'3P,9d/$O�!3!4:(o$6,�"1 9$6( 01d'3M,9$'0+,,D! @d�p!(:"1& =

� ��� � � �T�V���c� �r�-� �U
C� �V���	� ���
	 � ���j�/��
C�V���R�T�V� ���

 � � ��� � � ��� � � � � � � � � � �� � ���
��"U0+d�3!*@4�!"+ P,��!"r&/d��!"1(,D! �d'p!()"+& � % = %��0�S4:,��

Γ� = ∂Ω
$'3�� $'*@*��!&/"g,��!$6,

Ω
4)*.$'3 d D�"13

pZd��%3��!"�� �!d�&$'4:3 4)3
Rd � d = 2, 3

�,�S4:,��GD�d�(�C�H�d'32$'(Cp�d��!3��2$' �C
∂Ω = � �!"q0+d� � @"1*�D�d�3��%4)3�HD'$6 �4o$H,94)d'32$'(/D! �d�p%()"1&	01d�3%*�4)*8,9*Sd�� S23��!4:3�H

uΩ ∈ H1
0 (Ω)

*@�!0��B,��2$6,

aΩ(uΩ, vΩ) = (f, vΩ)Ω, vΩ ∈ H1
0 (Ω), ��V;= %��

�1�!"1 @"
aΩ(w, v) = (gradw, grad v)Ω

4)*F,��%"T*8,b$'3��2$' ��hp!4:()4)3%"5$' P��d� �& =�f*T�!"�D%4)0+,�"��U4:3 � 4�H��! @" V;= % � $ �3��()"X, ω ⊂ Ω
p�"I$'DZd�(MC�H�d�32$'( *@�!p/�!d�&$'4)3Bd��

Ω
*��%0��q,��2$6,f4:,�*

�!4)*8,b$'3!0+"R,9d
∂Ω

4:*LpZd'�!3��!"��g$4�V$�C �� �d�& �1"1 @d��e$'3��*�!"+3!d',�"Tp;C
ω � = Ω \ ω 4N,9*F0+d�& D!()"+&"+3M,S4:3

Ω = �a" S2 �*8,-*@d�(:D'" �E @d�p!()"+& � VK= % � ��$'3��n01d�3!*@"10+�%,94ND�"1(MCn$'3a$����!4N,94)d'32$'( D% �d�p!(:"1& 4:3
ω
�Q,9$��M4)3�H

$'* � 4) @4)0��!(:"+, �2$H,b$�,��!"J �"+*@,� �4)0X,94:d�3qd��G,��!"J*�d�(:�%,94:d�3 uΩ

d�� � VK= % �C,�dc,��!"J4)3<,9"+ ���$'0+" Γ = ∂ω
�_4:3

*��!d� 8, � � 4:3�� (uΩ, uω) ∈ H1
0 (Ω)×H1

u(ω)
*��%0��B,��!$6,

aΩ(uΩ, vΩ) = (f, vΩ)Ω, vΩ ∈ H1
0 (Ω),

aω(uω, vω) = (f, vω)ω, vω ∈ H1
0 (ω),

� VK=�s �

�1�!"1 @"
H1
u(ω) = {vω ∈ H1(ω) : vω|Γ = uΩ|Γ}

$'3��
aω(w, v) = (gradw, grad v)ω

= Q ,/4)*d�p<D;4:d��!*O,��!$6,/4)3�,��!"h01d'3M,�4)3M�!d��%**@"+,�,�4)3�H �E �d�p%()"1& � V;=ts �(CK4)"+(�!*
uω = uΩ|ω

�Vp!�%,0�1�!"+3 �G"
�!4)*@01 �"X,94��1"f,��!"CD6$' @4o$6,�4)d�32$6(6D! �d�p%()"1& � VK=�s � �K,��!"�*�4N,9�2$H,94)d'3Pp�"101d'&"+*F&d' �"C4:3<D�d�(ND�"����%*�"+" � 4H'�! �"
V;= % � p � =
 � � � � ��� � ��� 	 ��� ���� � � � � 	 � ��� � � ��	 ������� � � � �  � � ������� �
�C*>�2$6*FpZ"+"13c05$6 � �4:"��.d'�%,L4)3 % O � # �%4:,F4:*�D�d�*�*@4)p!(:"f,�dR�!"1 @4:D'"�$'3�" � �!4ND'$6()"13<, ��d� �&I�%(o$6,�4)d�3/d�� � VK=�s �4)3�,�"1 �&/*Od��f$ H�"+3!"1 �$'()4��1"���*�$����!(:"&DZd'4)3<, D! @d�p!()"+& = �K,9$' @,�4)3�HE�� �d�& ,��!"�*8,9 @d�3�H ��d� �& d��S,��%"

Ω

ω
Γ Ω

ω
Γ

����� �����

� 4H��% �" V;= % � � $ �F3!"1*8,9"��9�!d�&$'4:3!*�� � p �VdWD�"+ �()$�D�D!4:3�HJ3!d�3��Y&P$6,�0��!4)3�H H� �4��!* =

% % �



� � � � ��� �
��  ���� � � ���
���� �$� � � � ��� ��� �
��� �	��� ���

$����%4:,94:d�32$'(/D! @d�p!()"+& d�3
ω
�!32$6&"+(�C �

− div grad uω = fω in ω, uω|Γ = uΩ|Γ, ��V;= � �
�G"T�%*�" �  @"1"13 � *#��d� @&I�!(o$-,�dJd�p%,b$64)3

aω(uω, vω) + 〈vω, ∂uω/∂n〉M ′×M = (fω, vω)ω, vω ∈ H1(ω),

�S4:,��
n

�!"+3!d',�4)3�H.,��!"O�!3!4N,�d��%,N�V$' ��q3!d� @&P$6(?d�3
ω
� $63�� �S4:,��

M = H−1/2(Γ) =(Q 3M,� �d��!�!0+4)3�H,��%" �Q$�H' 9$'3�H'"�&I�!(:,�4D!(:4)"+ 
λ = ∂uω/∂n

���G"#*@"+,

b1(v, µ) = 〈vω, µ〉M ′×M , v = (vΩ, vω) ∈ X = H1
0 (Ω)×H1(ω), µ ∈M.

�C*T�!*@�2$'(���d� �,��!"/3!d�3�� dWD�"+ �(o$$D�D!4)3�HB01$'*�"$�W�G" @"5$'(:4�1"O,��!"0+d�3<,94:3K�%4:,NCq �" � �!4) @"1&/"13<,#$'()d�3�Hh,��!"p�d��!3��2$6 �C
Γ
4)3 � V;= � �Vp;C.,��!"�p!4)(:4)3!"1$' ���d� @&

b2(v, µ) = 〈vΩ − vω, µ〉M ′×M , v ∈ X, µ ∈M,

�R3�,��!".D! @d	�!�%0+,�*�D2$601"
X
�2$O01d�& D�d�*�"��Bp!4:()4:3!"5$' P��d� �&

a(·, ·) : X ×X → R
4)*Ld�p;,b$'4:3!"��cp;C

a(w, v) = aΩ(wΩ, vΩ) + aω(wω, vω), w, v ∈ X.
�E �dK01"+"��!4:3�H�()4 �'"G,��!4)*����G">�2$5D�"1�!"+ �4:D'"��I,��!">��d�()(:d��S4)3�H,H�"13%"1 9$6()4�+"��I*�$����!(:">D�d�4)3<, D% �d�p!(:"1& ��S23��
(u, λ) ∈ X ×M *@�!0��B,��2$6,

a(u, v) + b1(v, λ)= (f, v)Ω×ω, v ∈ X, � VK= O<$ �
b2(u, µ) = 0, µ ∈M. ��V;= O'p �

�C*'��d' /*8,b$'3��2$' ���*9$����!()"2DZd'4)3<, D! �d�p%()"1&/*��G*�"+" �;"+0+,�4)d�3 � =ts 4)3 ,��%"g$�D�DZ"+3��!4 B�V,��!"hp!4)(:4)3��"5$6 ��d� �&/*
bi(·, ·)

�!"3S23!" 01d���D!()4:3�H d D�"1 �$6,9d� @*
Bi : X → M ′ $'3�� B li : M → X ′ p;C

〈Biv, µ〉M ′×M = 〈v, B li µ〉X×X′ = bi(v, µ)
��d' 

v ∈ X
$'3��

µ ∈ M = � �!"JD6$'()4��2$6,94:d�3Ud��G,��!"
��d�(:()d��S4)3�HT01dK"1 @014ND;4N,NC �]$'3��c4)3	� � *���D�� 0+d�3��!4N,94)d'3!* H'�2$' 9$63M,�"1"+*F,��!"��!3%4 � �!"�*�d'(:D6$'p!4:()4:,NCId�� D! �d�p%()"1&
� VK= O�V4:3 X ×M/KerB l1 � % s ' # �

∃α0 > 0 : sup
v0∈KerB1

a(w0, v0)

‖w0‖X ‖v0‖X
≥ α0, w0 ∈ KerB2,

��V;= V �

sup
w0∈KerB2

a(w0, v0)

‖w0‖X ‖v0‖X
≥ α0, v0 ∈ KerB1.

��V;= � �

∃k0 > 0 : inf
µ∈M

sup
v∈X

bi(v, µ)

‖v‖X‖µ‖M/KerB
�

i

≥ k0, i = 1, 2. ��V;= ' �

�a"T3%d',9"R,��2$6,S,��!"T$'p�dWD�"�01d'3��!4:,�4)d�3%*L05$'3cp�"T @"1()$ ;"���� % % �	� � % �  % # =
Q ,F4)*Gd�p<DK4)d��!*A,��!$6,>D! @d�p!(:"1& � V;= O���2$'*V$#�!3!4 � �!"R*�d'()�%,�4)d�3��M*@4)3!0+"f,��%" D! @d�p!()"+& d�3P,��!" H�(:d�p2$'(

�!d�&$'4:3
Ω
4)*O3%d',/4)3 	2�%"13!0+"�� p;Ck,��!"*D! �d'p!()"+& d�3 ,��!"c*��%pB�!d'&P$'4:3

ω
�G$'3�� 4:,9*O*@d�()�;,94)d'3

uΩCK4)"+(�!*],��!"�p�d��!3��!$' �C'�2$6,9$���d� L$(�G"1(:(�DZd'*�"���*@�!p/�!d�&$'4)3-D% �d�p!(:"1& = �f"XD�"+ @,��%"1()"+*�*��8�G" D! @d DK4��!"$O01d�& D!(:"+,9" D% �dKd��W�S4N,��!4:3.,��!"�*�$����!(:" DZd�4:3<,S*�"+,@,94:3�H =

%�%  



����� � ��� ���

� � � ��� � � ���������
	���������������������������	�� 	!���#"%$'&)(*���,+-��.0/21�354�67	-"98:��	�;,8���+=<7">��+=�����,+-�,3
? ��� � � � �a"TD6$'(:4�2$H,9"R,��%"#0+d�3��!4N,94)d'3!* � V;= V � � � V;= ' � = �R�! �&P$'4:3�,9dKd�( 4)*L,��%"(�2$6 �&/d�3!4)0�" K,9"13��

*�4)d'3hd�DZ"+ 9$6,�d� H : M ′ → H1(ω)
��H'4:D�"+3cp C � "�S23!4N,94:d�3A@ =�s�V �!4 = " = �

aω(Hw, vω) = 0, vω ∈ H1
0 (ω), (Hw)|Γ = w. ��V;= � �

��"�d�p!*@"1 8D�"�,��2$6,L,��!"�,9 �$'01"�d��
H1(ω)

d�3<,9d
Γ
4:*F,��!"�*�D!$'01"

M ′ �e$'3��h,��2$6,

b1((0, v), µ) = b2((0,−v), µ), v ∈M ′.

� $��M4:3�H v = (0,±Hw)
�
w ∈ M ′ � 0+d�3��!4N,94)d'3 ��V;= ' ��4)*f$P0+d�3!*�"CBM�!"13!0+"Jd��E,��!"(�!"�S!3!4:,�4)d�3Bd��j,��%"

H−1/2 � 3%d� �& $'3��hd��_,��!" ��$'0+,L,��2$6, ‖Hw‖1,ω ≤ C‖w‖M ′

�2*�"+" � �!"1d� @"1&D@ =�s � =
� "+,��!*#��dK01�!*Sd�3c0+d�3��!4N,94)d'3 � V;= V � = � �%" �6"1 �3%"1()*Sd���,��%"T0+d���D!(:4)3�HJd D�"1 �$6,9d' �*S$' @"

KerB1 = H1
0(Ω)×H1

0 (ω),
$'3��

KerB2 = {v ∈ X : vΩ|Γ = vω|Γ}.
��"G�!3!4-BM�!"+(�C(�!"10+d�& DZd�*@"

vω ∈ H1(ω)
4)3<,9d

vB+vI
*@�!0��I,��2$H,

vB = H(vω|Γ)
$'3��

vI ∈ H1
0 (ω) =� d' I$'3 $' @p!4:,� 9$' LC w0 = (wΩ, wB + wI) ∈ KerB2

� �G"�01d�3!*@4�!"+ 
v0 = (wΩ, wI) ∈ KerB1

=
� C �!*@4)3�H�,��%" D% �d D�"1 8,94)"+*cd��#,��!"J�2$' @&d�3%4)0r"�K,�"13!*@4)d�3 $'3�� ,��!" ��d�4)3!01$' � � �  �4:"��! @4)0��!*.,NC�D�"4)3!"CBK�!$'()4N,NC � @ = % s �3���G".H�"+,

‖wΩ‖21,Ω ≥ c

(∫

Γ

wΩ

�
Γ

)2

+ c|wΩ|21,Ω ≥ c

(∫

Γ

wB
�
Γ

)2

+ c|wB|21,ω ≥ c‖wB‖21,ω. � VK=  �

E d�3��!4N,94)d'3 � V;= V � ��d�(:()d��S*��� �d'& � VK=  � �!�!*@4)3�HJ,��!"�"+()(:4D%,�4)014N,NC/d�� a(·, ·) d�3 KerB1

�

a(w0, v0) = aΩ(wΩ, wΩ) + aω(wI, wI) ≥ c‖wΩ‖21,Ω + c‖wI‖21,ω
≥ c‖wΩ‖21,Ω + c‖wB + wI‖21,Ω + c‖wI‖21,ω
≥ c‖w0‖2X + c‖v0‖2X ≥ c‖w0‖X‖v0‖X .

� V;= % + �

� �!" D! �dKd��]d��]01d'3��!4:,�4)d�3 � V;= � ��4:*R*�4:&4:(o$' = � d� �$'3q$6 �p!4N,9 9$6 �C v0 = (vΩ, vI) ∈ KerB1

���G"O*�"X,
w0 = (vΩ,H(tr vΩ) + vI) ∈ KerB2

�e$'3��cd�p%,9$'4)3 ��V;= % + � = �

 � � ��� � � � � � �  � ��	  � � �

� �!"&�!4)*@01 @"+,94GF5$6,�4)d�3k$'3���,��!" �!"1 @4:D6$6,94:d�3kd��f$ D! @4)d� @4V"+ � �d' I"1*8,94)&$6,�"1*I4:*I05$' @ �4:"���d��%,���d� -,��%"
D!�! �"+(�C*D! @4)&$'( D! @d�p!()"+& � V;=ts � =#Q �A3!d.$'&-p!4H��%4:,NC.01$'3UdK010+�! ��8�V"(�S �4:,�"

u = uΩ

��d� L,��!"(H�()d'p2$'(
*�d�(:�%,94:d�3 = ��"#�!*�"-,N�Gd&�!4 � "+ �"13<,�*��2$�D�"- @"�H��!()$' f,� �4)$'3�H��!()$6,94:d�3!* TH d�3

Ω
$'3�� Th d�3 ω �8�S4:,��

H
$'3��

h
4)3��!4:05$6,�4)3�Hh,��!"P&P$ ;4:&I�!& "1(:"1&/"13<, �!4)$'&"X,9"+ �*��? �"1*�DZ"+0+,�4:D�"+(�C = � �!"+*�"�dWD�"+ �(o$$D�D!4)3�H,9 �4)$'3�H��%(o$6,�4)d�3!*L&$4CcpZ"#01d�& D!(:"+,9"+(�Cc4:3��!"�D�"13��!"13<,�d��j"5$'0��rd',��!"1 ��B�%"13!0+"��>4:39H�"+3!"1 �$'( �e,��!"3C9�%d

3!d',f&P$6,�0��Ud�3
ω = � d' �"1dWD'"1 ��Z,��!"#"���H�"+*�$'3��E��$'01"+*Cd��E,��!"#,� �4o$63�H��!()$6,94:d�3 Th d�3g,��!"-4:3<,9"1 L��$'01"

Γ
$'(:*�d&�!dc3!d6,�01d�4:3!014��!"��S4N,��r"���H�"1*T$'3�� ��$'0+"1*�d�� TH � *�"+" � 4H��! @" V;= % � p � = ��"O�!*@"O*@,9$'3��2$' ��01d�3���d' �&/4)3�H0S23!4N,9"-"+()"+&"+3M,�*Rd��Ad� ��!"1 

p
$'3��

q
d�3 TH $'3�� Th �> �"+*�D�"10+,�4:D'"1(�C = � �!"O$'*@*�dK014)$6,9"���!4)*@01 �"X,9"J*�D!$'01"+*(�S4:,��q3!dBp�d��!3��2$' �CU01d�3��%4:,94:d�3!*�$' @"0�!"13!d6,9"��ap;C

SpH(Ω)
$63��

Sqh(ω)
�Q @"1*�D�"10 �

,94:D'"1(MC �A$'3����G"�*�"X,
Sp0,H(Ω) = SpH(Ω) ∩ H1

0 (Ω)
$'3��

Sq0,h(ω) = Sqh(ω) ∩ H1
0 (ω)

,9drp�"P,��!"

% s +



� � � � ����� � ��������� � ��������� � �	� �

*�D!$'01"+*�,9$��M4)3�HJ4)3<,�d$60101d'�!3<, �!d'&d H'"13!"+d��!* � 4: �4)0��%()"+,S0+d�3��!4N,94:d�3!*Ld�3 ∂Ω $'3��
Γ
�2 �"+*�D�"10X,94:D'"1(MC =

� �!"�,9 �$'01"�*�D2$'01"Td�� Sqh(ω)
d�3

Γ
4)*L4:3��!4)01$6,9"��cp C

W q
h
=

��"U3%d',9"h,��2$6,,��!"g �"1*8,9 @4)0+,�4)d�3�d���$)���%3!0+,�4)d�3
vH ∈ SpH(Ω)

d�3<,�d�,��!"g4)3<,9"+ ���$'0+"
Γ
4)*��L4)3

H�"+3!"1 �$'( ��3!d',R$'3U"1(:"1&/"13<,Rd$�
W q

h
= � �M�!*��>,��!" � 4) @4)0��!(:"+,FD! �d'p!()"+& d'3

Sqh(ω)
05$63!3!d',CpZ"#*�d�(ND�"��

�!4: �"10X,9(MC �M$'3��$�*��!4N,b$'p!(:"#D! �d��@"10+,�4)d�3/d D�"1 �$6,9d� 
Πh

�� @d�&
SpH(Ω)

d�3<,9d
W q

h

4:*E �"CBK�%4) �"�� = Q 3d� ��!"+ ,9d*H�"X,#$'3qd D%,94:&P$6(j$&D! �4:d� �4?"1 � @d� �"1*8,94:&P$6,�"��>,��!"0D! �d��@"+0+,�4)d�3
Πh

�2$'*�,9dc*�$6,94:*�� CU,��!"J*@,b$6p!4)(:4:,NC
D! @d DZ"+ @,NCq*8,b$6,�"���4:3n,��!"0��d�()(:d��S4:3�H�$'*@*��!& D%,�4)d�3�� �1�!4:0��a4:*�,��!"$'32$'(:d Hcd�� @f*�*��%&'D%,�4)d�3 s;= % � 0 �
�� �d'&	,��%"T3%d�3�� dWD'"1 �()$�D�D!4:3�HJ*�"X,�,94:3�H =

�����	���
 ����� � �'���'��'�� �%&���( ��� ��(

Πh : H1(Ω)→W q
h

	-" � &)(*��� ����� 	!���
�����2�
W q

h

$ 	�3��,3 $
Πhvh =

vh
$
vh ∈ W q

h

$ ���)� ",����	-"�� �%"

‖Πhv‖1/2,Γ ≤ C‖v‖1/2,Γ, v ∈ H1(Ω), ��V;= %�% �
� 	�������%���#"�� ������� 	��)��� &����)������� ���9�����.��%"%�"�	����

h
3

�;�!0�� D! @d��@"10X,94:d�3 d D�"1 �$6,9d' �*/$' �"*�G"1()( � �M3!d��S3 �� @d�& ,��!"ED% �"10+"��!4:3�Hk0��2$$D%,9"+ �*.$63�� D!()$4C $'3
4)& D�d� @,9$'3<,? @d�()" �S4:,��!4)3-,��!"��� �$'&"3�Vd' ��Td��e&d' @,b$6 S23%4:,9"G"1(:"1&/"13<,9* = ��"V3!d',9"G,��2$6, @C*@*��!& D%,94:d�3
V;=ts 4)& D!()4:"1*�,��2$H,O,��!"�d D�"1 �$6,9d' 

Πh

*9$6,�4)*LS2"1*J$'3 $�D�D! �d ;4)&$6,94:d�3�D! @d D�"1 @,NC�d�3
H1/2(Γ)

�A4 = " = �
‖v − Πhv‖1/2,Γ ≤ Chq|v|q+1/2,Γ, v ∈ H1+q(Ω) =
��"�$6 �"�3%d�� $'p%()"q,9d ��d� @&I�!()$6,9"r,��%" �!4:*�01 @"+,�"�D6$' �4)$6,94:d�32$'( D! @d�p!(:"1& = � 4)3�� (uH , uh) ∈

Sp0,H(Ω)× Squ,h(ω)
*��!0��h,��2$6,

aΩ(uH, vH) = (f, vH)Ω, vH ∈ Sp0,H(Ω),

aω(uh, vh) = (f, vh)ω, vh ∈ Sq0,h(ω),

� VK= % s �

�1�!"+ �"
Squ,h(ω) = {v ∈ Sqh(ω) : v|Γ = ΠhuH} =�Q 3q01d�3<,� 9$'*8,�,9d.,��%"/0+d�3<,94:3K�%d��!*T��d� @&I�!(o$H,94)d'3

� VK=�s ���R4N,�4)*�d�p<DK4)d'�!*�,��2$6,c,��!"J�!4)*@01 �"X,9"q*�d'()�%,�4)d�3
uh

d�3 ,��!"JD2$6,�0�� 01$'3!3!d',h*@4)& D!(�C�pZ"r,��!"
 �"+*@,� �4)0X,94:d�3 d��T,��!" H�(:d�p2$'(F�!4)*@01 @"+,9"q*@d�()�%,�4)d�3

uH
� �%�!"r,9dk,��%"n3%d�3!01d'3���d� �&/4)3�Hk*�"X,�,94:3�H = � �

01d'�! �*@"��G,��!4)*O4:*J$'()*@dq3!d',J4)3<,�"13��!"���p;Ck,��!"h$�D�D! @d<$'0����V$'3��
uh

*��!d��!(��  9$6,��!"1 0H�4ND�"c$qpZ"X,�,9"+ 
$�D�D% �d ;4)&$6,94:d�3P,��!$'3

uH
,�dO,��!"�"�%$'0X,�*�d�(:�%,94:d�3

u =

� ��� � � ��� ����������� �c���r�_�V��� �T��

 	DZ"+0+,94:3�HJ,��2$6,

uh
4)*L0+()d�*@"1 F,9d

u
d'3

ω
�;,��!" S23!4N,9"�"+()"1&/"13<,S*@d�()�%,�4)d�3

u ��!
4)*#�%"�S23!"��gp;C

u �"! =

{
uH

4)3
ω � ,

uh
4)3
ω.

� VK= % � �

�a"-3!d',�"#,��2$6,4��4)3EH�"13%"1 9$6( �
u �"! /∈ H1

0 (Ω) = � �!"#"1 @ �d� e = u− u ��! &/"5$'*@�! �"��U4)3h,��!"#p! �d �6"13
H1 �Y3!d� @& ‖ · ‖1, # ,Ω 4:*L*�D!(:4:,L��DB4:3M,�dO,��!"�"1 @ �d� L4:3

ω � $'3�� ω �

‖e‖21, # ,Ω = ‖u− uH‖21,ω $ + ‖u− uh‖21,ω. � VK= %4O �
Q ,A4)*Ad�p<DK4)d'�!*j,��2$H,4�M" = H = � ��d' Ed� ��!"+ �* p = q = 1

$'3��
u ∈ H2(Ω)

�<,��%"�3%d� �& ‖e‖1, # ,Ω 4)*Ep�d��!3��!"��p;C
C max(h,H)|u|2,Ω = Q 3 �1�2$H,���d�()(:d��S* �V"L"+*@,9$'p!()4:*��J$�&/d� �"L$60101�% 9$6,�"S$'3��O&/d� �"F(:d;01$'(K��D�D�"1 

% s %



����� � ��� ���

pZd��%3������1�!4:0��I4)*_"1*�DZ"+014o$6()(�C��%*�"����%(	�1�!"+3I,��!">D!$' 9$'&/"+,�"1 D2$'4: �*
(H, p)

$'3��
(h, q)

p�"10+d�&/" BM�!4:,�"
�!4��Z"1 @"13<, =
� dk"1*8,94:&P$6,�"B,��!"g*@"101d'3�� ,9"1 @& d$�R,��!"g �4H��M,'�2$'3�� *�4�%"g4)3 � V;= %4O� �>�V"g"1& D!()d�C�$ �;0+d',�, �

���2$'3�HT,NC	D�" D! @d��@"10X,94)d'3.d D�"1 9$H,9d� ]d��Qd� ��!"1 
q
�!"+3!d',9"���p;C

Ph
��� % +���� = �a" �S4)(:(�&$��6"C�!*@"Rd�� ,��%"$�D�D! @d�;4:&P$6,�4)d�3 D! �d D�"1 8,NC�d��

Ph
�!3!$'&"+(�C

‖v − Phv‖1,T ≤ chqT |v|q+1,ωT
, T ∈ Tk, v ∈ Hq+1(ωT ), k = h,H, � V;= % V �

�1�!"1 @"
ωT

4)3��!4:05$6,�"1*F,��!"�*�"+,�d��_"1(:"1&/"13<,9*S4:3 Tk *��2$' @4)3�H/$6,S(:"5$'*8,Sd�3!"�D�"+ @,�"�*�S4:,��
T =

� "+,
zh ∈ Sqh(ω)

pZ"�,��%".S!3!4:,�"�"1()"+&"+3<,f*@d�()�;,94)d'3�*9$6,�4)*�� CK4:3�H

aω(zh, vh) = (f, vh)ω, vh ∈ Sq0,h(ω),

zh = Phu,
d�3

Γ.

� �!" ��d�()(:d��S4:3�HI @"1*��%(:,S4)*>�G"1(:( � �K3%d��S3����V" H�4:D'"�$ D! �dKd�� ��d� L01d�& D!(:"+,9"+3!"1*@* =
� � � � � �'� �'� �'���(*� �
	 	-"���"����%���#"�� �����

C
	��)��� &����)������� ���9�����.��%"%�"�	����%" "�8 �%A��#���

‖u− zh‖1,ω ≤ Chq|u|1+q,ω, u ∈ H1+q(ω). � V;= % � �
? ��� � � � � *@4)3�HJ,��%"R,9 �4)$'3�H�(:"R4)3%",BM�2$'(:4:,NC�$63�� Ph ���G"(H'"+,

‖u− zh‖1,ω ≤ ‖u− Phu‖1,ω + ‖zh − Phu‖1,ω. � V;= %�� �
Q 3T,�"1 �&/* d��;,��!"A01dK"1 @014ND;4N,NC�$'3��T,��!"A01d�3<,94:3M�!4:,NC�d$�%,��%"]p%4)()4:3!"5$6 B��d� @& aω(·, ·)

d�3
H1

0 (ω)×H1
0 (ω)

�
$'3���,��!" � $'(:"1 ��M4:3Rd� @,��!d H�d'32$'()4N,NC �1,��!"A*�"+01d�3���,9"+ �& d��;,��!"E �4�H �<, �2$'3��T*@4�!"E4:3 � V;= %�� � 4:*>p�d��!3��!"��$'*>��d�()(:d��S*��

‖zh − Phu‖21,ω ≤ Caω(zh − Phu, zh − Phu) = Caω(u− Phu, zh − Phu)
≤ C‖u− Phu‖1,ω‖zh − Phu‖1,ω.

� *�4:3�HB,��!4)*T��D�D�"1 #pZd'�!3���4:3 ��V;= %� ��$'3���$�D�D!(�CK4)3�Hh,��!".$�D�D! �d ;4)&$6,94:d�3JD! �d�DZ"+ @,NC � V;= % V � �W�G"d�p%,b$64)3 � VK= % � � = �� �!"P3!"�K,I(:"1&/&P$�"+*@,94:&P$H,9"1*�,��%" �!4�� "+ �"13%01"
uh − zh

�!*@4)3�Hh,��!"*@,9$'p!4)(:4:,NC9D! �d D�"1 8,NCnd��F,��%"
D! �d��@"+0+,�4)d�3

Πh

H�4ND�"13h4)3
@f*�*��%&'D%,�4)d�3 V;=ts;=
� � � � � ����� � �'���(%���
	 	-"���"����%���#"��!�����

C
	��)��� &����)������� ��� ���� .��%"%�"�	����%"

H, h
"�8 �%
��#��� � ��(

u
"�8�� ��	!������+=< (*����8�+ ��(

‖zh − uh‖1,ω ≤ C (hq|u|1+q,ω + ‖u− uH‖1,ω � ) . � V;= % � �
? ��� � � � � �!" �!4��Z"1 @"13!0+" zh−uh 4)*P�!4)*@01 @"+,9" �2$' �&/d�3!4:0Sd�3 ω �S4N,��P @"1*�DZ"+0+,F,�d#,9"+*@,>���%3!0+,�4)d�3!*

4)3
Sq0,h(ω) = � *@4)3�HO,��%4)*#��$'0+,�$63��h,��!"T �"1*@�!(:,�4)3�HO3%d� �& "CBM�!4:D6$'(:"13!0+" � @ =ts V �3�!,�d H�"X,��!"+ 1�S4N,���,��%"*@,b$6p!4)(:4:,NC D! �d�DZ"+ @,NC � V;= % % �Vd$�_,��!".D! �d��@"+0+,�4)d�3cd D�"1 �$6,9d� 

Πh

���G"#d�p;,b$'4:3

‖zh − uh‖1,ω ≤ C‖zh − uh‖1/2,Γ = C‖Phu− ΠhuH‖1/2,Γ
≤ C

(
‖ΠhPhu− Πhu‖1/2,Γ + ‖Πhu− ΠhuH‖1/2,Γ

)

≤ C
(
‖Phu− u‖1/2,Γ + ‖u− uH‖1/2,Γ

)
.

% s�s



� � � ������� � ��������� � ��������� � �	� �

� �!"# �"1*8,F��d'()()d��S*#�� �d'& ,��!"�,9 �$'01"T,��!"+d� �"+&D@ = % � $'3��B,��%"-$�D�D! �d ;4)&$6,94:d�3*D! �d�DZ"+ @,NC � V;= % V �Fd��,��%" �K01d',@, � ���2$63�H0D! �d��@"+0+,�4)d�3cd D�"1 �$6,9d� 
Ph
= �

� d/d�p%,9$'4)3c$O&/d� �"�(:d;01$'(>$ D! @4)d� @4 "1*8,94:&P$6,�"T��d� ‖e‖1, # ,Ω �!,��!"� �"+&P$'4:3!4)3�H-,9"+ �& ‖u− uH‖1,ω $�2$'*j,�d�pZ"V01d�3!*@4�!"+ �"��/4:3O&d' �"��%"+,b$64)( = �a"S$�D�D!(MCI$R&/d	�%4�S2"��-D�"+ �*�4:d�3Jd�� �M%�%���� � �!"+d� �"+& � = % � ,9d
�!"+ �4:D'"�$'3���D�D�"1 Lp�d��!3��h4:3.,9"+ �&/*Fd��Q,��!"�p�"1*8,f$�D�D! @d�;4:&P$6,�4)d�3P$'3��.,��!"�"1 @ �d� L4:3.,��!"

L2 �Y3!d� �&d�3J$R()$' �H�"+ _*@�!p/�!d�&$'4)3
B ⊃ ω � = � "X,E�!* S2 @*@,A4)3<,� �d��!�!01"V*�d�&/"V3!d6,b$6,�4)d�3 = � 4:,�� A0 ⊂ A1 ⊂ Ω

�
*�"X,

∂<(A0, A1) =
�!4)*8,

(∂A0 \ ∂Ω, ∂A1 \ ∂Ω),$'3��*���! 8,��!"+ ��
C∞
< (A) = {v ∈ C∞(A) : ∂<(

*���D�D
v, A) > 0} $63�� Sp0,H(A) = SpH(Ω) ∩H1

0 (A)��d� -$'3�$' @p!4:,� 9$' LCa*@�!p/�!d�&$'4)3
A ⊂ Ω = �a".05$63�3!d��	*8,b$6,�".d��! #&P$64)3� @"1*@�!(:, = � �!"&D! @d;d��F4)*

p2$'*@"��hd�3c,��!"�,9"+0��!3!4GBK�%"1*,H�4:D'"13h4)3 � % %�� � =
� � � ��� � � �'�G�'��� ���

B ⊃ ω �
"�8 �% ��#���

∂<(ω � , B) > 0
3 �'������ ��(�� "�8�� ��	!������+=<�"�. ��+�+5$ �����(*�

�
	 	-"���"
BH ⊂ B

$ � �	 �% � ������� � (�	���� ��� ��" � 8:��	!��� ������+-��.�������"9��� ���� � ( 	���� ��8�+ ��� 	!��� TH
$ ���)�

	�� ���+ ��"9��#���

|u− uH |1,ω � ≤ C min
vH∈Sp

H(Ω)
‖u− vH‖1,BH

+ C‖u− uH‖0,BH
, � VK= % � �

� ���(*�
C <∞ ��� &����)��" ���

∂<(ω � , B)
3

? ��� � � � �a"C0��%d;d�*@"C*@�!pB�%d�&P$64)3!*
A1, A2, BH

�1�!4:0��.05$'3PpZ",�S �4:,@,9"+3�$'*V�%3!4)d�3%*Gd��Q"+()"+&"+3M,�*
d��_,��!"�,9 @4o$'3�H��!(o$H,94)d'3 TH *��!0��B,��2$6,

ω � ⊂ A1 ⊂ A2 ⊂ BH ⊂ B
$'3��

∂<(ω � , A1), ∂<(A1, A2),
∂<(A2, BH) > 0 = � �%"-*�4N,9�2$H,94)d'3B4:*�4:()(:�!*@,� 9$6,�"��c4)3 � 4H��% �" V;=�s�� $ � =�� d',�"T,��2$6,�,��!"#&"+*��;�S4�;,��

∂ω �

∂A1

∂A2

∂BH

∂B

1

0

∂ω
∂A1

∂A2

∂BH

∂B

∂BH ∂A2 ∂A1 ∂ω �

ρ2 ρ1 ρ0

��� � �����

� 4H��% �" V;=ts � � $ �V3!"1*8,9"��g*��%pB�!d'&P$'4:3!*�� � p �V*@��D�D�d� @,�d�� ρi =
H

�2$6*F,9dIp�"R*��
	0+4)"+3M,�(�CP*�&$'()(e,9dRH'�2$' 9$63M,�"1"R,��!"R"�;4:*@,9"+3!01"�d$��,��!"T�!d'&P$'4:3!*
A1, A2, BH

= �Q"X,
ρi : C∞(Ω)→ [0, 1], i = 1, 2, 3,

*9$6,�4)*L� C
ρ0 ∈ C∞

< (A1), ρ0|ω $ = 1, ρ1 ∈ C∞
< (A2), ρ1|A1 = 1, ρ2 ∈ C∞

< (BH), ρ2|A2 = 1,
$'*1�!"�D!4)0X,9"��h4)3 � 4H��! @" V;=ts � p � =�� 3 A2

���V"�01$'32�S @4:,�"
u− uH = ρ2(u− vH)− P1(ρ2(u− vH)) + P1(ρ2(u− vH))− (uH − vH),

�1�!"+ �"
vH ∈ SpH(Ω)

�!$'3��
P1

�!"13%d',9"+*V,��!" D! �d��@"+0+,�4)d�3 �� �d�&
H1(Ω)

4:3<,9d
Sp0,H(Ω)

�S4:,��P �"1*�DZ"+0+,
,9dO,��!"

H1 � *@"1&/4 �Y3!d� �& | · |1,Ω �232$'&/"1(�C��
(gradP1w, grad vH)Ω = (gradw, grad vH)Ω, w ∈ H1(Ω), v ∈ Sp0,H(Ω).

% s��



����� � ��� ���

� �!"�*@,b$6p!4)(:4:,NCd�� P1

�S4N,��c �"+*�D�"10X,f,�dJ,��!"
H1 �Y*�"1&/4 �Y3!d� @&	4:*L4)&/&"��!4o$6,�"1(MC0H�4:D'"13hp C

|P1w|21,Ω = (gradP1w, gradP1w)Ω = (gradw, gradP1w)Ω ≤ |w|1,Ω|P1w|1,Ω.
��".H�"X,

|u− uH |1,ω $ ≤ |ρ2(u− vH)− P1(ρ2(u− vH))|1,ω $
+ |P1(ρ2(u− vH))− (uH − vH)|1,ω $ .

� V;=ts + �

� �!" S2 �*8,�,�"1 @& d�3c,��!"� �4�H �<,#�2$'3��B*@4�!"�d�� � V;=ts + �]4)*SpZd'�!3��!"��Bp;C
|ρ2(u− vH)|1,Ω ≤ ‖ρ2 grad(u− vH)‖0,Ω + ‖(u− vH) grad ρ2‖0,Ω

≤ C‖u− vH‖1,BH
,

� V;=ts % �

�!�!"f,�d-,��%"C*@,9$'p!4:()4:,NCJd$�>,��!"FD! �d��@"10+,�4)d�3
P1

$'3��.*�4:3!01"
ρ2 ∈ C∞

< (BH) = � d',9"�,��2$H,V,��%"C01d'3!*@,9$'3<,
C
4)3 � VK=�s %��VpZ"+01d�&/"1*S(o$6 �H�"R4:3c05$'*@"Td$�j$J*�&$'()(B�!4)*8,b$'3%01" ∂<(A2, BH) =
� "+,��!*S0+d�3!*�4��!"1 L,��!"�*�"10+d�3��h,9"1 @& d�3�,��%"T @4H �<,1�2$63��B*@4�!"�d$� ��V;=�s + �F$'3��2�!"�S!3!"

zH = P1(ρ2(u− vH))− (uH − vH).

� d',�"R,��2$6, zH 4:*#�!4)*@01 �"X,9".�2$' @&d'3!4)0Rd'3
A2

�2*�4:3!01"T��d� 
wH ∈ Sp0,H(A2)

�

(zH , wH)1,Ω = (ρ2(u− vH)− (uH − vH), wH)1,Ω = (u− uH , wH)1,Ω = 0. � V;=ts�s �
��" �S4:()(8�!"+ �4:D'"�$'3���D�D�"1 VpZd��%3��-��d� |zH |1,ω $ p;CP"1*@,�4)&$6,94:3�H-4N,Fp;C/,��!" L2 �Y3!d� �&ud��

zH
d�3

A2
=

�Q"X, IH : H1
0 (Ω) → Sp0,H(Ω)

�%"13!d',�"T,��!" ��$$H� 9$'3�H�4o$'3c4:3M,�"1 �DZd�()$6,94:d�3.d D�"1 �$6,9d' �d$� �!"�H� �"+"
p
d�3

TH = �a"��!*�"�,��%"T4��!"13<,�4:,NC

div(zH grad ρ0) = grad ρ0 grad zH + zH div grad ρ0,

$'3��h$�D�D!(MC.4:3M,�"�H� �$6,94:d�3�p;C*D2$' 8,9*F,9d/d�p%,9$'4)3

(zH , zH div grad ρ0)Ω = (zh, div(zH grad ρ0))Ω − (zh, grad ρ0 grad zH)Ω

= −2(grad zH , zH grad ρ0)Ω

� *�4:3�HO,��!4:*Ld�p!*@"1 @D6$6,�4)d�3&CK4)"+(�!*

|zH |21,ω $ ≤ (grad zH , ρ0 grad zH)Ω

= (grad zH , grad(ρ0zH))Ω − (grad zH , zH grad ρ0)Ω

= (grad zH , grad(ρ0zH))Ω + 1
2
(zH , zH div grad ρ0)Ω.

�;4)3!0+"�p;Cc01d�3!*8,9 @�!0+,�4)d�3 IH(ρ0zH) ∈ Sp0,H(A2)
���V"T05$'3c&$��'"��!*@"#d$� ��V;=�s's �3�%$'3��2�!"1 @4:D�"

|zH |21,ω $ ≤ (zH , ρ0zH − IH(ρ0zH))1,Ω + C‖zH‖20,A1

≤ |zH |1,A1|ρ0zH − IH(ρ0zH)|1,A1 + C‖zH‖20,A1
,

� V;=ts�� �

�1�!"1 @"A,��!"E01d'3!*@,9$'3<, E �!"�DZ"+3��!*�d�3
∂<(ω � , A1)

= � "+, �%* ��dK01�%* d�3R,��!"j,�"1 @& |ρ0zH−IH(ρ0zH)|1,A1

=
�;4)3!0+"

A1

4)*F,��!"��!3!4)d'3hd$�?"+()"1&/"13<,�*����G"(�!"+ �4ND�"��2�%*�4)3�HJ,��!" �  9$6&Ip!()" ���f4:()p�"1 8,F()"+&&$��

|ρ0zH − IH(ρ0zH)|21,A1
≤ CH2p

∑

T⊂A1

|ρ0zH |2p+1,T .
� V;=ts O�

% s O



� ��� ������� � ��������� � ��������� � �	� �

�;4:3!01"
DαzH = 0

��d' |α| = p + 1
d�3g"1$'0��U"1(:"1&/"13<,

T
�e,��!"T �4H��M,,�2$63��g*@4�!"Td�� � V;=ts O�F01$'3gp�""1*8,94:&P$6,�"��cp;Cc$O*��!& d$�_,�"1 �&/*Ld���,��!" ��d� @&

CH2p‖(Dαρ0)(D
βzH)‖20,T , |α|+ |β| = p+ 1, |α| ≥ 1.

� *@4)3�HT,��!"f*�&/d;d6,��!3!"+*�*Gd�� ρ0

$'3��/,��!"f*@,9$'3��2$' ��.4)3<D'"1 �*@"�$'*@*��!& D%,94:d�3Pd'3
T � @ =�s � �3�K"5$'0��P,�"1 @&4)*Lp�d��!3��!"��hp;C

CH2(p+1−|β|)‖zH‖21,T , |β| ≥ 1,
�1�!"+ �"O,��!"J0+d�3!*@,9$'3<, E �!"�DZ"+3��!*Td�3

∂<(ω � , A1)
= �;4:3!01" p + 1 − |β| = |α| ≥ 1

�>,��!4:*�05$'3np�"
"1*8,94:&P$6,�"��cp;C

CH2‖zH‖21,T .
�;�!&/&$6,94:d�3.dWD�"+ C$'(:(

T ⊂ A1

H'4:D�"+*

|ρ0zH − IH(ρ0zH)|1,A1 ≤ CH‖zH‖1,A1.

� *@4)3�HO,��!4)*L��D�DZ"+ �p�d��!3��B4:3 ��V;=ts�� �3���V"Td�p%,9$'4)3

|zH |1,ω $ ≤ C(‖zH‖0,A1 +H1/2|zH |1,A1).
� VK=�s V �

� �M�!*��M$1��$'0+,�d� ?d$� H1/2 4:3#,��%" H1 �Y*�"+&4 � 3!d� @& 4)*WH<$'4:3!"��#p CT0+d�3!*�4��!"1 @4)3�H�,��!"V(o$' �H�"1 Q*��%pB�!d'&P$'4:3
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= ��"/4)3<,9"+3��a,�dU$�D�D!(�Cr,��!"*8,b$'3��2$' ��a4)3<D�"+ �*@"."1*8,94)&$6,�" � @ =ts � �Rd�3n,��!" H1 �Y*�"1&/4 �Y3!d� @& d��

zH
�/�%"13!0+"#d�3%"#&/d� �"T��$60+,9d' �d$�

H1/2 4)*S3!"+01"1*@*9$' LCc,9d H�"+,� �4��cd��?,��!".�!"�D�"13��%"13!0+"Id�3h3!"�H<$H,94:D'"
D�d��G"1 @*Vd��

H =�� �!4:*G01$'3.p�"C$'0��%4)"+D'"���p;C/&dWDK4)3�H#d�3/,9dT,��!"f3!"�K,F()$' �H'"1 A*��!p/�!d�&$'4:3 A2
= � d',�",��!$6,�*���D�D

ρ1 ⊂ A2
$'3��B,��!"1 @"���d� @" IH(ρ1zH) ∈ Sp0,H(A2)

= ��"�D!(o$'0+4)3�H ω � � A1
��$'3��

ρ0
p;C

A1
�

A2

�e$'3��
ρ1

�2 �"+*�D�"10+,�4:D'"1(�C��!,��!"�*�$'&"T$' �H��!&/"13<,9*S$6*�p�"���d' �" CK4)"1(��

|zH |1,A1 ≤ C(‖zH‖0,A2 +H1/2|zH |1,A2),
� VK=�s � �

�S4:,��
C
3!d�� �!"�D�"13��!4)3�Hhd�3

∂<(A1, A2)
= E d'&Ip!4)3%4)3�H ��V;=�s�V �3� � VK=�s � �3��$'3��n�!*�4:3�H � @ =ts � ��� �G"

�!"+ �4:D'"
|zH |1,ω $ ≤ C(‖zH‖0,A2 +H|zH|1,A2) ≤ C‖zH‖0,A2.

� VK=�s � �
� 4:,���,��!".�!"3S23!4:,�4)d�3�d$�

zH
�%,��!4:*1H�4:D'"1*

|zH |1,ω $ ≤ C‖P1(ρ2(u− vH))− (uH − vH)‖0,A2

≤ C‖u− uH‖0,A2 + C‖P1(ρ2(u− vH))− ρ2(u− vH)‖0,A2.

� *@4)3�H/$ �_d'4)3!01$' � � �  �4)"��! �4:0��!*F,NC�DZ"�4:3!",BM�2$'(:4:,NC.$'3���,��!" ��$'0X,S,��2$6,S*@��D�D ρ2 ⊂ BH

���G"#d'p%,b$'4:3

|zH |1,ω $ ≤ C‖u− uH‖0,A2 + C|P1(ρ2(u− vH))− ρ2(u− vH)|1,Ω
≤ C‖u− uH‖0,A2 + C|ρ2(u− vH)|1,Ω
≤ C‖u− uH‖0,A2 + C‖u− vH‖1,BH
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E d�&Ip%4)3!4:3�H � V;=ts + � � ��V;=�s % �3�2$63�� ��V;=ts � � CK4)"+(�!*F,��!".�!"1*@4) �"��B"+*@,�4)&$6,9" ��V;= % � � = � A*8,94:&P$6,�4)3�H � V;= % � �Sp;C C(Hp|u|p+1,B + Hp+1|u|p+1,Ω)
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B ⊃ ω �
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∂<(ω � , B) > 0
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u

(%����8�+ ��( ��� ��8����$

‖u− u ��� ‖1, � ,Ω ≤ Chq|u|q+1,ω + CHp|u|p+1,B + CHp+1|u|p+1,Ω.
� V;=ts � �
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ω
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CHp+1|u|p+1,Ω
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uH = A−1
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� �!" �Q$�H� 9$63�H�"r&I�!(N,94�D!()4:"1 P*�D2$'0+" M q
h

4)*�d$�I01 @�!014)$'(R4:&'D�d� @,9$'3!0+"U,9d d�p%,b$64)3 $��V"+()(.�!"�S!3!"��
d D�"1 �$6,9d� 

Πh

��d� �1�!4:0�� @f*�*��%&'D%,�4)d�3 V;=ts �%d�(�!* = � 3!"$�D�D! @d<$'0��n4)*�,9dc,b$��'"J,��!"J,9 �$'01"/*�D2$601"
W q

h

� � s % � = @f*.$'3 $'(:,�"1 �3!$6,94ND�"�� �V" D% �d D�d�*�"B,��2$6,
M q

h

0+d�3!*@4)*@,�*Pd��.�%�2$'(�p2$'*�4:*'���!3%0+,94:d�3!*P$'*
4)3<,� �d��!�!01"���4:3 �;"+0+,�4)d�3 s;= O = % � � % s +�� = � d',��k$�D�D! �d<$60��!"1*(�2$5D�",��!".$$�%D6$'3<,b$�H�"J,��!$6,#,��!"/&P$'*@*
&$6,9 @4 -*�CK*@,�"1&u �"1*@�!(:,�4)3�H �� @d�& � VK= �<s �?4)*A"5$'*LCO,9d#$'*�*@"1&Ip%()",�!�!"S,9d�,��!"S()dK05$6()4:,NC#d��Z,��!"�*���D�DZd� 8,d��#$'(:(f4:3MD'd�(:D'"�� p2$'*@4)* ���%3!0+,�4)d�3!* = � d� /,��!" �%�2$'(Rp2$6*�4)*'���!3!0+,�4)d�3%*��S,��!"r @",BM�!4) @"�� *�D!$'01"+*-��d� 
�!4�H �!"1 d� ��%"1 �*

q > 1
$' �"B01d�3!*8,9 @�!0+,�"�� $'3�� $'3!$'(�C�F1"�� 4)3�,N�VdI�!4:&"+3!*�4:d�3!*/4)3 � � + � � O � = Q 3,��% �"1" �!4)&/"13!*@4)d�3%*��j3!d H'"13!"+ 9$'(G �"1*@�!(:,�*���d� I�%3!*@,� ��!0X,9�! @"�� H� �4��!*O$'3���$' �p%4:,9 �$' �C �!4�H �kd� ��!"1 

q�!�2$6( ��$$H� 9$'3�H�"�&I�!(:,�4D!(:4)"+ V*�D!$'01"+*��/�2$5D;4:3�H$/ @"�D! @d	�!�%0+,94:d�32D! �d D�"1 8,NC&��d� 
Pq−1

�e$' @"#$5D6$'4:(o$'p!(:" =
�fd��G"+D'"1 ���4:3 01d�3<,� 9$'*8,h,�dk,��!"q&/d� @,9$' P*@"+,@,94)3�H��F�%"1 �"r,��!"���$$H� 9$'3�H�"U&I�!(N,94�D!()4:"1 J*�D2$601"J�!dK"1*
3!d', �2$5D'",9dh*9$H,94)*L� Cr,��!4:*� �"�D% �d��!�!0+,�4)d�3 D! @d DZ"+ @,NC = � �M�!*�� �G"/05$'3�$'(��V$4C;*.�Gd� �� �S4N,��a$E�!�2$6(
�Q$�H� �$'3�H�"r&I�%(:,94�D!()4:"1 *�D2$'0+")�%"�S23!"�� d�3 $  @"���"+ �"13%01"�"+()"+&"+3M,��Rp;CGH�()�%4)3�H�,��%"n(:d;01$'(TD!4:"10+"1*
,9d�H�"+,��!"1 =
� "13!d6,94)3�H#p;C D $63��

M
,��!"�&$'*�*A&$6,9 @4)01"+*A01d� @ �"1*�DZd'3��!4)3�HT,�dT,��!"f(:"��i,]$'3��P �4�H �<, �2$'3��*�4��!"

d�� � V;= �<s � �! �"+*�D�"10X,94:D'"1(MC ���G"(�!"+ �4ND�"�,��!"T$'(�H�"1p% 9$'4:0R*�CK*@,�"1&


AH 0 0
0 AII AIΓ
−M 0 D





uH
uI
uΓ


 =



fH
fI
0


 , � VK= � � �

� �!"h(o$'*8,/",BM�2$6,�4)d�3�d��R*LC;*8,9"+& ��V;= ��� �-4)& D!()4:"1*I,��2$6,
uΓ = D−1MuH

= � "+3!d',�4)3�Hnp;C Q
,��!"

D! @d	�!�%0+,
D−1M

� *LCK*@,9"+& ��V;= � + �L4)*�d�p%,b$64)3!"�� = � �!"#,�dP,��%"- �"��!�!0+"��r3M�!&Ip�"1 fd��E3!d��!"1*fd�3g,��!"4)3<,�"1 ���$601"
Γ
��,��!"#4)3<D�"+ �*@4)d�3Bd��

D
4:*f0+d�&'D%�%,b$6,�4)d�3!$'()(MCP0��!"1$�Dr01d'&'D2$6 �"��h,9dP,��!"-0+d�& D!()" %4N,NC�d��

,��%" H'()d�p2$6(j$'(�H�d� �4N,��!& = � d� �"+dWD�"1 ���,��!"J�!*�"Jd�� �!�2$6( ��$$H� 9$'3�H�"O&I�!(N,94D%()4)"+ �*1CK4)"1(��!*�$&�!4o$$H�d�32$'(
$'3���,9 @4:DK4o$6(',9dS4)3<D'"1 @,_&$'*�*Q&$6,9 @4 

D = �a"G3%d',9"E,��!$6,4�H4)3�01d'3M,� 9$'*8,_,�df*8,b$'3��2$' ��T&/d� @,9$' "1(:"1&/"13<,&/"+,��%d	�!*���3!dR&/d��!4�S201$6,94:d�3!*Qd��2,��!" �Q$�H� �$'3�H�"]&I�!(N,94D%()4)"+ p2$'*@4)* ���!3%0+,94:d�3!*_4)3#,��!"F3!"+4H �Mp�d� ��%d;d��
d���,��!"�0+d� �3!"+ �*Sd��

Γ
$' @"� �",BM�!4: �"�� =

� d' F,��!"�"1(:"1&/"13<, � �S4)*@"�$'*�*@"1&Ip!(MC�d���,��!"�&$'*�*S&$6,9 @4  M �24)3<,�"�H� �$'()*Fd$�_,��!" ��d� �&

(φH , µh)T �
� VK= � O �

�2$5D�"J,9dhp�"/0+d�& D!�%,9"���� �1�!"1 @"
T � 4:*�$�H<$'4:3q,��!"J*�4��!"Jd��F$63a"+()"1&/"13<,Td��],��!"O,� �4o$63�H��!()$6,94:d�3 Th&/"1"+,�4)3�Hf,��!"L4:3M,�"1 L��$'01"

Γ
�
φH

4)*A$Rp2$6*�4)* ���%3!0+,�4)d�3Od��e,��!">S23!4N,9"F"+()"1&/"13<,A*�D2$'01"
Sp0,H(Ω)

�M$'3��
µh4)*A$�p2$6*�4)* ���%3!0+,�4)d�3Jd���,��!" �Q$�H' 9$'3�H'"L&I�!(:,�4D!(:4)"+ _*�D2$'01"

M q
h
= ��"1D�d�4)3<,Ed'�%,E,��!"S0+()d�*@"L*�4)&/4)()$' �4N,NC

% s �



����� � ��� ���

d�� ��V;= � O� �S4N,�� � % =�s�� � = �fd��G"+D'"1 ��]4)3�0+d�3<,9 �$'*@,I,�dU,��!"�3%d�3�� dWD'"1 �()$�D�D!4:3�HU*@4:,9�!$6,94:d�3��j3!d�� ,��%"
$' �"1$Id��Q4)3<,9"+ �*@"10+,�4)d�3�d$��,��!"

(d− 1)
�@�!4)&/"13!*@4)d�3!$'(e*�4�%"

T � �S4:,��.,��!" d �@�!4)&/"13!*@4)d�3!$'(e*���D�D�d� 8,Ld��
φH

�2$6*j,9d�pZ"L01$'()0+�!(o$H,9"�� = � �!4:*E4)* ��$'4: �(�C.��"1$'*�4:p!()"F4:3I,N�Vd �!4:&"+3!*�4:d�3!*��<p%�%,A&P$4C-pZ"+01d�&/"L 9$6,��!"1 
0��2$'()(:"13�H'4)3�HOd�3B�!3!*8,9 ��%0+,9�% �"��9H� �4��!*f4:3�,��! @"1"��%4)&/"13!*@4)d�3!* =�Q ,f05$'3hp�"#0+4) �0+�!&-D'"13<,9"��rp Cc�%*�4)3�H
�!4H �%"1 Ad� ��%"1 BM�2$$�! 9$6,��! �",��d� �&-�!(o$'*��< �"��!�!014:3�H#,��!"f,9$'*��O,�d#,��%"f01$'()0+�!(o$6,�4)d�3Jd���D! �d��!�!0X,9*Vd$� ,��%"
��d� �&

φH(s)µh(s)
$6,V*�d�&/" BK�!$��! 9$H,9�! @" D�d�4)3<,9*

s = � "XD�"+ @,��%"1()"+*�*�����$'*@,V$'(H'd� �4N,��!&/*A$' �"� �"CBM�!4) @"��,9d �%"+,9"+0+,.,��!"9���!3%0+,94:d�3!*
φH

�1�!d�*�"g*���D�D�d� 8,9*.0+d�3<,b$'4:3 ,��!"+*�" BM�2$$�! 9$6,��! �"9DZd�4:3<,9*��V4)3 d� ��!"1 
,9d2D! �"+*�"1 8D�".d�D%,94:&P$'(?01d�& D!()" ;4:,NC = ��"'D! �d D�d�*@" @"101�% �*�4ND�"*�"5$6 �0��!4:3�HU$'(�H�d� @4:,��%&*�p;Cq�!*@4)3�Hg$
DZd�*@*�4:p!(�CJ$5D6$'4:(o$'p!(:">H� @4� �!4)"+ 9$' @0�� CJd' G$�BM�2$������6d;0X,9 @"1"S,NC	D�"�d� �H<$63!4-F1$6,94:d�3Jd�� ,��!"�,� �4)$'3�H��!()$6,94:d�3
TH = � �!".$'*@*�"+&Ip!(�Cqd$�F,��!"/*�"+01d�3��k&P$6*�*T&P$6,� �4  D DZd�*@"1*#3!d9�!4 	/01�!(N,NC ��*�4)3%01"J,��!"/4)3<D�d'(:D�"��
p2$'*�4:*>���!3!0X,94)d'3!*

φh
$'3��

µh
$' �".�!"3S23!"��2�S4:,��h @"1*�DZ"+0+,�,9dO,��!"�*�$'&"R,� �4)$'3�H��!()$6,94:d�3 Th ∩ Γ =

� � � 
 � � 
�e� ������� 
����������
��"r*��!d�� *�"XD�"+ 9$'(�3M�!&/"1 �4:05$'(f �"+*��!(N,9*�4)(:()�!*8,9 �$6,94:3�Ha,��!" DZ"+ ���d� @&P$63!01"Ud$�#,��!"q$'(H'd� �4N,��!& = Q 3
D2$' @,�4)0+�!(o$' ��PS%D�"g,�"1*@,P"�%$'& D!()"+*.$' @"B0��%d�*�"+3 = � �!"ES2 �*8,P,N�Gdk01d���D!()"2D!4)"+01"3�S4)*�"B()4:3!"5$' S23%4:,9"
"1()"+&"+3<,9*Ad�3JpZd6,��0H� �4��!*�� �1�%"1 �"1$'*A,��!"S,��!4: �� �!"1$'()*��S4N,��0D!4)"+01"3�S4)*�"S(:4)3!"1$' j"1(:"1&/"13<,9*Ad�3 TH $'3��
D!4)"+01"��S4:*�" BM�2$$�! 9$6,�4)0T"1(:"1&/"13<,9*Rd'3 Th = � �!"(��d��! @,��U"�%$'& D!(:"��!"1$'()*,�S4:,��g$ � � D! @d�p!(:"1&2� $'3��
,��!"�(o$6*@,#D! @dWD;4��!"1*f$'3h$�D�D%()4)01$6,94:d�3P,�d$O�!3%4)(o$H,9"1 �$'( 0+d�3<,b$'0X,,D! �d�p%()"1& 4)3 � �-=
����� ���	� ��

�

� 4H��% �" V;= � � � �!&/"1 �4:05$'( � "+*@, % �EdWD�"+ �()$�D�D!4:3�HI,9 @4o$'3�H'�!(o$6,�4)d�3%*�� � $ �G4:3!4:,�4o$'(�� � p �F$$�i,�"1 V,��! �"+"T�%3!4 �
��d' �&  @"�S23!"+&"+3<,f*8,9"�D!*�� � 0 �F4)*�d'()4)3%"1*Fd���,��%".S!3!4:,�"�"1()"+&"+3<,S*�d�(:�%,94:d�3

u �"! =
E d�3%*�4�%"1 L,��!"�&/d	�%"1(�D% �d�p!(:"1& � % = % �Vd�3 Ω = (0, 1)2 �S4:,��c*�d��! @01"�,9"+ �&

f
�!"+ �4ND�"��*�� @d�&	,��!"

"�%$'0+,#*�d'()�%,�4)d�3
u(x, y) = sin(2πx) sin(4πy) = @ 0+4) �0+�!(o$6 D2$6,90��nd��V 9$��!4:�!*

0.25
4)*.D!()$'01"��a4:3

,��!"'�!d�&$'4)3
Ω

�S4N,��k4N,9*T01"+3M,�"1 J$6,
(0.45, 0.35) = � �!".()"3�i,RD!4:0+,��! �"4)3 � 4H��! @" VK= � *��!d��S*I,��%"4)3!4N,94o$6(%dWD�"+ �(o$$D�D!4)3�H#,9 @4o$'3�H��!(o$H,94)d'3!* TH $'3�� Th = �A4:"10+"��S4)*@"C(:4)3!"1$' �S23!4:,�"f"+()"+&"+3M,�*F$' @"f�%*�"���d'3pZd',��9H� @4�!*���,��M�!*��

p = q = 1 = �a"-0+d�3!*@"101�;,94:D'"1(MCg*@d�(:D'"-,��!"(D! �d'p!()"+& p;CB&"1$'3!*fd��  BM�2$6,94:d�3
� V;= � % �L$'3��9DZ"+ ���d� @& $�!3!4M��d� �&  @"�S23%"1&/"13<,R*8,9"�D = � �!" S23!4:,�"#"+()"+&"+3M,f*�d'()�%,�4)d�3 u �"! �1�!4:0��U4)*
�!"�S23%"��cp;C � V;= % � �A4)*VDK4:*��2$'(:4-F+"���4)3,��!"� @4H �<,#D!4:0+,��! �"Rd$� � 4H��! @" V;= �%= @F,S"1$'0��c*@,9"�D��!,��%"R"1 @ �d� @*
eH = u− uH

�
eh = u|ω − uh

��$'3��
e ��! = u− u �"! ��$' @"#01$'()0+�!(o$6,�"��h4)3c,��!" L2 � 3!d' �& $'3��B,��%"

H1 � 3%d� �&2���!dK01�%&"+3M,�"��h4)3 � $'p!()"+* V;= %T$'3�� VK=�s;=
� d� j0+d�& D2$' �4:*�d�3����V"�$'(:*�dR4:3!01(:���!"F,��!"L"1 @ �d� 

ẽh
05$6()01�%(o$6,�"��R�� �d'& ,��!">S23!4N,9"L"1(:"1&/"13<,E*@d�()�%,�4)d�3

ũh ∈ Sqh(ω)
���1�!"1 @"T,��!"TD6$'(:�!"1*�d��_,��!"�"�%$'0X,R*@d�()�%,�4)d�3

u
$6 �"�4)& DZd'*�"��B$'* � 4: �4)0��%()"+,Sp�d��!3��2$' �C

% s �



� � � � �� � ����������� � ���� �
�

� "+()"+&"+3M,�* ‖eH‖0,Ω ‖eh‖0,ω ‖e �"! ‖0,Ω ‖ẽh‖0,ω% � s 2.01·10−1 5.97·10−2 1.91·10−1 2.56·10−2

��� �
5.81·10−2(3.46) 1.66·10−2(3.60) 5.48·10−2(3.49) 6.86·10−3(3.73)

� + � s 1.51·10−2(3.85) 4.19·10−3(3.96) 1.42·10−2(3.86) 1.75·10−3(3.92)% s�s � � 3.81·10−3(3.96) 1.04·10−3(4.03) 3.57·10−3(3.98) 4.40·10−4(3.98)O � % V�s 9.54·10−4(3.99) 2.63·10−4(3.96) 8.95·10−4(3.99) 1.10·10−4(4.00)

� $'p!(:" VK= % � � �!&/"1 @4)05$6( � "+*@, % � L2 � 3%d� �&	d��_,��!"�"1 @ �d� =
� "+()"+&"+3M,�* ‖eH‖1,Ω ‖eh‖1,ω ‖e ��! ‖1, # ,Ω ‖ẽh‖1,ω% � s 3.81·100 1.25·100 3.65·100 9.95·10−1

��� �
2.01·100 (1.90) 5.66·10−1(2.21) 1.89·100 (1.93) 5.11·10−1(1.95)

� + � s 1.02·100 (1.97) 2.67·10−1(2.12) 9.51·10−1(1.99) 2.58·10−1(1.98)% s�s � � 5.11·10−1(2.00) 1.31·10−1(2.04) 4.77·10−1(1.99) 1.29·10−1(2.00)O � % V�s 2.56·10−1(2.00) 6.50·10−2(2.02) 2.38·10−1(2.00) 6.46·10−2(2.00)

� $'p!(:" V;=�s � � �!&/"1 @4)01$'( � "1*8,�% �
H1 � 3!d' �& d$�_,��!"�"1 � @d� =

�2$6,9$��!4 = " = �
ũh|Γ = Ihu|Γ, aω(ũh, v) = (f, v)ω, v ∈ Sq0,h(ω).

Q 3�,��!"PD2$' @"13<,��!"+*�"+*���,��%" ��$60+,9d' �d$�!"1 @ �d� Q @"��!�!0X,94:d�3 �� @d�& ,��!"G()$'*@,Q @"�S23%"1&/"13<,?*8,9"�D#,9dS,��%"V$'0X,9�2$6(
d�3!"J4:* H'4:D�"+3 = � �%""+ � �d' eH d��],��%"*8,b$'3��!$' �� �  &/"+,��%d	�J�!"+01 �"1$'*�"+*I4)3r,��!"" 	DZ"+0+,9"�� �V$�C =
� �!"*�d�(:�%,94:d�3!* uh $'3�� u ��! d�p%,9$'4)3%"���p;Cq,��%"dWD�"+ �()$�D�D!4:3�Hg&/"+,��!d	�a01d�3	S2 �& ,��%"/,��!"1d� @"+,�4)05$6(
 �"+*��!(N,9*Gd�p%,b$64)3!"��.4)3 �;"10X,94)d'3 V;=ts;= Q 3-D2$6 @,94:01�!()$' ��<,��!4)*G"�%$'& D!()"�4)(:()�!*8,9 9$H,9"1*]3!4:01"1(MCO,��!"C*@,b$6p!4)(:4:,NC
d��L,��!"P4:3M,�"1 L��$'01".0+d���D!(:4)3�H = � 3�,��!".*��%pB�!d'&P$'4:3 ω ��,��!"."+ � @d� �* eh $63�� ẽh

&/"5$'*@�! �"���4)3�,��!"
L2 � 3!d' �& �!4��Z"1 Vp C.$���$'0+,�d� Fd�� s;= V ���1�!"1 @"5$'*L,��%"1 �"C4)*L$'(:&d'*@,F3%d �!4��Z"1 @"13!0+"�4)3P,��!"

H1 �Y3!d� �&/*��
�1�!4:0�� �!"+&d�3%*@,9 �$6,9"+*T,��!" BM�2$'()4N,NCrd��G,��!"$�D�D! @d<$'0�� = � "101$'�!*@"Pd��G,��!"J*�d'()�%,�4)d�3qp�"��2$5DK4)d� �� �G"05$63!3!d',S" �D�"10X,f,�d'D% �d�S!,#�� @d�& 0��%d;d�*@4)3�H

h� H
d� 
q > p =

��� � ��� � ��

�

� 4�H��! �" V;= O	� � �!&/"1 @4)01$'( � "1*@, s ��dWD'"1 �()$�D�D!4:3�H�,9 @4o$'3�H'�!(o$6,�4)d�3%* = Q 3!4:,�4o$'( � ()"3�i,�� �Q$$�i,9"+ R,��! @"1"J�!3!4 �
��d� �&  �"�S!3!"1&/"13<,�*@,�"�D!* � &/4���%()"�� = �_"1$��.*8,9 ��%0+,9�% �"Td��?*@d�()�;,94)d'3 u �  @4H �<, � =

Q 3c$I*�"10+d�3��.,�"1*@,����G"�01d�3!*@4�!"+ G,��!"R"�%$'0X,S*�d�(:�%,94:d�3 u(x, y) = exp(−100((x− 0.45)2 + (y−
0.35)2)) = @ H�$'4)3��%$I014: �01�%(o$' D2$6,90��cd��Q �$��!4:�!*

0.25
4:*>D!(o$601"���4:3P,��%" �!d�&$'4)3

Ω
�S4N,���4:,�*F01"+3<,9"1 
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$6,
(0.45, 0.35) = �;4:3!01"R,��!"�*�d�(:�%,94:d�3.,9"+3��!*L,9d F+"1 �d0�S4:,��h$'3c"�	DZd'3!"13<,94)$'( �!"+05$4C �6�G"T&$4C-�2$5D'"

$01d�$' �*@"1 f,� �4)$'3�H��!()$6,94:d�3-��$' �"13!d'��H �U$4�V$4CE�� @d�&
(0.45, 0.35)

�2*�"+" � 4�H��! �" VK= O = � �!"+ �"3��d� �"$�B�G"0��!d;d'*�"$'3�4:3!4:,�4o$'(�,9 �4)$'3�H��%(o$6,�4)d�3 �S4N,��
h/H = 1/4 = @ H<$'4:3��

P1
"+()"+&"+3M,�*-$6 �"/�!*�"��kd�3�p�d',��

H� �4��!* =�� d� ]01d'&'D2$6 �4)*@d�30�V"�$6()*�d#*�d�(ND�"Rd'3!(�CO,��!" H�(:d�p2$'(8D! @d�p!(:"1& = � 4�H��! �" V;= V *��%d��S*G,��!"F�!"101$�Cd��_,��!"�"1 @ �d� @*
eH

$63��
e �"!

4:3�,��!"
L2 �G$'3�� H1 �Y3!d� @& �!3��%"1 ��!3!4���d' �&u �"�S!3!"1&/"13<, =
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��� � ��!	�

� 4H��! @" V;= V � � �!&"+ �4:05$'( � "1*8, s �E"1 � @d� #�!"+05$4Cc4)3�,��%" � $ � L2 � 3!d' �& $63�� � p � H1 �Y3!d� @& =
@f*?p�"���d� @"��',��!"V"+ � �d' �*

eH
$'3��

e ��!
p�d',��-*9$6,�4)*�� C�,��!"F$FD! �4:d� �4<"+*@,94:&P$H,9"1* = � d' �"1dWD'"1 ��'0��!d;d'*�4)3�H,��!"L*�$'&"V3K�%&IpZ"+ Ed����!3 �M3!d��S3!* ��d� ?,��!"L*@,9$'3��2$' ��/$'3��O,��!"LdWD'"1 �()$�D�D!4:3�H�&/"+,��%d	���6,��!"L*@d�()�%,�4)d�3

u ��!
d�p%,9$'4)3!"�� p;C ,��%"rd D'"1 @(o$�D�D%4)3�Hk&/"+,��!d�� 4)*P*@4H�3%4�S201$'3<,9(�C p�"+,@,9"1 .,��2$'3 ,��!"U*�d'()�%,�4)d�3

uHd�p%,b$64)3!"���p Ca,��!"c*8,b$'3��!$' �� &/"+,��%d	� = � ��01d��! @*�"$�V*�4:&4:(o$' � @"1*��%(:,9*O01$'3 $'()*@drpZ"�d'p%,b$'4:3!"���p;C
�!*�4:3�HO$��2$$D%,94ND�"C @"�S23%"1&/"13<,L*@,� 9$6,�"�H�4:"1*Fd'3

Ω = �fd��G"+D�"+ ��24:3.05$'*@"Rd���$-&/dWDK4)3�HT,94)&/",�!"�D�"13��%"13<,*�d��! @01"L,9"+ �&2�<,��!4:*E �"1*@�!(:,�*A4)3/$�,�4)&/"F01d'3!*��!&/4)3�HT @"1&/"1*��!4)3�HT$'3�� @"5$'*@*�"1&-p!(�C D% �dK01"��%�! �"f$6,E,��%"
pZ"�H�4)3!3%4)3�HOd��_"5$60��h,�4)&/"R*@,�"�D��6�1�!4:0��B4:*L3!d',S3!"+01"1*@*9$' LC*��d� F,��!"�dWD�"+ �()$�D�D!4:3�HJ&"X,��!d�� =
�a" �6"1"�DU,��!"T*�"X,�,94:3�H/d��j,��%"#()$'*@,S,9"+*@,�� $'3��g3!d�� �!*@"

P1

"+()"+&"+3M,�*fd'3 TH $'3��
P2

"1(:"1&/"13<,9*
d�3 Th =.Q 3 � 4H'�! �" V;= �	� ,��!"-"1 � @d� eh d�3 ω &/"5$'*@�! �"��r4)3U,��%"
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(uH ,λH) ∈ XH ×M+

H

*��%0��B,��!$6,

aH(uH , vH) + bH(vH ,λH) = f(vH) , vH ∈ XH , � V;= �;V $ �
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$' @"Rd�p%,9$'4)3!"�� �� �d'& � % = � � � � % = V � �S4N,��01d' � �"+*�D�d�3��!4:3�H/pZd��%3��2$' LCc01d�3��%4:,94:d�3!*��8�1�%"1 �"1$'*f,��!"Tp!4)(:4)3!"1$' ���d� @&
bH(·, ·) = b

�

H(·, ·)+b �H(·, ·)$'3��/,��!"f*�D2$601"1*
M+

H

�
ΛH

$' �"� �"+*�D�d�3!*�4:p!()"1��d� ]4)3!0+d� �D�d� �$6,94:3�H�,��!"�01d�3<,9$'0+,V01d�3��%4:,94:d�3!* = @ 0+()d�*@"
$'0+01d��!3<,R$'3��9�%4)*�0+�!*�*@4)d�3Bd��j,��!"1*@"-01d'3M,9$'0+,C01d�3��!4:,�4)d�3!*S4:*,H'4:D�"+3U4)3 � � � � = � �!"1 @"��B�G"I$6()*�d/*��%d��

% � %



����� � ��� ���

Contact with Coulomb Friction
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�!"1&/d�3!*8,9 9$H,9"J,��!"" �Z"10+,-d��Fd'�! -$$D�D! �d�$'0���� � $ �CD;4:*��2$6()4-F+"1*#$B @"���"1 @"13!0+".*�d'()�%,�4)d�3qd�p%,9$'4)3%"���d'3
����� ��!	� ��

�

� 4�H��! @" V;= � � � $ �V @"���"+ �"13%01"T*�d�(:�%,94:d�3�� � p �F*�d�(:�%,94:d�3 uH

� � 0 �V*�d�(:�%,94:d�3 uh

$ BM�!4:,�" S23!"-H'()d�p2$6(PH' �4��� � p ��*��!d��S*I,��!".*�d'()�%,�4)d�3 uH
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curl h = ι, curl e = −ḃ, div b = 0 . � �NK$c �
� B ) : ).� #*! � ! ) #W' � : � B ) S ) 34:"#W' +Z) 34! � � ) :\J;CY%.5 � # � ! � D � !�7 )b) BUD(' � !45 � # -(� '�< ) 3MC -

b = µh, ι = σe
! � ω, � �NKih �

/ B ).+*) µ = µ0µr > 0
!4# � B ) <Q'$H �").� !4% D ).+ < ) '�JS!434! � C �f� B ) #LCE<gJ�5�3 µ0

: ).� 5 �*) # � B ) <>'�H �")^� !$%
D ),+ < ) 'PJ"!43$! � CW5�6 � B ) '�! +]/ BS!43 ) µr > 1
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) BUD(' � !45 � #_! � R3 \ ω �

curl h = ιs, div b = 0, b = µh . � �SK � �
� B ) D + 5=J"3 ) <�!$# /k) 343 D?5=# ) :MJ Cq'�:":"! � H +*) H=D"34' + ! � CV%.5 � :"! � !45 � #y' � ! � S � ! � Cq' � :M#ZD"! � '�J"3 ) ! �2�A).+ 6}'�% )%,5 � :"! � !45 � #�5 � Γ = ∂ω

K Q�� D(' +a� !4%.D"39' +,- [h]×n = 0, [b] · n = 0 - e × n = 0
' � : ι · n =
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0 -1/ B ),+*) n
!4# � B ) 5�D �A).+>� 5 + <>'�3{5 � Γ - ' � : [v]

# � ' � :S#>6f5 +&� B ) �ZD"< D 5�6 v 5 � Γ
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B('�# � 5g#*' � !$#Z6 �
div b = 0

' � : [b] ·n = 0
' � ' ��� ! �2�A).+ 6}'�% ) K � B ) %,5 � :"! � !45 � div b = 0

!$#0#*' � !$#�S ) :Y' � ' ���&� !$< )
D + 587E!4: ) : � B"' � ! � !4#[7 ),+ !�S ) :YJ �T� B ) ! � ! � !9'�3S%,5 � :S! � !$5 � K � ) D�5�! �2� 5�D �1� B ) 6}'P% �k� B(' �0� B ) 7 ) % � 5 +
S ) 3$:"# ι ' � : ḃ

' +*) '�D � 5�<Q' � !4%,'�343 � 6f5 + % ) : � 5XJ ) #Z5=3 ).� 5=!4:"'�3"J � � �SK�c �^K ��� ! �2�A+ 5N:"DS%,! � HX' +a� !MS(%,!4'�3J�5=D � :(' +�� %,5 � :"! � !45 � # -]/1) %,' �;/ 5 + �R5 � 'YJ�5=D � : ) :G:"5=<>'�! � Ω
K � D +Z� B ),+ <T5 +Z)�-]/1) %.5 � #*!$: ),+

� B ) #*'�< ) H ) 5�< )^�A+ !$%I'�3W# )^�*� ! � H 'P#Y! � E B('$D �A).+2VN-_� '�< ) 3 ��-{� B(' � ω !4#Y'~#Z!4< D"3 � %.5 �"�") % �*) :D�5=3 � B ) : + '�3]#ZD"J�:S5=<Q'P! � 5�6 Ω ' � : ω ⊂ Ω - ' � :F# )^� ω � = Ω \ ω K�(+ 5�< � �SK�c � � � �SK � � -o/1) # ).)R� B(' �Q� B ) #Z5=3 ).� 5=!$:('�34! ��� div b = 0
' � : � B ) %,5 � # � ! � D � !$7 ) 39' /

b = µh
' +Z) #*' � !$#�S ) :`! �Y� B )m/ B"5=3 ) H=345�J('�3�:S5=<Q'P! � Ω -�� ! ) 34:"! � H

div µh = 0
! � Ω. � �SK O�

Q�� ' /1) '��l6f5 + < -E� B"!$# +*) '�:"#
(µh, grad v)Ω = 0 , v ∈ H1

0(Ω). � �SK V �
Q�� #*!$: )W� B ) %,5 � :"D"% � 5 + ω -=/1) %,' � %,5=<gJS! �")o� B ) S + # �0��/ 5 ) BUD(' � !45 � #15�6 � �SK�c ��' � : � B ) %,5 � # � ! � D��� !$7 ) 39' / # � �SK h � � 5 ) 3$!4<T! � ' �A) 'P343�D � � � 5 /_� BUD(' �2� ! � ! ) #_J"D �_� B ) <>'�H �")^� !$%TS ) 3$: h - ' � :F5=J � '�! �

curl curl h + σµḣ = 0
! � ω. � �SK � �

� + ' � #Z6f5 + <T! � H � 5 � B ) 7P' + !4' � !$5 � '�3E6f5 + < -2� B"!$# � ! ) 3$:"#1J �e� B ) D(' +Z� !4'�3(! �2�*) H + ' � !$5 � 6f5 + <gDS39' � @�K � �
� B(' �

(curl h, curl w)ω + (σµḣ, w)ω = 0 , w ∈ Hcurl
0 (ω) , � �SK � �

/ B ),+Z) Hcurl
0 (ω) = {w ∈ (L2(ω))3 | curl w ∈ (L2(ω))3, (w×n)|Γ = 0 } K� 5 +�� B ) %.D +*+Z),�2� : ),� #Z! ��� ι -E� B ) #*5=3 ),� 5=!$:('�3$! ��� %,5 � :"! � !45 � div ι = 0

'P:"<>! � # � B ) ! �2�A+ 5E:"D"% � !$5 �5�6 'X7 ) % � 5 + D�5 �*),�2� !4'�3 t̃ #*DS%CB � B(' � ι = curl t̃ . � B ).� ! � ω -U� B ) :"!�� ).+*).� % ) J ).��/1),).�F� B ) 7 ) % � 5 +D�5 �*),�2� !4'�3 t̃ ' � : � B ) <>'�H �")^� !4%(S ) 3$: h
!4#m! +*+ 5 � ' � !45 � 'P3 J �R� B ) S + # ��) BUD(' � !$5 � 5�6 � �NK$c � -y� BUD"# -! � %I' � J )X/_+ ! �*�*),� 'P# � B ) H + 'P:"! ).�U� 5�60'Q#Z%I'�34' + 6fD � % � !45 � ϕ̃ - !wK ) K - h = t̃ − grad ϕ̃

K @ #*!$<>!$39' +' + H=DS< ).�U� B"5=3$:"#[6f5 +0� B ) ! � #*DS39' � ! � H +*) H=!45 �]-2/ B ),+Z)�/1) '�#*#ZD"< ) � � 5 / ! � HX'�7 ) % � 5 + D?5 �A).�2� !9'P3 ts#*D"%CB � B(' � ιs = curl ts
K E 5=<gJS! � ! � H )  �A).+*� 'P3|' � :F%,5 � :SD"% � ! � H +*) H=!45 � # -S/1)b/_+ ! �*) h

'�#

h =

{
t̃− grad ϕ̃

! � ω,
ts − grad ϕ̃

! � ω � . � �NK � �

��� ! � # ).+Z� ! � H � �SK � �0! � � �SK V �1' � : � �NK � � -N/1) 5=J � '�! � 'X%,5=D�D"3 ) : ) :": � %,D +Z+*).�U� D + 5=J"3 ) <�! �>�A),+ <>#5�6 � B ) 7 ) % � 5 + D?5 �A).�U� !9'�3 t̃ : ) S �") :Y5 � 3 � ! �T� B ) %,5 � :"D"% � ! � H +*) H=!45 � ω ' � : � B ) #*%,'�39' + D�5 �A),�2� !9'�3
ϕ̃
: ) S �") : ) 7 ),+��E/ B ),+*) ! � Ω - 'P# / !43$31J ) %I' +*+ ! ) : 5=D � ! �@� B )l�")  � # ) % � !$5 � K � B"!4#X# � # �*) < !$#%,5=< D"3 )^�A) : / ! � BT'�D�D + 5 D + !9' �A) ! �U�*),+ 6}'�% ) %.5 � :"! � !45 � # 5 � ∂ω # � ' � ! � H -=) K H"K -U� B(' � ϕ̃ !$#�%,5 �2� ! � D"5=D"#.K� B"!4#o!$# �") 7 ),+a� B ) 3 ) #Z# � 5 �_),� 5=D�H=B � 5e: ) S �") ϕ̃ ' � : t̃

D � !GBUD ) 3 � K Q�� 6}'�% � div t̃
!$# � 5 � #�D ) %,!MS ) : -' � : � BUD"# � B ),+Z) ' +*) <>' ��� :S!�� ),+*).�2� H2'�D�H ) D�5�#*#*!$J"!43$! � ! ) #.K �m�S) 5�6 � B ) < !4# � 5 +*) BUD"! +Z)k� B(' � t̃ B('P#� B ) #A'P< ) :"!�7 ),+ H ),� % ) '�# h

! � ω JSD �_� B"!$# ) 34!$<>! � ' �*) # ϕ̃ 5 � ω K � ) D +Z) 6 ),+ ' � 5 � B ).+ %,5 � :S! � !$5 �]-H=!$7 ),� ! �Y� B )M�S)  � # ) % � !$5 � K

c � O



� � ��� ����� �	��� �	� ��� ���������
� �

� � � � ��� �'����� Q��d� B ) %.5 � #Z!4: ).+*) :@%,5 � S��=D + ' � !45 �]- � B ) %,5 � :"D"% � 5 + ω %I' � 6 +Z),) 3 � <>587 ) ! � Ω
K

Q����"+Z) # ).� % ) 5�6[<T587E! � �l%.5 � :"DS% � 5 + # -�/k) B('I7 )g� 5Y%CB"5E5=# )�� B )g+Z) 6 ).+*),� % ) # � # �*) < / ! � B +Z) # ��) % �
� 5 / B"!4%CB /k)M/_+ ! �A)b� B )�) :": � %.D +*+Z),�2�	�"+ 5=J"3 ) <FK � ).� RΩ

J ) ' +Z) 6 ).+*),� % ) # � # �A) <�3$! � � ) : � 5 Ω' � : Rω
J ) ' +Z) 6 ).+*),� % ) # � # �A) < 34! � � ) : � 5 ω K Q 6 v !4# � B ) %,5 � :SD"% � 5 + 7 ) 345E%,! ���=-U� B ) ' ���"+ 5 �"+ !9' �*)6f5 + < 5�6 � B"<�
 #_39' / ! �l� B )M+Z) 6 ).+*),� % ) # � # �*) < RΩ

+Z) '�:S#
ι = σ(e + v × b)

! � ω, ' � : ι = σ e
! � Ω.

� B ) <>5 � !45 � 5�6 ω !4#b:"! +*) % � 3 � %,5 � #*!$: ),+Z) :@! �G� B ) %,5 � 7 ) % � !$7 )Q�A).+ < v × b
K � B"!4#b!4#M' ����� !4%,'�36 ) ' � D +Z) 5�6 � B )  �D"3 ),+ !9' � : ) #*% + ! �N� !45 �]- ! K ) K -�� B ) D"# ) 5�6�'q#Z! � �=3 )k+Z) 6 ),+Z),� % ) # � # �*) <�6f5 + J?5 � B � ' +Z� #

Ω
' � : ω K � 5� )^�o+ !$:l5�6 � B )m)  � 34!$%,! � 7 ) 345E%,! ���>�*),+ < - ! � !$#o'�:S7E!$#A'�J"3 )�� 5&D"# ) '�#k<Q' ��� :"!�� ),+Z),�2�6 + 'P< ) #['�# � B )_� D"<gJ ),+ 5�6 � ' +Z� # -U� B(' � !$# - ! � 5=D + %,'�# )P-E� 5 +Z) 6f5 + <gD"34' �A){/ ! � B +*) # ��) % �0� 5 RΩ

� B )
) BUD(' � !45 � #m! � Ω

' � : / ! � B +Z) # ��) % �b� 5 Rω
� B )e) BED"' � !$5 � #m! � ω K � B"!4#m!$# � B ) �|'�� + ' � �=!4' � : ) �#*% + ! �S� !$5 �]-�/ B ).+*)_� B ) # ��) % � ' � 5 + !4#[' �*� 'P%CB ) : � 5 � B ) %.5 � #*!$: ),+Z) : � ' +a� ' � :T: ) #Z% + !$J ) # � B )_) 7 ),�2� #6 + 5�< B"!$#&<Q' �*),+ !9'�3 � 5�! �2� 5�6W7E! )./ K � BS!4#T' ���"+ 52'�%CB <>'�� ) #T:S!4#A' ����) ' +g� B )Y)  � 34!$%,! � 7 ) 345E%,! ���

�A).+ < 6 + 5=< � BS<�
 #m39' /b-��"+ 587N!$: ) : � B"' �b) '�%CB � ' +Z� !4# �*+*) ' �A) :G! � ! � #m5 /_��� %,5��H<>587E! � ����6 + '�< )
� RΩ

/ ! � B Ω
' � : Rω

%,5��H<>587E! � � / ! � B ω �^K��H6 ��/ 5Q:"!�� ).+*),�2�_+Z) 6 ),+Z),� % ) # � # �A) <>#�' +Z) DS# ) : - 5 �")B('�# � 5l%.5=D � 3 ) J�5 � B;J � #ZD"! � '�J"3 )��A+ ' � #Z<>!$#*#*!$5 � %.5 � :"! � !$5 � #q' �q� B ) %,5 � :SD"% � 5 + J?5=D � :(' +�� K � )# �*+*) #*# � B ) 6}'P% �M� B(' � 6f5 +b� B ) ' � '�3 � #*!4#b5�6 ) :": � %.D +*+Z),�2��"+ 5=J"3 ) <>#b! � :"5�<Q'�! � # / ! � B@<T5�7E! � �
� ' +a� # -"� B ).+*) !4#o#*5�< ) 6 +*).) :"5�< ! �Y� B ) %CB"5�!4% ) 5�6 � B )b+Z) 6 ),+Z),� % ) 6 + '�< )P-��"+ 5�7E!$: ) : � B(' �W� B ) <>5��
� !$5 � %,' � J )q+*) �2' + : ) :\'�# BUD('P#*! �H# � ' � !$5 � ' +��&/ ! � B +Z) # ��) % �{� 5 ) 3 ) % �*+ 5��H: �E� '�<T!4%,#.K � B"!$#16 +*).) :"5�<!4#X'R%,5 � # ) BUD ).� % ) 5�6 � B ) 345 / 6 +*) BED ),� % � 34!4<T! � K �W5 /k) 7 ),+.-1� B"!4#g!$# � 5 �� 5�#*#*!$J"3 ) 6f5 +�� B ) 6fD"343# )^� 5�6 � '  /k) 343�
 # ) BED"' � !$5 � # -{/ B ),+*) 'P3 +*) '�: � '@#Z<Q'P343W'�%,% ) 3 ),+ ' � !45 � %I' � B('I7 ) '@#Z!�� � !��(%,' �2�) � ) % � � # ).) � � � � ' � : � B )e+*) 6 ),+*).� % ) # � B ),+Z) ! � �^K � 5 + 'F%.5 � 7 ).� ! ).�U� �|'�� + ' � �=!4' � : ) #Z% + ! �S� !45 � 5�6) 3 ) % �A+ 5���: �E� '�<T!4%.#b! �d� B ) 34' � �=D"'�� ) 5�6o:"!�� ).+*).�U� !9'�3�6f5 + <># - /1)Q+Z) 6 ),+M� 5 ��� � � K � B(' � �E# � 5 � B )%CB(' + '�% �*),+ !4# � !4%l5P6 � B )Y) :S: � %,D +*+*).�2� <T5E: ) 3 -p/k) %,' � '�:"5 �S�X� B )���� ! ) % )./ !$# ) �|'�� + ' � �=!4' � ' � �
�"+ 52'�%CB�� � ' �|'�� + ' � �=!4' � ' ���"+ 5='�%CBl5 �>) '�%CB � ' +Z� �^K � B"!$#{'�3$345 / #[D"# � 5 / 5 + � / ! � BQ! � : )��?),� : ),�2�< ) #*B ) #g' � :@:"!$#*% +*).� !-F,' � !$5 � #,K � 5`:"5O#Z5 - /1) D"# ) <T5 +Z� ' +q�A) %CB � !-BUD ) # +*) '�34!GF,! � � � B ) %,5=D � 34! � �5�6_#Z%I'�34' + ' � :~7 ) % � 5 +� 5 �A).�2� !9'P34#X5 � � 5 � �H<Q' � %CB"! � ��� + !4:"#.K � B"!4#e' � �"+ 52'P%CB B('�#&J ),),� ! �2�A+ 5��:"D"% ) :>! � � �"! � ' � :>' � 'P3 � F ) :>! � � ��� � K E 34'�#*#Z!4%I'P3 �A) %CB � !-BUD ) #k5�6 �*),�T+*) 3 � 5 �T� B ) D"# ) 5�6]J?5=D � :(' +��) 3 ) < ),�2� # � � ��� - 5 + 5 �\� B ) �"% � ! � !$5=D"#{:"5�<Q'�! � ' ���"+ 52'�%CB � �"! � K

r�s�� #%$et?z�$Mxkz ���$Yu���t � �Yuwv �
� �e� B"!$#0# ) % � !45 �]-2/k) : ) � �") 'q7P' + !9' � !45 � 'P3E6f5 + <gD"34' � !$5 � J('�# ) :>5 �T� B ) : ) %.5=< � 5=#Z! � !45 � � �SK � �^K � )+*) # �*+ !4% � 5=D + # ) 3�7 ) # � 5 � B ) # � # �A) < 5=J � '�! �") :�'P6 �A).+y� !4< ) :"!$#*% +Z).� !-FI' � !45 � 5P6 � �NK&! �y' � : � �SK � �^K � #*! � �' � !$< � 34!4%.! �  �D"3 ),+ #Z%CB ) < )q/ ! � B � !$< ) # �*)�� #Z!-F ) ∆t -E/k) ' ���"+ 5 N!4<>' �*) ḣ

J � (∆t)−1(h−h ���(' )
K

� � # ),+Z� ! � � � B"!4#W' ���S+ 5 N!4<>' � !$5 � ' � : � B ) : ) %.5=< � 5=#Z! � !$5 � � �NK � �k! �2� 5 � �SK � � -"/k) 5=J � '�! �
(α curl t̃, curl w)ω + (t̃, w)ω − (grad ϕ̃, w)ω = (h ���(' ,w)ω, w ∈ Hcurl

0 (ω),

/ ! � B α = ∆t/(σµ)
K @ ��� 3 � ! � � � �SK � � � 5 � �SK)! �{'�<T5=D �2� # � 5

(β grad ϕ̃, grad v)Ω − (t̃, grad v)ω = (βts, grad v)ω $ , v ∈ H1
0 (Ω),

c � !



���������������	�
���	���
� � ����� �����	�� � ��� ��� ������� ���������
�����

/ ! � B β : )��?),� :"! � �>5 � µ K � BUD"# -�/1) B('I7 )�� 5>6}'P% ) '>7P' + !4' � !$5 � '�3 �"+ 5=JS3 ) < ' �q) 'P%CB � !$< ) # �*)�� �� � : (t̃, ϕ̃) ∈ Hcurl
0 (ω)×H1

0 (Ω)
#*D"%CB � B(' �

aΩ(ϕ̃, v) + b̃(t̃, v) = (f , grad v)ω $ , v ∈ H1
0 (Ω), � �SK � ' �

b̃(w, ϕ̃) + aω(t̃,w) = (f � , w)ω, w ∈ Hcurl
0 (ω). � �SK � J �

� ),+Z)�-"� B ) %,5 �2� ! � D"5=D"#_J"!$34! �S) ' + 6f5 + <T#_' +*) : ) � �") :OJ �
b̃(w, v) = −(w, grad v)ω , w ∈ Hcurl

0 (ω), v ∈ H1
0 (Ω) ,

aΩ(ϕ̃, v) = (β grad ϕ̃, grad v)Ω, ϕ̃, v ∈ H1
0 (Ω) ,

aω(t̃,w) = (α curl t̃, curl w)ω + (t̃, w)ω, t̃, w ∈ Hcurl
0 (ω),

/ B ),+Z)M� B ) %.5 ) 	T%,! ).�2� # α, β > 0
' +Z) 'P#*#*DS< ) : � 5TJ ) � ! ) % )./ !4# ) %.5 � # � ' �2� K � � 'e<>5 +Z) � ),�S),+ 'P3' ���"+ 52'�%CB -S� B ) �>/ 5�D"34:Y# � !43$3�J ) D � !$6f5 + <>3 � � 5=#Z! � !$7 ) : ) � � ! �A) K � 5 �*)V� B"' �{� B ) D � � � 5 /_� # t̃

' � :
ϕ̃
: ),� 5 �A)_� B ) ' ���S+ 5 N!4<>' � !$5 � #�' �[� B ) %,D +Z+*),�2�0� !$< ) # �A) �]- f �

: )��?),� :"#15 �&� B ) ' ���S+ 5 N!4<>' � !$5 � #5�6
t̃
' � : ϕ̃ ' �0� B ) �"+Z) 7E!45=DS# � !4< ) # �A) �]- ' � : f

: ),� 5 �*) # � B ) #*%I'P3 ) :>#*5=D + % )��A),+ <n: )��?),� :"! � �X5 �
ts
K E B"5E5=#Z! � � t̃ ∈ Hcurl

0 (ω)
' � : ϕ̃ ∈ H1

0 (Ω) - t̃ ' � : ϕ̃ #A' � !4#Z6 � ' �k) '�%CB � !$< ) # �A)��>� B ) ! �2�A).+ 6}'�% )%,5 � :S! � !$5 � # -p� '�< ) 3 �=- ϕ̃ !$#X%,5 �U� ! � D"5=DS#g' � Γ
' � : [t]×n = 0

K � � 5=D + ' ���S+ 52'�%CB -p� B ) # �A+ 5 � �%,5=D � 34! � �&J )^��/k).),� t̃
' � : ϕ̃ ' �o� B ) ! �U�*),+ 6}'�% ) !4# +Z)�� 34'�% ) :`J � ' /1) '��Y5 �") K� � !4# ) '�# �>� 5X# ),)�� B(' � !$6 (t̃, ϕ̃)

!4#1'�#Z5=34D � !45 � 5�6 � �SK � � -U� B ),� (t̃+gradχ, ϕ̃+χ) - χ ∈ H1
0 (ω) -!4#M'`#Z5=34D � !45 � '�# /k) 343wK � � 5 + : ),+M� 5 � ).� D � !-BUD ).�") #Z# -p/1) %CB"5E5=# ) χ #*DS%CB � B(' � ϕ = ϕ̃ + χ
!$#

B(' + <T5 � !$%l5 � ω K � #Z! � � � B ) B(' + <T5 � !4% )  �A).� #*!$5 � 5 �?),+ ' � 5 + H : H1/2(Γ) −→ H1(ω) - # ).)� @XK h=h � -1/1) %I' � # � ' �A)Y� B ) <T5N:S!�� ) : 7P' + !9' � !45 � '�3 �S+ 5=J"3 ) < � � � : (t, ϕ) ∈ Hcurl
0 (ω)×H1

0(Ω)#*D"%CB � B(' �
aΩ(ϕ, v) + b(t, v) = (f , grad v)ω $ , v ∈ H1

0 (Ω), � �SK�c � ' �
b(w, ϕ) + aω(t,w) = (f � , w)ω, w ∈ Hcurl

0 (ω), � �SK�c � J �
/ B ),+Z) b(w, v) = −(w, grad H v|Γ)ω

- 6f5 + v ∈ H1
0 (Ω)

' � : w ∈ Hcurl
0 (ω). � B ) J"!43$! �") ' + 6f5 + <�=!$7 ),� J �

a((w, w), (v, v)) = aω(w, v) + b(w, v) + b(v, w) + aΩ(w, v),

/ B ),+Z) v,w ∈ Hcurl
0 (ω)

' � : v, w ∈ H1
0 (Ω) - !$# ) 3434! �S� !$%b5 � Hcurl

0 (ω)×H1
0 (Ω) �

# ),) � ��� � K E 5 � �# ) BUD ).�2� 3 ��-0� B ) 7P' + !9' � !45 � 'P3 �S+ 5=J"3 ) < � �SK�c � �bB('�#&'RD � !-BUD ) #Z5=34D � !45 � K � B ) � + # � 34! �") � �SK�c � ' �' � : � B ) : ) � � ! � !45 � � @XK h=h �k5�6 � B ) B(' + <T5 � !$% )  �*),� #Z!45 � � ! ) 3$: b(t, v) = 0 - v ∈ H1
0 (ω)

K � #*! � �
w = grad v - v ∈ H1

0(ω) - ! �Y� B ) # ) %,5 � :O3$! �") � �SK$c � J � -"/1) � � : � B(' � t
!4#_:"!$7 ),+ � ),� % ) 6 +Z),) !$6 f �!4#o:"!�7 ),+ � ),� % ) 6 +*),) K � ).� % )P- t !4#o!4< � 3$!4%,! � 3 � �2'�D�� ) : - ' � : ϕ +Z) # �*+ !$% �A) : � 5 ω !$#oB(' + <T5 � !$%�K@�#[6f5 + � B ) <T5N: ) 3 �"+ 5=J"3 ) < ! � E B(' �S�*),+ ! -=/1) %,' � '��2'�! � : ),+ !$7 ) 'm#A'P:":"3 ) � 5=! �U� 6f5 + <gD"34' � !$5 �/ B"!4%CBR!$# ) BUD"!$7P'�3 ),�2��� 5 � �SK$c � �^K � � 5 + : ).+W� 5Q# ).)�-?� B"!$# /1) # � ' +Z� 6 + 5�< � B ) # �A+ 5 � �Q6f5 + <gD"34' � !$5 �

� �SK��� - � �SK � �g6f5 +T� B ) <>'�� �")^� !$% � ) 34: h
' � : ! � #Q: ) %,5�< � 5=#*! � !$5 � ! �2� 5 t − gradϕ

5 � ω ' � :
ts− gradϕ

5 � ω � K � )q� 5 / '�#Z#*D"< )V� B ) �ZD"# � 7P'�3$!4:(' �*) :��2'�D��=! � �M%,5 � :S! � !$5 � 5 � t -N� 'P< ) 3 �=-U/1)D"# )m� B ) E 5�D"345=<XJ �='�D�� )P- ' � : t
!4#o%CBS5=# ).�`� 5eJ ) #*5=3 ),� 5=!$:('�3wK �(+ 5=< � �SK��� -"/k) 5=J � '�! �

aΩ(ϕ, v) − (t, vn)Γ = (βts, grad v)ω $ , v ∈ VΩ = H1
0 (Ω). � �SK�c=c �

c � �



� ��� � � ��� ��� �
��� �	��� �	�

� '��U! � � v ∈ H1
0 (ω) -y� B"!$#M!$< � 34! ) # � B(' � ϕ !$#mB(' + <T5 � !$%&5 � ω - � BEDS# -|� B ).+*)T) N!4# � # γ = ϕ|Γ ∈

H1/2(Γ)
#*D"%CB � B(' � ϕ|ω = Hγ K � D +a� B ).+ <T5 +*)P- :"D )m� 5 � B ) #*5=3 ),� 5�!4:('�3$! ��� 5�6 t - ! � B"5�34:"# � B(' �

(t, δn)Γ − (t, gradHδ)ω = 0, δ ∈ H1/2(Γ).

@�6 �*),+{� !4< ) :"!4#Z% +*)^� !GFI' � !45 �]-E/k) 5=J � '�! � 6 + 5=< � �SK � �{' �_) 'P%CB � !$< ) # �A) � �
âω((γ, t), (δ,w)) + (t, δn)Γ = (f� , w)ω, (δ,w) ∈ Vω = H1/2(Γ)×Hcurl

0 (ω), � �NK$c�h �
/ ! � B
âω((γ, t), (δ,w)) = (α curl t, curl w)ω+(t, w)ω− (w, gradHγ)ω− (t, gradHδ)ω. � �NK$c � �
� B"!4#m#ZD��"� ) # � # � B ) ! �2�*+ 5E:"D"% � !45 � 5�6 � B ) �|'�� + ' � � ) <gD"3 � ! � 34! ).+ λ = t·n ∈ M = H−1/2(Γ) -' � :\5�6 � B ) %.5=D � 3$! � �eJ"!$34! �") ' + 6f5 + <

b̂((v, δ,w), µ) = 〈δ − v, µ〉M ′×M , (v, δ,w) ∈ X = VΩ × Vω, µ ∈M.

� ! ) 34:"! � � � B ) #A'�:":S3 ) � 5=! �2� 6f5 + <gD"34' � !$5 � � c�K$c � � / ! � B â(·, ·) = aΩ(·, ·) + âω(·, ·)
' � : b̂(·, ·)+*) � 39'P%,! � � a(·, ·) ' � : b(·, ·) -"+Z) # �?) % � !�7 ) 3 � K

r�s�� � z����et2vVxkz�� $Mxkz � �
@V#0! � E B(' �N�A),+ ! -2/k) D"# )_��/ 5g:"!�� ),+Z),�2� BED"'�#*! ��D � !�6f5 + < �A+ !9' � ��D"39' � !45 � # TH 5 � Ω

' � : Th 5 � ω K
�q� TH -2/1) D"# ) # � ' � :(' + :>%.5 � 6f5 + <>! � �	� � ! �A)_) 3 ) < ),�2� #[5�6�345 /1) # � 5 + : ),+ 6f5 + � B ) ' ���"+ 5 S!$<Q' � !45 �5�6 � B ) #Z%I'�34' + � 5 �*),�2� !4'�3 ϕ K � B ) 'P#*#*5E%,!4' �A) :l:"!$#*% +Z).�*) # � 'P% ) B('I7E! � � F ).+ 5&J?5=D � :"' +�� %,5 � :"! � !45 � #5 � ∂Ω !4#m%,'�343 ) : S0,H(Ω) = S1

0,H(Ω)
K � 5 +q� B ) :"!4#Z% +Z).� !GFI' � !45 � 5�6 � B ) 7 ) % � 5 + � ) 3$: t - /1) D"# )345 /1) # � 5 + : ),+ %.D + 3 ��%.5 � 6f5 + <>! � � � �,: �.3 ) % � � ! �A)X) 3 ) < ).�U� #q5 � Th K � B ) J('�#Z!4#V6fD � % � !45 � # we

' +Z)'�#Z#*5E%,!9' �A) : / ! � B � B )q) :�� ) # e 5�6 � B )��A+ !4' � �=DS39' � !45 � Th ' � :l' +*) 'P34#*5 � � 5 /_� 'P# ) :�� )q) 3 ) < ),�2� # -� � � � K � B ) � %,' � J ) : ) � �") :`! �l�A),+ <>#o5P6 � B ) # � ' � :(' + : H1 ��%.5 � 6f5 + <>! � � � 5E:('�3�J('�#*!$#{6fD � % � !45 � #
φp
J �

we = φp gradφq − φq gradφp,

/ B ).+*)_� B )W) :�� ) e = {p, q} !$#�5 + ! ),�2�A) :>6 + 5�< � 5E: ) p � 5 � 5N: ) q K � B ) 5 + ! ),�2� ' � !$5 � 5�6 � B )W) :�� ) #%I' � J ) %CB"5=# ),� ' + J"! �*+ ' + !43 � K � ) # ).� Eh(ω) = span{we | e edge ∈ Th}
' � : E0,h(ω) = Eh(ω)∩

Hcurl
0 (ω)

K � 5 �A)X� B(' �q� B )g) 3 ) < ),�2� # t ∈ E0,h(ω)
B('I7 ) 7P' � !$#*B"! � � � ' � � ).�2� !9'P3p%,5�< � 5 �").�U� #q5 �

Γ
K � ! � '�3$3 �=-�/1) : ),� 5 �*) J � Sh(ω) � B ) # � '�% ) 5�6?# � ' � :"' + :e%,5 � 6f5 + <T! � � � � ! �A){) 3 ) < ),�2� #�5�6?345 /k) # �5 + : ),+ '�#*#Z5N%.!9' �*) : / ! � B Th 5 � ω - ' � :l! � # �*+ '�% ) # � '�% ) 5 � Γ

!4#1%I'�3$3 ) : Wh(Γ)
K � )V+Z) <>' + � � B(' �� 5eJ?5=D � :(' +�� %.5 � :"! � !45 � #_' +*) !$< � 5=# ) :\5 � Sh(ω)

K
� � 5 + : ),+[� 5�6f5 + <gD"34' �A){� B ) :S!4#*% +*)^�A) 7 ),+ #*!$5 � 5�6 � B ) 7�' + !9' � !45 � '�3 �"+ 5=J"3 ) < � �NK$c � � -2/k) B('I7 )W� 5

+*) � 39'P% )q� B ) B"' + <T5 � !$% )  �*),� #Z!45 � H ! �l� B ) : ) � � ! � !45 � 5P6 � B ) J"!43$! �") ' + 6f5 + < b(·, ·) K @ � ' � D + '�3%CB"5=!$% ) !4# � 5d! � 7=5=3�7 )Y� B ) :"!$#*% +*).�*) B(' + <T5 � !$% )  �A).� #*!$5 � Hh : Wh(Γ) → Sh(ω)
: ) � �") : J �

� @�Kih � � K � B )Y+*) # �*+ !4% � !$5 � 5�6 v ∈ S0,H(Ω)
5 � Γ

!4# - ! � � ).�"),+ '�3 -�� 5 � ' � ) 3 ) < ),�2� ! � Wh(Γ)
K

� BUD"# -W/k) %,' �"� 5 � ' ��� 3 � :"! +*) % � 3 � � B ) :"!4#Z% +Z).�A) B"' + <T5 � !$% )  �*),� #Z!45 � � 5 � B );+*) # �*+ !4% � !$5 � 5�6
v ∈ S0,H(Ω)

5 � Γ
K � 5R587 ).+ %,5�< )Q� B"!4#�:"! 	T%.D"3 ����-p/k) D"# )Q� B ) <T5 +Z� ' + �"+ 5�� ) % � !45 � 5 ��).+ ' � 5 +

c � �



���������������	�
���	���
� � ����� �����	�� � ��� ��� ������� ���������
�����

Πh

'�#_: ) � �S) :O! � � !NK � h �CK � �F�*),+ <T#o5�6 � B ) 5 �?),+ ' � 5 + # Hh

' � : Πh
-"/1) 6f5 + <gD"34' �A)�� B ) :"!$#*% +Z).�*)7�' + !9' � !45 � '�3 �"+ 5=JS3 ) < � � � : (th, ϕH) ∈ E0,h(ω)×S0,H(Ω)

#*D"%CB � B(' �
aΩ(ϕH , v) + bh(th, v) = (f , grad v)ω $ , v ∈ S0,H(Ω) , � �SK�c �2' �
bh(w, ϕH) + aω(th,w) = (f � , w)ω, w ∈ E0,h(ω) , � �SK�c �=J �

/ B ),+Z) bh(w, v) = −(w, gradHhΠhv)ω
6f5 + v ∈ S0,H(Ω)

' � : w ∈ E0,h(ω). � B"!$#�' ���"+ 52'�%CB&!$#%CB(' + 'P% �A).+ !GF ) :\J � ' � 5 �S� !$<Q'P3 ).+*+ 5 +{) # � !$<Q' �*)�- '�#{# � ' �A) :\! �Q� B )m�")  � 3 ) <T<Q' / B"!4%CB\!4# �"+ 587 ) :! � � ��� � K
� � � � � �'���'��� ��(

h/H
"�. ��+�+���� ��8 ���$ ���� ��	-" ��(*���2� ����( 	���� 	!���)��+ &)(*���,+-��. /���3��,4�6 #��" � 8:��	��,8��

">��+=8:��	!��� ���)� �����(*���
	 	-"���"
� �%���#"��!�����
C

	��)��� &����)����������� ���� .��%"%�"�	���� "�8 �% ��#����$ � ��(
t ∈

(H1(ω))3 � 	���
curl t ∈ (H1(ω))3

���)�
ϕ ∈ Hβ(Ω)

$
1 < β ≤ 2

$ � � #�����

|||t− th|||ω + ||ϕ− ϕH ||1;Ω ≤ C
(
h(||t||1;ω + || curl t||1;ω) +Hβ−1||ϕ||β;Ω

)
,

� ���(%� |||t|||ω = (||t||20,ω + α|| curl t||20,ω)1/2 	-" �A� ��( . � �	 �% 	-" ���,8:	�����+-����� � � ���� "��!���)����( �
� 	�+ ����( � " &#� �%�9� ��( . ���

Hcurl
0 (ω)

3

r�s � � � �Yuwv � v �Mx $Mxkz � � $��
	 � u � �\tjzfx
	 � z � � vVx $YzAu��
� ) %,' +*+�� 5=D � #Z5=< ) : ).� 'P!434#p5 �T� B ) !4< � 3 ) < ),�2� ' � !45 � 5�6 � B ) %,5�D � 34! � �mJ"!$34! �S) ' + 6f5 + < bh(·, ·)

K � �
� ' +Z� !4%.D"39' +.-S/1) B('I7 )M� 5l' ��� 3 �Y� B ) 5 ��).+ ' � 5 + # Πh

- Hh
- ' � : grad � 5l'T6fD � % � !45 � v ∈ S0,H(Ω) -' � : � B )o+*) #ZD"3 � #*B"5=DS34:&J ) �=!$7 ),� ! �g�*),+ <># 5P6�%.5 ) 	T%,! ).�2� # 6f5 +p� B )o) : � )o) 3 ) < ),�2� J('�#Z!4#p6fD � % � !45 � #! � Eh(ω)

K � 5 +o� B )X+Z) '�3$!-FI' � !45 � 5�6 Πh
� ! ) 3$:"! � � � B ) <>' �A+ !  Q = D−1M -j/1)X+*) 6 ),+_� 5 � ) % � !45 �!NK � 6f5 + 'q: )^� '�!$3 ) :X'�%,%.5=D �2� K � B ) # ) %,5 � :T# �*)�� 5�6 � B ) %,5=D � 34! � �V!$# � B ) : ) � � ! � !$5 � 5�6 � B ) :"!$#*% +Z).�*)B(' + <T5 � !$% )  �A),� #*!45 � Hhv

K � B"!4#q%.5 +*+Z) # � 5 � :"# � 5l#Z5=3$7 ) ' � ! + !4%CBS3 ).� J?5=D � :(' +����"+ 5=JS3 ) <�! � ω6f5 +M� B ) �|' � 34'�% ) 5 �?),+ ' � 5 +b/ ! � B ' F ).+ 5;#Z5=D + % )Q�A).+ < ' � : �=!�7 ).� J�5�D � :(' +�� :"' � 'F5 � Γ
K � ): ),� 5 �A) J � S � B ) <>' �*+ ! X'�#Z#*5E%,!4' �A) : / ! � B � B ) B(' + <T5 � !4% )  �A).� #*!$5 � Hh

6 + 5=< Wh(Γ) � 5 Sh(ω)
K

� ! � 'P343 ��-=/k) B"'87 )q� 5 +Z) '�3$!-F )W� B ) %,5�D � 34! � �gJ ).��/1),).�\� B ) �=3$5=J('�3j#Z%I'�34' + � 5 �A).�2� !9'P3�' � : � B ) 3$5N%,'�37 ) % � 5 + 5 �") K � )M+*) <Q' + � � B(' �_� B ) 7P'�34D ) #_5�6 wh ∈ E0,h(ω)
5 �F� B ) J�5�D � :(' +��\) :�� ) #q' +*) F ).+ 5:"D )�� 5 � B ) B"5�<>5"� ),�") 5=D"#0J�5=D � :(' +�� %.5 � :"! � !$5 � 5 � Γ

K @V#1! � !4#0%,34'�#*#Z!4%I'P3 -2� B ) 7 ) % � 5 + gradHhv%I' � J ) : ) %,5�< � 5=# ) :~! �G�A).+ <T#X5�6 � B ) #*'�< )Q) : � )Q) 3 ) < ),�2� J('�#*!$#X'P# wh � � B ) %,5 ) 	T%,! ),�2� #X5�6� B ) : ) %,5=< � 5=#*! � !45 � ' +*) %.! + %.D"39' � !45 � #{'�3$5 � � � B ) %,5 � #Z!4: ).+*) : ) :�� ) #_: ) � �") :`6 + 5�< � 5E:('�3�7P'�3$D ) #' �Q� B )O).� : � 5�! �2� #>5�6 � B )`) :�� ) K � B ) � '�#*#*'�� ) 6 + 5=< � B )`� 5N:"'�3W7P'�3$D ) # � 5 � B ) '�#Z#*5E%,!4' �A) :%,! + %,D"34' � !$5 � %,' � J ) :"5 �")&) 	>%.! ).�U� 3 � J � ! �2�A+ 5N:SD"%,! � � � B ) ! � %.!4: ).� % ) <>' �A+ !  G - # ).) '�34#Z5 � h=h � K
@V# /1) B('I7 ) # ).),�]- ' �Y) :�� ) !$# � 5 � 5 � 3 � ' ��/ 5�� � 5E: ) #*DSJ"# )^� 5P6 � B ) # )^� 5�6 '�343�< ) #*B � 5E: ) # - J"D �' � 5 + : ),+*) :;#*D"JS# ).�b/ B ).+*)g� B ) 5 + : ),+ !$< � 34! ) #V' � 5 + ! ),�2� ' � !45 � K � ).� e = {p, q} J ) ' �;) :�� ) 5�6� B ) < ) #*Bd5 + ! ),�2�A) :G6 + 5=< � 5E: ) p � 5 � 5E: ) q K � B ),�]- /k) %I' � : ) � �")e� B ) ! � %.!4: ).� % )e� D"<gJ ),+ #
G(e, q) = 1 - G(e, p) = −1

' � : G(e, r) = 0
6f5 + '�343|5 � B ),+�� 5N: ) # r K � B ) # )&� D"<XJ ).+ #V6f5 + < '+*) % � ' � �=D"39' + <Q' �A+ !  G / B"!4%CBF: ) #Z% + !4J ) #_B"5 / ) : � ) #_%,5 �"�") % ��� 5 � 5N: ) #,K@o%.%,5 + :"! � � � 5 � B )M) S'�< � 3 ) ��!$7 ).� ! � � !��=D +Z) �SK$c / B ).+*) {α, β, δ, χ, ε} ' +Z)m� B ) < ) #*B � 5N: ) #' � : {a, b, c, d, e, f, g, h} � B ) < ) #ZB ) :�� ) # -(� B )b� 5E: ) � � 5�� ) :�� ) 5 ��).+ ' � 5 + !4# +Z)��"+Z) # ),�2�A) :RJ �l� B )

c � �



� � ��� � ���
��� � � � �	�
���	� � ��� � � � � ��� ��� � �
� � � � ����� �

χ

α

δ

β

ε

a

b c

d e

f g

h

� !��=D +*) �SK�c � E 5�< � D � ! � � � B )m� 5E: ) � � 5�� ) :�� ) ! � %,!$: ),�2� <>' �A+ !  G ! �\��/ 5T:"!4< ),� #Z!45 � #,K

8×5
<>' �A+ !  G � B(' �_+Z) '�:S#

G =




1 −1 0 0 0
1 0 0 −1 0
0 1 0 −1 0
1 0 −1 0 0
0 −1 0 0 1
0 0 −1 1 0
0 0 0 1 −1
0 0 −1 0 1




.

� )^� v ∈ Sh(ω) -E� B ).� w = grad v ∈ Eh(ω)
K � #Z! � � � B )m� 5E: ) � � 5�� ) :�� ) ! � %.!4: ).� % ) <>' �*+ !  G -� B ) 'P3�� ) J + '�!$% +*) �"+*) # ).�U� ' � !$5 � B('�# � B ) 6f5 + < w = Gv

K � !���D +*) �SK hY!$343$D"# �*+ ' �*) # � B ) 'P% � !$5 � 5�6� B )M� 5N: ) � � 5�� ) :�� ) ' � : ) :�� ) � � 5�� � 5E: ) 5 �?),+ ' � 5 + # G ' � : G � K

+

+
+

+

+

+

+

+

+

+

+

+
+

+

+

+

��� � ��! �

� !��=D +*) �SKih�� � B ) '�% � !45 � 5P6 � B ) � ' � � 5N: ) � � 5�� ) :�� ) ' � : � J � ) : � ) � � 5�� � 5N: ) 5 �?),+ ' � 5 + # G ' � : G � -+*) # �?) % � !$7 ) 3 � K
� ) '�#Z#*5E%,!9' �A)X/ ! � B −(w, grad v)ω

- w ∈ Eh(ω)
' � : v ∈ Sh(ω) -�� B )&+Z) % � ' � �=DS39' + <>' �A+ ! 

B
K � � %,' � J )X/_+ ! �*�A).� '�# B = −MeG

-�/ B ),+Z) Me

!$# � B )&) :�� )X) 3 ) < ).�2� <Q'P#*#q<>' �A+ ! F5 � ω K� B ) # � !�� �") #*#&<>' �A+ !  A '�#*#Z5N%.!9' �*) : / ! � B � B ) J"!43$! �") ' + 6f5 + < aω(·, ·)
5 � Eh(ω)×Eh(ω)

%I' �J ) : ) %,5=< � 5�# ) :O! � A = Me + C / B ),+Z) C !4#V'�#*#Z5N%.!9' �*) : / ! � B � B ) %.D + 3 � ' +a� 5�6 aω(·, ·) - ! K ) K -� B )>) 3 ) < ),�2� #X5�6 C ' +*) ��!$7 ).� J � (C)ee′ = (α curl we, curl we′)ω
- 6f5 + '�3$3 ) :�� ) # e, e′ 5�6 Th K

� J"# ).+ 7E! � � � B"' � C G = 0 - :SD )T� 5 � B ) 6}'�% �M� B(' � curl grad(·) = 0 -|/1) � � : B = −AG K �H6
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/k)q� 5 / : ) %,5=< � 5�# )V� B )q) : � ) #o! �U� 5gJ?5=D � :(' +�� ' � :Y! �2�*),+ !$5 +0) :�� ) # -S/1) %I' �l/_+ ! �*) A 'P#o' 2×2J"345E% �Q<>' �A+ ! 
A =

(
AII AIΓ
AΓI AΓΓ

)
and A0 =

(
AII AIΓ
0 Id

)
,

/ B ),+Z) A0

!$# � B ) <Q' �A+ ! &'P#*#*5E%,!4' �A) : / ! � B � B ) � ! + !$%CB"3 )^���"+ 5�J"3 ) <�5 � E0,h(ω)
: ) � �") :>! �&�A).+ <T#5�6 � B ) #A'�< ) J"!$34! �S) ' + 6f5 + < aω(·, ·)

K
� ) � � '�343 � �"+*) # ).�U� ' � D"< ),+ !$%I'�3 '�3��=5 + ! � BS< � 5>#*5=3�7 )b� B ) :"!4#Z% +Z).�A) �"+ 5�J"3 ) < � �SK�c �� K � )^� DS#: ),� 5 �A) J � K0,Ω

� B ) # � ' � :(' + :Q# � !�� �S) #*#1<Q' �A+ ! T'�#Z#*5E%,!9' �A) : / ! � B � B ) J"!43$! �") ' + 6f5 + < aΩ(·, ·) 5 �
H1

0 (Ω)×H1
0 (Ω)

K � B ) '�3�� ) J + '�!4%16f5 + < 5�6 � B ) :"!$#*% +Z).�*) �"+ 5=JS3 ) < � �SK�c �� +Z) '�:S#�� � � : ��/ 5m7 ) % � 5 + #
th
' � : ϕH #Z5=3$7E! � � � B ) 34! �") ' + # � # �*) <

A0th + PBSQϕH = F � , K0,ΩϕH +Q � S � B � th = F . � �SK�c�! �
� B )m+ !��=B � B(' � :\#Z!4: ) 7 ) % � 5 + # � '�� ) ! �U� 5e'�%,%.5=D �2�o� B ) B"5=<T5"� ),�S) 5=D"# � ! + !$%CB"3 )^� J?5=D � :"' +�� %,5 � �:"! � !45 � # - ' � : P !4#g'F%,D � 5 � <>' �*+ !  �

!wK ) K - P (vI, vΓ) � = (vI , 0) �
K � B ) ' � � 34!$%I' � !45 � 5�6 P !4#�") % ) #*#*' +��Y� 5���D(' + ' �U�*),)m� B ) BS5=<>5�� ),�") 5=D"# � ! + !$%CB"3 )^� J�5�D � :(' +�� %,5 � :"! � !45 � 5P6 th 5 � Γ

K
@�#�! �A),+ ' � !�7 ) #*5�3$7 ).+ 6f5 + � �SK�c�! � -(/1) �"+ 5 � 5=# ) 'TJS345E% � � 'PD��	� � ) !4: ) 3y< )^� B"5E:]K � � ' +a� ! � �e6 + 5=<

ϕnH
-N/k) � + # � %,5=< � D �*) tn+1

h

' � : � B ),� ϕn+1
H

J �
A0t

n+1
h + PBSQϕnH = F � , K0,Ωϕ

n+1
H +Q � S � B � tn+1

h = F . � �SK�c � �
� B ) 6f5=343$5 / ! � �g3 ) <T<Q' ��D(' + ' �U�*),) # � B ) %,5 � 7 ).+ � ).� % ) 5�6 � B ) '�3��=5 + ! � B"< - # ).) � ��� � K
� � � � � �'� �'� � ���

en = ϕH − ϕnH
���9����9	�� ��( ��� 	!��� ��( (*��(9	�� ����

n �
�� "�� � &�$������� �����(*� �
	 	-"���"

� �%���#"�� �����
0 < θ < 1

� ��� ��� &����)��	�� � ���
H

���)�
h

"�8 �%
��#���

aΩ(en+1, en+1) < θ aΩ(en, en) .

�'�� �%��������( �������%� ���
ϕnH

�2�
ϕH

<�	!��+ ��"9����7��� � ���
tnh

� �
th
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� !��=D +Z) �SK � !4343$D"# �*+ ' �*) # � B ) '�3��=5 + ! � BS<`K � � !4#k%,5=< � ' � !4J"3 )�/ ! � B � B ) �S+*) # ),� % ) 5P6p'g%.5 � :"DS% � 5 +
ω � B(' � %,' � <T5�7 ) ! � #*!$: ) Ω

K � B ) %,5 � # �*+ D"% � !45 � 5�6 � B ) <T5 +Z� ' + �"+ 5�� ) % � !45 � Πh

!4# � B ) 5 � 3 � � ' +Z�5�6 � B ) '�3��=5 + ! � BS< � B"' � !$#�! �SL D ).� % ) :RJ �\� B ) <>5 � !45 � 5�6 ω K � BEDS# - 5 � 3 �Y� B ) <>' �*+ !  Q B"'�# � 5J )m+Z) '�#Z# ) <XJ"3 ) : / B ).�") 7 ),+�� B ) %,5 � :"D"% � 5 + ω %CB"' � � ) #W! � # � 5=#*! � !$5 � ! � Ω
K

� �&� B ){+*) # � 5�6 � B"!4# # ) % � !45 �]-�/1) �"+*) # ),�2� ' �&) BEDS!$7P'�3 ).�2� 6f5 + <gD"39' � !45 � 5�6 � �SK$c � �^K � � � ' +Z� !4%.D"39' +.-
/k) #*B"5 /�� B(' � � �NK$c � �p!4# ) BUD"!�7P'�3 ).�U�[� 5X' �"+Z) %,5 � :"! � !45 �S) :��W!$%CB(' + :S#*5 � ! �*),+ ' � !45 � 5 � 3 � ! � 7=5�3$7E! � �� B +Z),) #Z5=3$7 ) # �?),+ ! �A).+ ' � !45 � # �*)�� ! � %,5 �2�A+ '�# �o� 5X6f5=D + ! � %,'�# ) 5�6 � �SK�c � � K � ) : ),� 5 �A) J � Kω

� B )# � ' � :(' + :T# � !�� �") #*#0<Q' �A+ ! X'�#*#Z5N%.!9' �*) : / ! � B � B ) � ' � 39'�% ) 5 �?),+ ' � 5 + 5 � ω %,5 +*+*) # � 5 � :"! � � � 5 � B )J"!43$! �") ' + 6f5 + < (grad v, grad v′)ω
K

� � � � � �'��� � �'�� � ��+�+-� � 	�� � 	�������� 	���< ���+ ��"

S � B � A−1
0 PBS = SK −G �ΓΓSAGΓΓ ,

� ���(%� SA
���)� SKω

	-"9������ �%�8�(�%��. &)+-��.������ ���
A

���)�
Kω

$ (%�%" &�������	�����+=<>$ 	�3��,3 $ SA = AΓΓ −
AΓIA

−1
II AIΓ
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PSfrag replacements

solution of a
div grad problem on Ω
ϕH = K−1

0,Ω(F − QTSTBT
th)

mortar lifting from
Wh(Γ) to S0,H(Ω)

QTSTBT
th harmonic restriction

from Sh(ω) to Wh(Γ)
STBT

th

bilinear form aω(., .) and
edge-to-node projection

BT
th

solution of a
curl curl problem on ω

th = A−1

0
(Fc − PBSQϕH)node-to-edge projection

and bilinear form aω(., .)
BSQϕH

harmonic extension
from Wh(Γ) to Sh(ω)

SQϕH

mortar projection from
S0,H(Ω) to Wh(Γ)

QϕH

scalar and vector
potential coupling

in presence of

a moving conductor

yes

no

stop

stopping criteria ok?

1

� !��=D +*) �SK � � � D"< ),+ !$%I'�3]'�3��=5 + ! � B"<n6f5 +{� B ) #Z%I'�34' + ' � :\7 ) % � 5 + � 5 �*),�2� !4'�34#k%,5=D � 34! � �"K
? ��� � � � ) # � ' +Z� J �\+Z)./_+ ! � ! � �

AA−1
0 PA =

(
AII AIΓ
AΓI AΓΓ

)(
A−1
II −A−1

II AIΓ
0 Id

)(
Id 0
0 0

)(
AII AIΓ
AΓI AΓΓ

)

=

(
Id 0

AΓIA
−1
II SA

)(
AII AIΓ
0 0

)
=

(
AII AIΓ
AΓI AΓIA

−1
II AIΓ

)

=

(
AII AIΓ
AΓI AΓΓ

)
−
(

0 0
0 SA

)
= A−

(
0 0
0 SA

)
.

� �NK$c�� �

� ) %I'P3434! � � � B(' � −B = AG = MeG
' � : � BEDS# G � AG = G � MeG = Kω

-"/k) � � :

S � G � AGS = S � KωS =
(
−KΓIK

−1
II , Id

)(KII KIΓ

KΓI KΓΓ

)(
−K−1

II KIΓ

Id

)
= SKω ,

/ B ).+*)1/1) B('I7 ) DS# ) :g' � 5 � B ),+ 2×2
JS345E% �q: ) %.5=< � 5=#Z! � !45 � ! �2� 5�! �U�*),+ !45 + ' � :XJ?5=D � :(' +�� 7 ).+Z� !4% ) #,K

� ! � 'P343 ��-S/1) B('I7 )M� 5T%,5 � #*!4: ),+_� B ) # ) %.5 � : �*),+ < 5 �`� B )�+ !��=B � B(' � :O#*!$: ) 5�6 � �NK$c�� �o! � <T5 +Z): )^� '�!$3 K � 5e:"5>#Z5 -"/1) DS# )b� B ) J"3$5N% �>: ) %.5=< � 5=#Z! � !$5 �

G =

(
GII GIΓ

0 GΓΓ

)
,

� 5 � ! � � � B(' � GΓI = 0
#*! � % ) ' � ! �2�A),+ !45 + 7 ),+a�A) @%I' �"� 5 � J ) ' �G),� : � 5=! �2� 5�6{' �@) :�� ) 5 �d� B )J?5=D � :(' +�� K � B ) J"3$5N% �>: ) %.5=< � 5=#Z! � !45 � 5�6 G � ! ) 34:S#

S � G �
(

0 0
0 SA

)
GS = (∗, Id)

(
0 0
0 G �ΓΓSAGΓΓ

)(
∗
Id

)
= G �ΓΓSAGΓΓ .
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�ND"<T<Q' + !-F.! � � � B )b+*) #*D"3 � # -"/k) � � :
S � B � A−1

0 PBS = S � G � AA−1
0 PAGS = SKω −G �ΓΓSAGΓΓ . �

� #*! � � � B ) � + # �o) BED"' � !$5 � ! � � �SK�c�! � -U/1) � � : th = A−1
0 (F � − PBSQϕH)

K � B ),�]-S� B )q) 34!4<T! � '��� !45 � 5�6 th ! � � �SK�c�! �1' � : � ) <><>' �SK�� � ! ) 3$:`'&3$! �") ' + # � # �A) < 6f5 + ϕH �
(K0,Ω −Q � (SKω −G �ΓΓSAGΓΓ) Q)ϕH = F −Q � S � B � A−1

0 F � = FH .
� �SK�c � �

�H6
h/H

!4#g#Z<Q'�3$3 ).� 5=D���B -�� B ) <>' �A+ !  K0,Ω − Q � (SKω − G �ΓΓSAGΓΓ)Q
!4#g# � <T< ).�A+ !4%Y' � :

� 5=#Z! � !$7 ) : ) � � ! �*)�- # ),) � ��� � K @ ��� 3 � ! � � � 5 � �SK�c � �_' �W!$%CB(' + :"#*5 � ! �A).+ ' � !45 � � # ),) � c � � � 6f5 + <T5 +*): ).� '�!43$# � / ! � B K−1
0,Ω

'�# �"+*) %,5 � :"! � !45 �").+ � ! ) 3$:"#

ϕn+1
H = ϕnH +K−1

0,Ω(FH − (K0,Ω −Q � (SKω −G �ΓΓSAGΓΓ)Q)ϕnH)

= K−1
0,Ω(FH +Q � (SKω −G �ΓΓSAGΓΓ)QϕnH) .

� �SK�c � �

� � � � � �'�-�'� �'�� �,+-� ����� ��8���� �'��	�����+ .�������,� / ��3�� �%6 � 	���
ϕ0
H = K−1

0,ΩFH
	-" ���,8�	�����+-����� � �

���� &)(*���%���)��	���	!��� � �
	 	 �%#��( ��">��� 	�� ��( ��� 	!��� / ��3�����6 � 	���A���� ",��.��
ϕ0
H

3

? ��� � � � B ) J"345E% � � '�D��	� � ) !4: ) 3�< ).� B"5N: � ! ) 3$:"# � B ) 6f5=343$5 / ! � � +*) %,D + #*!$7 ) : ) � � ! � !45 � 5P6 tn+1
h

tn+1
h = A−1

0 (F � − PBSQϕ
n
H) = A−1

0 (F � − PBSQϕ
n−1
H + PBSQ(ϕn−1

H − ϕnH))

= tnh − A−1
0 PBSQ(ϕnH − ϕn−1

H ) ,

/ B ),+Z)F/1) # ).� ϕ−1
H = 0

' � : t0
h = A−1

0 F �
K � #*! � � ϕ0

H = K−1
0,ΩFH

-0/1) � � : 6f5 +g� B ) J"345E% �
� '�D��	� � ) !4: ) 3�< ).� BS5N:

(
K0,Ωϕ

n+1
H = F −Q � S � B � tnh +Q � S � B � A−1

0 PBSQ(ϕnH − ϕn−1
H )

ϕn+1
H = ϕnH +K−1

0,ΩQ � S � B � A
−1
0 PBSQ(ϕnH − ϕn−1

H ) .

)

 � < ) ' � #o5P6 � ) <T<>' �SK � -"/k) � )^�W� B(' �o� B ) � '�D��	� � ) !4: ) 3]< )^� B"5E: � �SK�c � �0!4# ) BUD"!�7P'�3 ).�U�_� 5
ϕn+1
H = ϕnH +K−1

0,ΩQ � (SKω −G �ΓΓSAGΓΓ)Q(ϕnH − ϕn−1
H ) . � �SK h � �

E 5=< � ' + ! � � � �SK�c � �1' � : � �SK h � � -S� B ) '�#Z# ).+Z� !$5 � %I' � J )M) '�#*!$3 � #*B"5 /_� J � ! � :"D"% � !$5 � K �
� D )Q� 5 � ) <><>'�# �SK � ' � : �SK)! - � B ) %.5 � 7 ),+ � ),� % )Y+ ' �A) 5P6 � �SK�c � �m:"5 ) # � 5 � : )��?),� : 5 �d� B )< ) #*B"#Z!-F ) ' � :@%I' � J ) !$< �S+ 587 ) :dJ � ' ��� 3 � ! � �`' �b+�� 34587;#*DSJ"# � 'P% ) < ).� B"5E:]K � B ),�d� B ) :"!$6 �6 ),+*).� % ) J ).��/1),).�O��/ 5T#*DS%,% ) #*#Z!$7 ) ! �*),+ ' � !45 � # ϕn+1

H

' � : ϕnH #A' � !4# � ) #W'&# � 5 ��� ! � �T% + ! �A),+ !9' -E� B ).�/k) %,' � %,5=< � D �*) tn+1
h

J � < ) ' � #o5�6 � B ) � + # �_) BUD(' � !45 � ! � � �SK�c � � K @ �o� BS!4# � 5=! �2�,-N� B ) <>587E! � �%,5 � :SD"% � 5 +_+*) 'P%CB ) #W! � # �")./ � 5=#Z! � !45 �]- ' � : � B ) '�3��=5 + ! � BS< � �SK�c � �k# � ' +Z� #W'��2'�! � K
� B ) �S+*) %.5 � :"! � !$5 �") : �_!4%CB"' + :"#Z5 � ! �A),+ ' � !$5 �d� 5;5=J � '�! � ϕn+1

H

!4#�!43$34D"# �A+ ' �A) :d! ��� !��=D +Z) �SK��"K
� �R) '�%CB;! �A).+ ' � !45 � # �*)��]-�/1) B('I7 )X� 5l#Z5=3$7 ) 5 �S) � ! + !4%CBS3 ).� �"+ 5=J"3 ) < 5 � ω '�#Z#*5E%,!4' �A) : / ! � B � B )
� ' � 39'�% ) 5 ��).+ ' � 5 +,- 5 �") � ! + !$%CB"3 )^� �S+ 5=J"3 ) <�5 � ω 'P#*#*5E%,!4' �A) : / ! � B � B ) curl

5 ��).+ ' � 5 +,- ' � :Y5 �S)
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solution of two
Dirichlet problems

t

Neumann
mappings

Dirichlet
Neumann 
mappings

Dirichlet problem
solution of one

G

G �
Ω

Q Γ

Γ

Q �

S0,H(Ω)

Wh(Γ)

Wh(Γ)

ω

Sh(ω)

� !���D +*) �NK � � ��3434DS# �A+ ' � !$5 � 5�6 � B ) �S+*) %.5 � :"! � !$5 �") : �_!4%CB(' + :"#*5 � ! �A).+ ' � !45 � K
r�s � 
�����v>t?z � $Yu � v ���Yufx �
� ) ' ��� 3 �&� B ) J"3$5N% � � '�D��	� � ) !4: ) 3j< )^� B"5E: � �SK�c � ��! �T��/ 5&:"!$< ).� #*!$5 � # � 5 � B )V) S'�< � 3 ) #*B"5 /_�! � � !��=D +Z) �SK)!NK � B ) %.5=< � D � ' � !45 � '�3 :"5=<>'�! � Ω

!4# � B ) # BUD(' +*) (−0.1m, 0.1m)2 %,5 �2� 'P! � ! � �Y'6 ),+Z+ 5=<>'�� �S).� 5�6 �?),+ < ) 'PJ"!43$! ��� µ = 5·10−4H/m
K �|/ 5&%,5=!$34# � ),�S),+ ' � ! � � � B ) #*5=D + % ) � ) 3$: ts

' +Z)345E%I' �A) :Y5 � ' � ' +a� 5�6 � B ) 6 ),+Z+ 5=<>'�� �S).� � #*B('�:S5 /1) : � ' +a� 5�6 � !��=D +Z) �SK)! - 3 ) 6 � � K � B ) %,5 � :"D"% � 5 +
ω
5�6 / !4: � B 0.012m

' � :;B ) !��=B � 0.09m
<T587 ) # / ! � B � B ) %,5 � # � ' �2� 7 ) 3$5N%.! ��� v = −0.2~eym/s

-! � #mJ(' +�� % ),�2�A).+ B('I7E! � � � B ) ! � ! � !9'P3 � 5=#*! � !$5 � x0 = (0, 0.01m) �
K � B ) %,5 � :SD"% � !$7E! ��� σ 5�6 ω !$## )^�b� 5FJ ) 106S/m - ! � #m<Q'�� �").� !4% �?),+ < ) '�J"!43$! ��� !4# � B ) #A'�< ) '�# � B ) 5 �") 5�6 � B ) #ZD +*+ 5=D � :S! � �'�! +,- µ0 = 4π10−7H/m

K � B ) D"# ) : � !4< ) # �*)�� !4# ∆t = 0.00625s
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� B )l�*+ !4' � �=D"34' � !$5 � TH 5P6 � B ) :"5�<Q'�! � Ω
%,5 � #*!$# � #X5�6bc�! � ��BED"'�: + !$39' �*),+ '�3 ) 3 ) < ).�2� #g#ZB(' + �! � �;c �Nc � � 5N: ) #,K � B ) %,5 � :"D"% � 5 + ω !4#m:"!$#*% +Z).� !-F ) :dJ � < ) ' � #m5�6 !Nc8h �*+ !4' � �=3 ) # � ! ) 34:"! � ��� � �) :�� );) 3 ) < ).�U� D � � � 5 /_� #,K � );+*) <Q' + � � B(' �Q� B ) <T5 � !$5 � 5�6 � B ) %,5 � :"D"% � 5 + !4# ��).+ 6f5 + < ) :/ ! � BS5=D � ! � 7�5=3$7E! � �d' � � +Z) < ) #ZB"! � � �"+ 5N% ) :"D +*) K � 5 +Z) 587 ).+,- #*! � % ) K−1

0,Ω
- SKω

- ' � : SA # � ' �%,5 � # � ' �2� :"D + ! � � � B )�/ BS5=3 ) #*!$<gD"34' � !$5 �]- ! � !$#F#ZD 	T%,! ),�2�`� 5 %I' +Z+�� 5=D �\� B ) %,5 +Z+*) # � 5 � :"! � �
� � ��: ) %,5=< � 5=#*! � !45 � #_5 � 3 � 5 � % ) K � B )�"+*) # ),�2�*) :G'�3���5 + ! � B"< %.5 � #Z!4# � #m5�6 ��/ 5 �") # �A) :�! �A),+ ' � !�7 )#*%CB ) < ) #,K�@ � !$< � 34!4%.! �  �D"3 ),+ #Z%CB ) < ) !$#kD"# ) :l6f5 +0� B ) 5�D �A).+ ! �*),+ ' � !$5 �T/ ! � B F ),+ 5g! � ! � !4'�3(%,5 � :"! �� !45 � K � B ) ! �"�").+ ! �*),+ ' � !45 � !4# � B ) �"+*) %,5 � :S! � !$5 �") : �W!$%CB(' + :"#*5 � < ).� B"5E: �=!$7 ),� ! � � �SK�c � � K � )D"# ) ‖ϕn+1

H − ϕnH‖/‖ϕnH‖ < 10−4 'P#q# � 5 ��� ! � �Y% + ! �A).+ !4'T6f5 + 5�D + ! �S�"),+ ! �A).+ ' � !45 � #*%CB ) < ) K � 5 +� B ) %,5 � #*!$: ),+Z) : ) S'�< � 3 )�-N� B )b� D"<gJ ),+ 5�6 ! �A).+ ' � !45 � #{!4#_J ).��/1),),� !e' � :dc�cM6f5 + 'P343 � !4< ) # �*)�� #.K
� !��=D +*) �NK �l!$3434DS# �A+ ' �A) # � B )�"+*) %,5 � :"! � !45 �") : �W!$%CB(' + :"#*5 � ! �A),+ ' � !$5 � 6f5 + ' �  ) : � !4< ) # �A) � K � 5#*D ��� 5 +a��� B )T� B ) 5 +*).� !4%,'�3 +*) #*D"3 � 5�6 � ) <T<Q' �SK �S-y/k) %,5 � #Z!4: ).+ :S!�� ),+*).�2� < ) #ZB"#*!GF ) #X' � :d#*B"5 /� B )R� D"<XJ ).+ 5�6 +*) BEDS! +*) : ! �A).+ ' � !45 � # �*)�� #l7 ),+ #ZD"# � B );� D"<XJ ).+ 5�6MD � � � 5 /_� #.K � ) 5=J"# ),+ 7 )%,5 � 7 ).+ � ).� % )�+ ' �*) # / B"!$%CBO' +Z) ! � : )��?),� : ).�2� 5�6 � B ) < ) #ZB"#*!GF ) #,K
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� !��=D +*) �SK �	� � !$< ) # �*)�� �NK � D"<gJ ),+ 5�6o! �A).+ ' � !45 � # �*)�� # / ! � B +*) # �?) % �X� 5 � B )>� D"<gJ ),+ 5�6oD � �
� � 5 /_� #

� !��=D +Z) # �SK �T' � : �SK �T#ZB"5 / � B ) :"!$# �A+ !4J"D � !45 � 5P6 � B ) <>'�� �")^� !$%	� ) 3$:`5=D � #*!$: ) ' � :F! � #Z!4: )m� B )%,5 � :SD"% � 5 + ω %,5 +*+*) # � 5 � :"! � � � 5 ��/ 5Y:"!�� ).+*),�2� � 5=#Z! � !$5 � #�5�6 � B ) <T587E! � � � ' +Z� ω K � B ) :"!4# �A+ ! �J"D � !$5 � 5P6 � B ) ! � :"DS% ) :�� ) 3$:R! �O� B ) %.5 � :"DS% � 5 + !4#W! � '�� +*).) < ),�2�q/ ! � B � B(' � �"+*) :"!4% �A) :OJ �F� B )
� ).� F&39' /b- ! K ) K -�� B ) ! � :"DS% ) :�%.D +*+Z),�2� #m% +*) ' �A) ' � ) 34: / B"!$%CB;%,5 �2�A+ '�# � # � B ) 5 �") � ).�"),+ ' �A) :GJ �
� B ) #*5�D + % ) #W! � 5 + : ),+o� 5 �=!�7 ) '7F ).+ 5 � 5 � '�3]<>'�� �")^� !4% � ) 3$:F! � ω K
� � � !��=D +*) �SK � -N� B ) %,5�< � 5 �").�U� #o5�6 � B ) <Q'�� �").� !4% � ) 34:Y! � B"5 + !-F.5 �2� '�3?:"! +Z) % � !45 � ' +*) � 345 �Z�A) :'�345 � � � B ) 7 ).+Z� !$%I'�3V' N!4#l5P6b# � <>< ).�*+���-_/ BS!4%CB !4#Q! � :"!$%I' �*) :�J � � B ) :"'�#*B ) : 34! �") ! � � !���D +*)

�SK&! - 3 ) 6 � K � B ) ! � :"DS%,! � �@%,5�< � 5 �").�U� −∂xϕ � ),�S),+ ' �A) #Q' +*) '�% � !45 � � ) 34: tx
! � ω �A+�� ! � � � 5%,5=< ��).� #A' �A)Q� B ) � + # � 5 �") K � BEDS# � B ) # )l��/ 5�%.5=< � 5 �").�2� #gB('I7 ) 5 ��� 5�#*! �*) #Z!�� � #.K @�6 �A).+X� B )

� + # �F� !4< ) # �*)��]-q� B )d+Z) #ZD"3 � ! � � � 5 � '�3	� ) 34: (t − gradϕ)x
! � #*!$: )R� B ) %.5 � :"D"% � 5 + !4#F'�3$<>5�# �%,5=< � 3 )^�A) 3 � #ZD ���"+Z) #*# ) :\J ) %I'PD"# ) 5P6 � B ) ! � # � ' �2� ' �") 5�D"# �?),�S).�A+ ' � !$5 � J �e� B ) ! � :"D"%,! � � � ) 34: - '�##*B"5 /_� ! � � !��=D +*) �SK � � ' �^K @V# � B ) %,5 � :"D"% � 5 + <T587 ) #q'�3$5 � � -(� BS!4# ) � ) % � J ) %,5=< ) #�3 ) #*#V! �2�A),� # ) K

� 5 +*) 587 ),+W) 7 ),�O/ B ),�O� B ) J(' +�� % ),�2�A).+ 5�6 ω !4# ) "'P% � 3 � ' �_� B ) 5 + !��=! � 5�6 � B ) # � # �*) < -j� B ) � ) 3$::"!4# �A+ !$J"D � !45 � ! � ω !$# � 5 � # � <T< ).�A+ !4% / ! � B +*) # �?) % �M� 5 � B ) B"5 + !-F.5 �2� '�3�' S!$# - '�#m!$343$D"# �*+ ' �*) :;! �� !��=D +*) �SK � � J �^K � B"!$#_!4#o:"D )m� 5 � B ) <>5 � !45 � 5�6 � B ) %,5 � :"D"% � 5 +o� 5 / ' + :"# � B ) J?5 �Z� 5=<FK
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� !��=D +*) �SK ��� � !4< ) # �*)�� c�� � ' � � ),�").+ ' �*) : � ) 3$: − gradϕ
! � Ω

J ).��/1),).�Q� B ) � 5=3 ) # - � J �p! � :SD"% ) :7 ) % � 5 + � 5 �A).�2� !9'P3 t 5 � ω - � %��{<>'�� �")^� !4% � ) 3$: h = t− gradϕ
5 � ω K

��� � ��!	� ���
�

� !��=D +*) �SK ��� � !4< ) # �*)�� ��� � ' � � ),�").+ ' �*) : � ) 3$: − gradϕ
! � Ω

J ).��/1),).�Q� B ) � 5=3 ) # - � J �p! � :SD"% ) :7 ) % � 5 + � 5 �A).�2� !9'P3 t 5 � ω - � %��{<>'�� �")^� !4% � ) 3$: h = t− gradϕ
5 � ω K
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r�s*r � � � uwv �Wx{t � � $	���XvVxkz�� � t�$��1v
�N5;6}' +,-�� B ) <T5 � !45 � 5P6 � B ) %,5 � :"D"% � 5 +&/ 'P# ��!$7 ).� ! � '�:S7P' � % ) K � � � ).�"),+ '�3 -�� BS!4#&<T5 � !$5 � !4#! �SL D ),� % ) :FJ �Y� B )b) 3 ) % �*+ 5=<>'�� �S).� !$%V6f5 + % ) #W'�% � ! � �e5 � ω K�� � 5 + : ),+o� 5T'�%.%,5=D �U� 6f5 +o� B"!4# ) � ) % �I-/k) D"# )q� B ) #Z!4< � 3 ) <>5E: ) 3�5�6 '&:('�< �?) :YB(' + <>5 � !4%W5=#*%.!43$39' � 5 + 6f5 +k� B ) < ) %CB"' � !4%,'�3 � ' +Z� K � ).� `J )m� B ) :"!$# � ' � % ) J ).��/1),),�`� B )b��/ 5 ) BUD"!$34!4J + !4DS< � 5=#*! � !$5 � #o5�6 ω / B"!$%CBO%,5 +*+*) # � 5 � : � 5 � '�� ) 5 +� 5 �V� 5 � '�� ) ! �2� 5l'P%,%,5�D �2�q� B ) � + 'I7E! ��� 6f5 + % )�-�+*) # �?) % � !$7 ) 3 � K � ) : ).� 5 �A) J � m � B ) <Q'P#*#V5P6 ω' � :eJ � z � B ) 7 ).+Z� !4%I'P3 � 5�#*! � !45 � 5P6 � B ) % ).�U�*),+ 5�6 ω ' ��� !$< ) t -2/ ! � B � B ) ! � ! � !4'�3U%,5 � :S! � !$5 � # z(0) -
ż(0)
K � B ).� ' � ' ��� �=!�7 ),�F� !$< )P-"� B ).+*) ' +*) 6f5=D + 6f5 + % ) #V'�% � ! � �e5 � m � � B ) � + 'I7E! ��� 6f5 + % ) −mg

� D"343$! � �`:"5 /_�2/ ' + : -1� B ) # �S+ ! � �R6f5 + % ) k(` − z) -[� B ) :"'�< � ! � �O6f5 + % ) −bż ' � : � B )Y)  �A),+Z� '�3<Q'�� �").� !4%b6f5 + % ) (Fm)z
K ��) ��3 ) % � ! � �Y' ��� <T5 � !45 ��� ' + 'P343 ) 3 � 5 � B ) (x, y)

� � 34' �")�-j� B ) ��)^/o� 5 � 
 #39' / 5P6p<T5 � !$5 � 6f5 + ' � 5=! �2� <>'�#*# � � B ) % ).�2�A),+ 5�6 ω � +*) '�:"# �

mz̈ = −mg + k(`− z)− bż + (

∫

ω

(curlH)× µH)z,
� �SK hNc �

/ B ),+Z)Q/k) 'P#*#*DS< )Q� B(' � ω B"'�#X6 +*).) # � '�% ) �?),+ < ) '�J"!$34! ��� µ0
- ' � : - � B ).+*) 6f5 +*)�-�� 5R6f5 + % ) #g:"D )

� 5O<>'�� �S).� !GFI' � !45 ���").) : � 5OJ )>� '�� ).� ! �2� 5O'�%,%.5=D �2� K �H6 /1)>/_+ ! �A) � �SK hNc �b' �M� B )>) BUD"!$34!4J + !4DS<
� 5=#Z! � !45 �]- ! K ) K z = 0

' � : Fm = 0 -"/1) � ).� mg = k`
K � B ).�]- � �NKihNc��k#*!4< � 3$!�� ) #k! �2� 5

mz̈ + bż + kz = (

∫

ω

(curlH)× µH)z .
� �SK h=h �

� 5M:"!4#Z% +Z).� !GF ) � �SKih�h � -2/1) ' ��� 3 � 'M# ) %,5 � :Q5 + : ),+[)  � 34!4%.! � � � ! �*) :S!�� ),+*).� % ) #Z%CB ) < ) 5P6 � !4< ) # �A) �#*!-F ) ∆t
K

� �b� B ) 6f5=3$345 / ! � � -,/1) �S+*) # ),�2� #*5=< )[� DS< ).+ !4%,'�3 +Z) #*DS3 � #]6f5 + �"+ 5=JS3 ) < � �SK�c �� )  � 34!$%,! � 3 � %,5=D � 3 ) :/ ! � B � B ) :"!4#Z% +Z).�A) 6f5 + <�5P6 � �SKih�h �^K � B ) %,5 � #Z!4: ).+*) :d:"5�<Q'�! � Ω
!$# � B ) %.D"J ) (−0.1m, 0.1m)3%,5 �2� 'P! � ! � �T'e6 ).+*+ 5�<Q'�� �").� 5�6 +*) 39' � !$7 ) <>'�� �")^� !$% ��).+ < ) '�J"!$34! ��� µr = 1000 - ' � :R'e% � 34! � : + !4%I'P3%,5 � :SD"% � 5 + ω B('I7E! � � ��).+ < ) '�JS!434! ��� µ0 = 4π10−7H/m

K � B ) � ) 5=< ).�*+�� � ' + '�< ).�*),+ #�' +Z) !$343$D"# ��A+ ' �A) :\! � � !��"K �SK$c �SK � B ) 6 ),+Z+ 5=<>'�� �")^� %,5 �2� '�! � #_'&%.5=!43 � #*B('P:"5 /k) : � ' +a� ! �Y� B )m+ !���B � � !4% � D +*)5�6 � !��"K��SK$c � �k%,5 � #*!4# � ! � �&5�6 ! � � / ! � :S! � �=# ) '�%CBF5�6 / B"!4%CBF%I' +Z+ ! ) #_'&%,5 � # � ' �U� %.D +*+Z),�2� 5�6�! ��@ -/ B"!4%CB � ! ) 34:"#m'l#Z5=D + % ) %,D +Z+*).�U� : ).� #*! ��� ιs = 41.67 A/mm2 K � B ) %,5 � :SD"% � 5 + ω <>587 ) # / ! � B'T7 ) 345E%,! ��� v ‖ ~ez : ).�*),+ <T! �S) :OJ �F� B ) #*5�34D � !45 � 5�6 � B ) %.5=D � 3 ) : �S+ 5=J"3 ) <FK � � #�J(' +�� % ),�2�A).+ B('P#� B ) ! � ! � !4'�3 � 5�#*! � !45 � ~x0 = (0, 0, 0.02m) �
K

k5 � B � B ) � ) 5=< )^�A+�� ' � : � B ) #Z5=D + % )M�*),+ < ' +*) ' N!4# � <>< ).�*+ !4% / ! � B +*) # �?) % ��� 5 � B ) 7 ),+a� !$%I'�3' N!4#,K � B ),+Z) 6f5 +Z)�- J �&�*+ ' � #Z6f5 + <Q' � !45 �&� 5�% � 3$! � : + !4%,'�3"%.5N5 + :"! � ' �A) # -2/k) %I' �Q+*) :"D"% )�� B ) �"+ 5=J"3 ) <:"!4< ),� #Z!45 � ' � :X%CB"5E5=# )0� B )1+ !��=B � B"'�3$6S5�6 � B ) (x, z)
� � 34' �") '�# %.5=< � D � ' � !45 � '�3=:"5�<Q'�! � � � � � K � B )3 ) 6 � � !$% � D +*) 5�6 � !��"K �NK$c=c1#*B"5 / #�' F,5E5=< 5�6 � B ) %.5=< � D � ' � !45 � '�3 � + !$:"# - J ) ! � � BUD('�: + !434' �A).+ '�32! � Ω' � : �*+ !9' � �=D"34' + ! � ω K � B ) < ) %CB(' � !$%I'�3 � ' + '�< )^�A).+ #{' +*) %CBS5=# ).�\� 5�=!$7 ) 'X:"'�< �?) :Q5=#*%.!43434' � ! � �# � # �*) < � !wK ) K - b2 − 4km < 0

� K � ),+Z)�- m = 0.1kg - b = 0.05Ns/m - ' � : k = 20N/m
K � #*! � �>'�#! � ! � !9'P3(%,5 � :S! � !$5 � # z(0) = 0.02m

' � : ż(0) = 0 -N/1) �?),+ 6f5 + < h � � � !4< ) ! �A),+ ' � !$5 � #15�6 # �A) � #Z!-F )
∆t = 0.01s

K � )�+ D � �"7 ) :"!�� ).+*).�U�0�A) # � # -S� B ),+Z) J � 7P' +�� ! � � � B ) %,5 � :"D"% � !$7E! ��� σ 5�6 ω 6 + 5=< 106� 5 108S/m
K

� B )1+*) #*D"3 � # ' +*) !4343$D"# �*+ ' �*) :b! �b� B )1+ !��=B � � !4% � D +Z) 5P6 � !��SK �NK$c=c - � 3$5 �*� ! � � � B ) 7 ),+a� !4%,'�3 � 5=#Z! � !45 �
z
5P6 � B ) % ),�2�A).+ 5P6 � B ) %.5 � :"D"% � 5 + ' �2'�! � # �p� B ){� !$< ) t K � ) 5=J"# ),+ 7 )o� B(' �I- 6f5 + σ = 106 S/m -�� B )
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� ) 6f5�34345 / %.345=# ) 3 �>� B ) �"+Z) # ),�2� ' � !45 � ! � ��� ��� K � ).� % ) 6f5 +Z� B - Ω !$#_'e< ) 'P#*D + '�J"3 ) 5 ��).� # ).� 5�6 Rd/ ! � B\J�5=D � :(' +�� ∂Ω K � B ),�") 7 ),+ ! � !$# /k) 343 � : ) � �") : - ! � #o5�D ��/ ' + : � 5 + <>'�3]!$#o: ),� 5 �A) :`J � n

K
� �������������������� �

Lp !#"%$ � � � " � � � ).� M(Ω)
J )q� B ) # � '�% ) 5�6H
 )%& D"!$7P'�3 ),� % ) %,34'�#*# ) #_5�6E�1#*%,'�39' + �7P'�34D ) :Y6fD � % � !45 � #o5 � Ω � B"' � ' +*) � ) J ) # �=D )�� < ) '�#ZD + '�JS3 ) K 	(5 + 1 ≤ p ≤ ∞ - # ).�

Lp(Ω) = {f ∈M(Ω) : ‖f‖0,p,Ω <∞},

�'XK�c.�

/ B ).+*)
‖f‖0,p,Ω =

(∫

Ω

|f |p : Ω
)1/p

, 1 ≤ p <∞,

‖f‖0,∞,Ω = ) #*#_#ZD �
x∈Ω

|f(x)| = inf{M ≥ 0; |f(x)| ≤ M
'NK ) K�5 � Ω}.

� ���������������(��� � �*) � � �+)�)�, ���-� �/.10 ��!2) � � � �oB ) # � '�% ) 5�6[345E%I'�3$3 � ! �2�A) � + '�J"3 ) 6fD � % � !$5 � #q!$#V: )��
� 5 �*) :FJ � L135476 (Ω)

' � :\!4#o: ) � �") :O'�#
L135476 (Ω) = {f ∈M(Ω) :

6f5 + '�343�%,5=< � '�% � K ⊂ Ω, f ∈ L1(K)}.
8:9 �/�10	�<; ���>= �

L2 ! �������/0 $ 0?�A@�B � � � �DCFE+GIHKJML<NOG L2(Ω) P HQLSR PUTWV GYX[Z2HKJML<NOG]\2E+GY^_G �%` P J�J+G*a\ P ZUE
Z�E+G]H�N*L T LbXcJ�X#d%a ` NYZ
(f, g)Ω =

∫

Ω

fg dΩ.

�'XK h��

CFE+GeNOdfX[X#GOHKJ+df^�a P ^<gh^idfX[j P H:a<GY^idfZKG*a V%k

‖f‖0,Ω = ‖f‖0,2,Ω =

(∫

Ω

|f |2 dΩ

)1/2

.

�'XKl��

� ���������������m���on � @�� " ��0f� ! BA�?����� � � � )^� D(Ω)
: ).� 5 �A)T� B ) 7 ) % � 5 + # � 'P% ) 5�6_! � � � ! �A) 3 � 5�6 �*),�:"!Wp ).+*),�2� !9'�J"3 ) 6fD � % � !$5 � # / B"5=# ) #ZD ��� 5 +Z� ! � Ω
!4#o%.5=< � '�% � Kq' 34! �S) ' + <>' ��� ! � �

v : D(Ω) 3 ϕ 7→ 〈v, ϕ〉D′,D ∈ R,
!4#T#A'P!4: � 5@J ) 'G:"!4# �A+ !$J"D � !45 � 5 � Ω

!�6m' � :�5 � 3 � !$6 � B ) 6f5�34345 / ! � � �"+ 5 �?),+a��� B"5=34:S#%r5	(5 + '�343%,5�< � 'P% � K ! � Ω -"� B ).+*) !4#_' � ! �U�*) � ).+ p ' � :`'e%.5 � # � ' �2� C #*D"%CB � B(' �
|〈v, ϕ〉D′,D| ≤ C sup

x∈K,|α|≤p

|∂αϕ(x)|, ϕ ∈ D(Ω),
#*D ��� (ϕ) ⊂ K.

c !Nc



� ����� � ���
	��

��7 ),+�� 6fD � % � !45 � f ∈ L135476 (Ω)
%I' � J ) !$: ),�2� !�� ) : / ! � B � B ) :S!4# �*+ !$J"D � !$5 �

f̃ : D(Ω) 3 ϕ 7→ 〈f̃ , ϕ〉D′,D =

∫

Ω

fϕ
:
Ω.

� ���2� �U�?�����(�������*@�� " ��0f� ! B ��������� ) @��/0f�
	��M�?�
	 ���?� � )^� v ∈ D′(Ω)
J ) 'l:"!4# �A+ !4J"D � !45 � Kh	(5 + '<gD"3 � ! � ! � : )�� α -S� B ) α �H� B\:"!4# �A+ !$J"D � !45 � 'P3 
f5 +{/k) ' � �_: ),+ !�7P' � !�7 ) ∂αv !4#o: ) � �") :O#ZD"%CB � B(' �

∂αv : D(Ω) 3 ϕ 7→ 〈∂αv, ϕ〉D′,D = (−1)|α|〈v, ∂αϕ〉D′,D.
� ���2� �U�?����� ��������i� ! � ) ��	 "%$ � � � " �?� � ).� s ' � : p J )e��/ 5O! �2�A) � ),+ # / ! � B s ≥ 0

' � : 1 ≤
p ≤ ∞ K �oB ) �E5=J�5�3 ) 7Q# � 'P% ) W s,p(Ω)

!$#o: ) � �") :O'�#
W s,p(Ω) = {v ∈ D′(Ω) : ∂αv ∈ Lp(Ω), |α| ≤ s}, 
�'XK����

' k' � '�%CBF# � 'P% )M)%& D"! � ��) : / ! � B � B )b� 5 + <
‖v‖s,p,Ω =

∑

|α|≤s

‖∂αv‖Lp(Ω).

8:9 �<�10��<; ���
����� � )�� �/0����i� � � ) ��	 "%$ � � � " �?����GYZ s ≥ 0 � CFE+G]HKJML<NOG Hs(Ω) = W s,2(Ω) P HLSR PUTWV GYX[ZqHKJML<NOG \2E+GY^ G �%` P J�J+G*a \ P ZUE Z�E+G]H�N*L T LbXcJ�X#d%a ` NYZ

(v, w)s,Ω =
∑

|α|≤s

(∂αv, ∂αw)Ω.

�'�K&!��

CFE+G LfHOH�d�N P LbZ G*ah^idfXYj P H a<GY^idfZ G*a V%k ‖ · ‖s,Ω �
� ���2� �U�?����� ������� � � $2" � 9 ���"! � ���-�?���FB ��B " ��� � )^� D J ) '\#*D"JS# ).� 5�6 Ω

' � : C0(D)
: ),� 5 �*)

� B ) # � '�% ) 5�6p6fD � % � !$5 � # � B"' � ' +*) %,5 �U� ! � D"5=DS#�5 � D K �oB ),� C0,1(D)
!4# � B ) # � '�% ) 5�6 6fD � % � !45 � #� B(' � ' +*) �y! � #Z%CB"! ��# %,5 �2� ! � D"5=D"#_5 � D -"� 'P< ) 3 �=-

C0,1(D) =

{
f ∈ C0(D) : sup

x,y∈D

|f(x)− f(y)|
|x− y| <∞

}
.


�'�K%$�
� ���2� �U�?����� ����&'� � � $2" � 9 ���"! @ ��;(�+���)�?� � ) #*' � � B(' � Ω

!$#T' �y! � #*%CB"! �*# :"5=<>'�! ��- !�6V! � '
�") !��=BUJ�5 + B"5E5N: Ux 5P6p' � ��� 5=! �2� x ∈ ∂Ω -"� B ) J�5�D � :(' +�� ∂Ω <Q' � J )q+*) �"+*) # ),�2�*) :R'P#o'XB ����).+ �#*D + 6}'�% ) yd = θ(y1, . . . , yd−1)

-(/ B ).+*) θ !4#�' �|! � #*%CBS! �*# 6fD � % � !$5 � ! � C0,1(Ux)
- ' � : (y1, . . . , yd)' +*)m+Z) % � ' � �=DS39' + %.5N5 + :"! � ' �A) #o! � Rd � B(' � <Q' � J ) :"!>p ),+Z),�2� 6 + 5=< � B ) %,' � 5 � !$%I'�3�J('�#*!$#,K

8:9 �<�10��<; ���� ,+-�*@ �<� " �U� , �?�.��GYZ Ω V GSL/� P J+H�NOE P Z�0 a<dfjhL P ^ � CFE+G:X#GOHYZ�X P NYZ P df^�d2131 ` ^iNYZ P df^MH
P ^ D(Rd) ZKd Ω HKJMLb^_L a<GY^MH�G H ` V HKJML<NOGed21 W 1,p(Ω) �
� ���2� �U�?����� ���� � 4� � 05� � �?�����6� ) �F� � � ) �7	 "%$ � � � " �?� 	(5 + 0 < s < 1

' � : 1 ≤ p < ∞ -]� B )�N5=J?5=3 ) 7l# � '�% )m/ ! � BY6 + '�% � !45 � '�3 )�� � 5 �").�2� !$#o: ) � �S) :R'P#
W s,p(Ω) = {v ∈ Lp(Ω) :

v(x)− v(y)
|x− y|s+d/p ∈ L

p(Ω× Ω)}. 
�'XK%8��
� B ),� s > 1

!$# � 5 � ! �2�*) � ).+,- 3 )^�*� ! � � σ = s− [s] / ! � B [s]
J ) ! � � � B ) ! �2�A) � ),+�� ' +Z� 5�6 s - W s,p(Ω)!4#o: ) � �") :O'�#

W s,p(Ω) = {v ∈ W [s],p(Ω) : ∂αv ∈ W σ,p(Ω), |α| = s}.
	j5 + p = 2 -S/1) : ),� 5 �A) Hs(Ω) = W s,2(Ω)

K

c�!=h



������� ��� ��� 	��	� � � � � ���	��� 	 �

� ��������������� ���� � � W s,p
0 (Ω) �+� @ �U� " @�B6� ) �?� 	(5 + 1 ≤ p <∞ ' � : s ≥ 0 - # ).�

W s,p
0 (Ω) = D(Ω),

/ B ).+*)&� B ) %.345=#ZD +*) !4# � ' ��).�G/ ! � B +*) # �?) % ��� 5 ‖ · ‖s,p,Ω - ' � :d3 ).� W−s,p′(Ω) = (W s,p
0 (Ω))′

J )
� B ) :SD('�3]5�6 W s,p

0 (Ω) / ! � B � B )b� 5 + <

‖f‖−s,p′,Ω = sup
v∈W s,p

0 (Ω)

〈f, v〉W−s,p′×W s,p
0

‖v‖s,p,Ω
.


�'XK�
�

	(5 + p = 2 -S/k) : ).� 5 �A) Hs
0(Ω) = W s,2

0 (Ω)
' � : H−s(Ω) = W−s,2(Ω)

K
8:9 �/�10	�<; ���� = � ��05� � � � 9 �/��0��<;��?� ��GYZ γ0 : C0(Ω)→ C0(∂Ω) jhLYJ 1 ` ^iNYZ P df^MH P ^ C0(Ω) Z dZUE+G P X Z�X7L<NOGQdf^ ∂Ω �� 1 Ω P H L � P J+H�NOE P Z�0]a<dfjhL P ^�� γ0

N*Lb^ V G NOdf^+Z P ^ ` d ` H T k G�� ZKGY^�a<G*a:Z d H1(Ω) �
1 ≤ p <∞ ��� dfX#GOd��bGYX�� P Z E+d T afH]Z�EMLbZ

� P�� CFE+GeG�� ZKGY^MH P df^ γ0 : H1(Ω)→ H1/2(∂Ω) P H]H ` X�� GONYZ P �bG �
� PUP�� CFE+G � GYX[^iG T d21 γ0 P H H1

0 (Ω) �
� Ged21[ZKGY^\qX P Z G v|∂Ω P ^MHYZKG*L�a
d21 γ0v �
� � ; ;(� ���� �n � � GYZ Ω V GL � P J+H�NOE P Z�0 V d ` ^�a<G*a dOJ+GY^ H�GYZ�� Lb^�a

u ∈ (L2(Ω))3 H ` NOE ZUEMLbZ
curl u ∈ (L2(Ω))3 � CFE+GY^��

u× n ∈ (H−1/2(∂Ω))3 �cLb^�a
(curl u, v)Ω = (u, curl v)Ω − 〈u× n, v〉H−1/2×H1/2 .


�'XK���
� � ; ;(�e���� ,� ��� 0�� �<�! " � �10f;_B ) � �?��� GYZ Ω V G L�� P J+H�NOE P Z�0 V d ` ^�a<G*a]dOJ+GY^:H�GYZ"� σ ∈ (L∞(Ω))d×d �Lb^�a u ∈ H1(Ω) H ` NOE Z�EMLbZ div(σ gradu) ∈ L2(Ω) � CFE+GY^��

n · σ gradu ∈ H−1/2(∂Ω) � Lb^�a
−(div(σ grad u), v)Ω = (grad v, σ grad u)Ω − 〈n · σ grad u, v〉H−1/2×H1/2 .


�'�K$c ��
� � ; ;(� ���� ,���# ����� � � 0�$��?� � GYZ Ω V G L V d ` ^�a<G*a dOJ+GY^ H�GYZ � CFE+GY^�� Z�E+GYX#G G�� P HYZUH CΩ

H ` NOE
ZUEMLbZ

‖v‖0,Ω ≤ CΩ‖ grad v‖0,Ω, v ∈ H1
0 (Ω).

� � ; ;(� ���� �-� ��GYZ Ω V G L � P J+H�NOE P Z�0 a<dfjhL P ^ � � GYZ f V G L T P ^iG*LbX 1 dfX[j df^ H1(Ω) \2E+d�H�G
X#GOHYZ�X P NYZ P df^ df^ NOdf^MHYZ Lb^+Z 1 ` ^iNYZ P df^MH P H ^idfZ 0fGYX#d � CFE+GY^��qZ�E+GYX#GDG�� P HYZUH CΩ

H ` NOE ZUEMLbZ

‖v‖1,Ω ≤ CΩ (‖ grad v‖0,Ω + |f(v)|) , v ∈ H1(Ω).

� � ; ;(� ���� ,�F� � GYZ Ω V G L � P J+H�NOE P Z�0Ia<dfjhL P ^ � � GYZ D V G L]H ` V H�GYZ2d21 Ω d21 ^idf^ � 0fGYX#dIj G*LfH ` X#G%�Lb^�a Γ V G LhH ` V H�GYZ d21 ∂Ω d21]^idf^ � 0fGYX#d (d−1) � j G*LfH ` X#G ��& k � GYjDjhL(' � �*) � \cG EML+�bG ZUEMLbZ

‖v‖1,Ω ≤ CΩ

(
‖ grad v‖0,Ω + |D|−1

∫

D

v dΩ

)
, v ∈ H1(Ω),


�'�K$c�c.�

‖v‖1,Ω ≤ CΩ

(
‖ grad v‖0,Ω + |Γ|−1

∫

Γ

v dΓ

)
, v ∈ H1(Ω).


�'�K$c8h��

c !b�



� ����� � ���
	��

� �<; ;(� ���� ,&(��� �10f�  "]" � � ����@ ��� ���FB�� ) �U� , �?�)� GYZ Ω V G L � P J+H�NOE P Z�0]a<dfjhL P ^ � CFE+GY^��2ZUE+GYX#GG�� P HYZ�H CΩ
H ` NOE
ZUEMLbZ

‖v‖1,Ω ≤ CΩ (‖ε(v)‖0,Ω + ‖v‖0,Ω) , v ∈ (H1(Ω))d.

� �10?� )�) � 0 , ��� � +A� � GYZ Ω V G L � P J+H�NOE P Z�0 a<dfjhL P ^ Lb^�a T GYZ Γ� ⊂ ∂Ω V G d21 ^idf^ � 0fGYX#dej G*LfH ` X#G �CFE+GY^�� Z�E+GYX#GeG�� P HYZUH C H ` NOE
ZUEMLbZ

‖v‖1,Ω ≤ C‖ε(v)‖0,Ω, v ∈ {w ∈ (H1(Ω))d : w|Γ� = 0}.
� �<; ;(� ��� �  � � ���
	��m� ) .105�+;����3� GYZ V V GQL:R PUTWV GYX[Z2HKJML<NOG%� T GYZ a ∈ L(V ×V ; R) � Lb^�a T GYZ
f ∈ V ′ � 'IHOH ` j GeZ�EMLbZ ZUE+G V%PUT P ^iG*LbX 1 dfX[j P H V � G TUT P J�Z P N%� P�� G � � Z�E+GYX#G G�� P HYZUHhL�NOdf^MHYZ Lb^+Z α > 0H ` NOE
ZUEMLbZ

a(v, v) ≥ α‖v‖2V , v ∈ V.
CFE+GY^��cZUE+G J�X#d V%T GYj d21]H�GOG � P ^<g u ∈ V H ` NOE Z�EMLbZ a(u, v) = f(v) 1 dfX:L TUT v ∈ V P He\cG TUT � J+d�H�G*a\ P Z�E
ZUE+G:LQJ�X P dfX P � GOHYZ P jhLbZKG

‖u‖V ≤
1

α
‖f‖V ′.

� ���2� �U�?�����(��� ��� � Lp(0, T ;X) ��� 	(5 + p ∈ [1,∞) -?� B ) # � 'P% ) Lp(0, T ;X)
%,5 � #*!$# � #V5�6�6fD � % �� !45 � # t 7→ v(t) / B"!4%CB`' +Z) � ) J ) # ��D )�� < ) #*D(' + '�J"3 ) 5 � (0, T ) / ! � B +Z) # ��) % �o� 5 � B ) < ) '�#*D +*) : t -#*D"%CB � B(' �

‖v‖Lp(0,T ;X) =

(∫ T

0

‖v(t)‖pX
:
t

)1/p

< ∞.

� s� � $����@u}v �_�RzO	Mx ��t ���Yuwv�� �

� )^� X ' � : M J )���/ 5 +*).L")�� !$7 ) {' � '�%CBQ# � '�% ) # - f ∈ X ′ - g ∈M ′ - ' � :Q%,5 � #Z!4: ).+1��/ 5&J"!43$! �") ' +6f5 + <T# a ∈ L(X ×X; R)
' � : b ∈ L(X ×M ; R) -j/ B ).+*) L(E;F )

: ),� 5 �*) # � B ) 7 ) % � 5 + # � 'P% )5�6�J?5=D � : ) :;34! �") ' + 5 �?),+ ' � 5 + #�6 + 5=< E � 5 F K �oB ) #A'�:S:"3 ) � 5=! �2� �"+ 5=J"3 ) < � 5lJ ) ! � 7 ) # � !��2' �A) :!4# �=!�7 ),� J � rH	 ! � : (u, λ) ∈ X ×M #ZD"%CB � B(' �
a(u, v) + b(v, λ) = f(v), v ∈ X, 
�'XK�c��='�
b(u, µ) = g(µ), µ ∈M.


�'XK�c���J��
� ) D"#*D"'�343 � +*) 6 ),+>� 5 M '�# �|'�� + ' � � ) <gDS3 � ! � 34! ),+ # � '�% ) K � �2�A+ 5E:"D"% )`� B ) 5 �?),+ ' � 5 + # A ' � :
B
#ZD"%CB � B(' � A : X → X ′ / ! � B 〈Aw, v〉X′,X = a(w, v) - ' � : B : X → M ′ 
w' � : B � :

M = M ′′ → X ′ � / ! � B 〈Bv, µ〉M ′,M = b(v, µ)
K�� + 5=J"3 ) < 
�'XK�c���X!$# )%& D"!�7�'P3 ),�2�&� 5 rU	p! � :

(u, λ) ∈ X ×M #*D"%CB � B(' �
Au+B � λ = f,


�'XK�c �2'�
Bu = g.


�'XK�c �=J��
� )^���m),+ B = {v ∈ X : b(v, µ) = 0, µ ∈M} J )m� B )M� D"3$3]# � '�% ) 5�6 B K

c�! �



��� ��� � ��� 	 � 	 � � � 	 � ��� � ��� 	 � 	 � ��� � ��� � � ��� � �
� ���

8:9 �/�10	�<; ��� � = ��� # # �?�	� ^�a<GYX ZUE+G L V d��bG 1[X7Lbj GY\cdfX � � J�X#d V%T GYj 
�'�K$c���� P H \cG TUT � J+d�H�G*a P 1Lb^�a
df^ T khP 1 


∃α > 0 H ` NOE ZUEMLbZ inf

w∈ 
��� B sup
v∈ 
��� B

a(w, v)

‖w‖X‖v‖X
≥ α,

∀v ∈ � GYX B, (a(w, v) = 0, w ∈ � GYX B) ⇒ (v = 0),


�'�K$c !��

Lb^�a
∃β > 0 H ` NOE ZUEMLbZ inf

µ∈M
sup
v∈X

b(v, µ)

‖v‖X‖µ‖M
≥ β.


�'XK�c $�
�i` X[ZUE+GYXYj dfX#G%� ZUE+G)1 d TUT df\ P ^<g L]J�X P dfX P GOHYZ P jhLbZ GOHIE+d T a��

{
‖u‖X ≤ c1‖f‖X′ + c2‖g‖M ′,

‖λ‖X ≤ c3‖f‖X′ + c4‖g‖M ′,


�'�K$c 8��

\ P ZUE c1 = 1/α � c2 = c3 = (1 + ‖a‖/α)/β � Lb^�a c4 = ‖a‖(1 + ‖a‖/α)/β2 �
� )^� Xh

' � : Mh

J ) � � ! �A)�� :"!4< ),� #*!45 � '�3�%.5 � 6f5 + <Q'P3|' ���"+ 5 � !$<Q' � !45 � #o5�6 X ' � : M -�+Z) # ��) % �� !�7 ) 3 � K��k5 � #*!$: ),+o� B ) ' ���"+ 5 � !4<>' �*)	�"+ 5�J"3 ) < r�	 ! � : (uh, λh) ∈ Xh ×Mh

#ZD"%CB � B(' �
a(uh, vh) + b(vh, λh) = f(vh), vh ∈ Xh,


�'XK�c 
='��
b(uh, µh) = g(µh), µh ∈Mh.


�'�K$c 
PJ��
� ).� Bh : Xh → M ′

h

J )b� B ) 5 ��).+ ' � 5 + ! � :SD"% ) :RJ � b #ZD"%CB � B"' � 〈Bhvh, µh〉M ′

h,Mh
= b(vh, µh)

K
� ).� �m),+ Bh = {vh ∈ Xh : b(vh, µh) = 0, µh ∈Mh}

J )m� B )b� D"343�# � '�% ) 5P6 Bh
K

8:9 �/�10	�<; ��� � n �*@�� " � 0	��� � � # # �?��� XOd V%T GYj 
�'�K$c 
� P HQ\cG TUT � J+d�H�G*a P 1 Lb^�a
df^ T khP 1

∃αh > 0 H ` NOE ZUEMLbZ inf
wh∈ 
��� Bh

sup
vh∈ 
��� Bh

a(wh, vh)

‖wh‖X‖vh‖X
≥ αh,


�'�K$c ��

∃βh > 0 H ` NOE ZUEMLbZ inf
µh∈Mh

sup
vh∈Xh

b(vh, µh)

‖vh‖X‖µh‖M
≥ βh.


�'�Kih ��
� ^�a<GYX:LfHOH ` jIJ�Z P df^MH 
�'XK�c �� Lb^�a 
�'XK h �� � ZUE+G]H�d T ` Z P df^ (uh, λh)

Z d 
�'�K$c 
� H%LbZ P H�� GOH



‖u− uh‖X ≤ c1h inf

vh∈Xh

‖u− vh‖X + c2h inf
µh∈Mh

‖λ− µh‖M ,

‖λ− λh‖M ≤ c3h inf
vh∈Xh

‖u− vh‖X + c4h inf
µh∈Mh

‖λ− µh‖M ,

�'�KihEc.�

\ P ZUE c1h = (1 + ‖a‖/αh)(1 + ‖b‖/βh) � c2h = ‖b‖/αh P 1 � GYX Bh 6⊂ � GYX B Lb^�a c2h = 0dfZUE+GYXY\ P H�G%� c3h = c1h‖b‖/αh �cLb^�a c4h = 1 + ‖b‖/βh + c2h‖a‖/βh �

� s�� ��t=vTuAz � zO	$et?zwv ��� �Yt ���#	���� � ! u���� � 	"� �$# $ �%� �

��&(')&+*+,.-/-10)2435&�2.6�78&+959:&+&<;:&+;5=:'824=>&+'?7A@B&+0C2.6ED:9:@B78&(&<-/&<35&<9F7�0)=1,.*+&<0+GH,.0C=:'8&<08&+9�78&+;I6�24'J& � ,K35=:-B&@/9	LNMPO 8RQ�S�TU@NV4&+9I, &FW ,.08@ �XW 9H@B6�24')3Y7A'8@/,.9:Z W -[,K78@/249 Th 2.6\78]:&^;:2.3_,.@B9 Ω
Ga`�&^@B9:;:@B*b,K78&dc�e

Xh
78]:&

*+2.'8'8&<08=>249:;:@B9:ZU08=1,K*+&�2.6�=:@/&<*+&<`�@B08&�-/@B9:&b,K'fD19:@N7A&g&+-B&+3h&+9�7A0C249 Th Gi,.9H;h0)&<7 Xh,0 = Xh∩H1
0 (Ω)

S

MPj4j



������� �����
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� ���2� �U�?����� ��� � � � 9 � 0f; ��� �
	 �?� ' 6 W 9:* 7A@B249 v ∈ H1(Ω)
@/0g*+,.-/-B&+; ]1,.')352.9:@/*KGH@B6

(grad v, gradw)Ω = 0, w ∈ H1
0 (Ω).

TU@NV4&+9
v ∈ H1/2(∂Ω)

G17A]:&U]1,.')352.9:@/*^& � 7A&+9H08@/2.9 Hv ∈ H1(Ω)
@B0g;:&<D19H&+;	c�e

(gradHv, gradw)Ω = 0, w ∈ H1
0 (Ω),

(Hv)|∂Ω = v,


�' S O4O��

8:9 �<�10��<; ��� �  � 9 �M0 ; �-���
	 �?��� d� Lb^ k EML�[j df^ P N)1 ` ^iNYZ P df^ v ∈ H1(Ω) � P ZqE+d T afH ZUEMLbZ
|v|1,Ω ∼ |v|1/2,∂Ω,

� ���2� �U�?����� ��� � � �*@�� " 	 0	��� � 9 � 0f; ��� �
	 �?� ' D19:@N7A&I&<-/&+3h&+9�7 6 W 9:*<78@/249 vh ∈ Xh

@/0 *b,.-B-/&+;
;:@/0)*+'8& 7A&U]1,.')352.9:@/*KGH@B6

(grad vh, gradwh)Ω = 0, wh ∈ Xh,0.

��249:08@B;:&+')@/9:Z 78]:& 6 W -/- @B9:9:&<'"=H'82i; W *<7 (·, ·)1,Ω

Z4@BV.&+9 c�ez
�' S j�� G , 6 W 9:* 7A@/2.9 vh ∈ Xh

@B0 *b,.-B-/&+;
Z4&+9:&<'A,.-B@ # &+;�;:@/0)*+')&<7A&U]1,K'83h249:@/*KGH@N6

(vh, wh)1,Ω = 0, wh ∈ Xh,0.

TU@NV4&+9
vh ∈ Xh|∂Ω

G:7A]:&U;:@B08*+')&<78&"]:,.'83h249:@B*^& � 7A&<9:08@B249 Hhvh ∈ Xh

@B0�;:&<D19H&+; cFe

(gradHhvh, gradwh)Ω = 0, wh ∈ Xh,0,

(Hhvh)|∂Ω = vh,


�' S Ob��

`�]:@/-B&%7A]:&UZ4&<9:&+'8,.-/@ # &<; ;H@/08*<'8& 7A&U]1,.')35249H@/*^& � 78&+9:0)@/249 H �hvh ∈ Xh

@/0gZ4@NV4&+9�c�e

(H �hvh, wh)1,Ω = 0, wh ∈ Xh,0,

�' S O���,�

(H �hvh)|∂Ω = vh.

�' S O��4c��

8:9 �<�10��<; ��� � � �*@�� " 	 0��/� � 9 � 0f; ��� �
	 �?����d� Lb^ k a P H�N�#GYZ G EML�[j df^ P N�1 ` ^iNYZ P df^ vh ∈ Xh
� P ZE+d T afH Z�EMLbZ

|vh|1,Ω ∼ |vh|1/2,∂Ω,

\ P Z�E_G�� ` P �fL T GY^iNOGhNOdf^MHYZ Lb^+ZUH P ^�a<GKJ+GY^�a<GY^+Z d21:ZUE+G:j GOHOE<\ P abZ�E h � � 1 vh P H]g<GY^iG�*L T P 0fG*a a P H�N�#GYZKGEML�Yj df^ P N%��Z�E+GY^
‖vh‖1,Ω ∼ ‖vh‖1/2,∂Ω,


�' S O4j��
8:9 �<�10��<; ��� � & �*� �10 ; � �iB �
	�� ) �<��	 ���?�.� GYZ Vh P ^�a P N*LbZ G:ZUE+G�� ^ P ZKG G T GYj GY^+Z ^id%a<GOHhd21eZUE+GZ� P Lb^<g ` T LbZ P df^ Th �� ZqE+d T afH Z�EMLbZ

‖vh‖20,Ω ∼ hd
∑

p∈Vh

(vh(p))
2, vh ∈ Xh.
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8:9 �/�10	�<; ���>= +�� ) � 	 � ) ��� 	 �<0 " � ��� ���FB6� ) �U� , �?��� GYZ {T̂ , P̂, Σ̂} V G L � ^ P ZKG G T GYj GY^+Z�� l ≥ 0

V GIH ` NOE
ZUEMLbZ P̂ ⊂ W l,∞(T̂ ) � Lb^�a {Th}h>0 V G LSHOEMLYJ+G�� #G g ` T L� 1�Lbj PUT k d21]L���^iG]j GOHOE+GOH P ^ Rd

\ P ZUE h ≤ 1 � ��d� 0 ≤ m ≤ l � ZUE+G�#GeG�� P HYZ�H:L NOdf^MHYZ Lb^+Z C P ^�a<GKJ+GY^�a<GY^+Zcd21 h Lb^�a T H ` NOE ZUEMLbZ

‖vh‖l,T ≤ Chm−l
T ‖vh‖m,T , vh ∈ PT = {p̂ ◦ F−1

T : p̂ ∈ P̂}. � ' S O 8
	
8:9 �/�10	�<; ���>=A �7. ) � � � ) ��� 	 �/0 " ����� � �iB6� ) �U� , �?� � ZqE+d T afH ZUEMLbZ

‖vh‖1,Ω ≤ Ch−1‖vh‖0,Ω, vh ∈ Xh. � ' S O 
�	
� " " B�; $ �?���-� ���>= � ���i� 0 � ��. �?� � GYZ V,W V GeR PUTWV G�[Z HKJML<NOGOH%� a(·, ·) LNOdf^+Z P ^ ` d ` H V%PUT P ^iG*L�1 d�[j df^ W × V �QLb^�a l(·) L NOdf^+Z P ^ ` d ` H T P ^iG*L��1 d�[j df^ V � ' HOH ` j G Z�EMLbZ u ∈ W P H ZUE+G` ^ P � ` GQH�d T ` Z P df^H%LbZ P H 1 kfP ^<g a(u, v) = l(v) 1 d�DL TUT v ∈ V � � GYZ Wh, Vh V G � ^ P ZKG�� a P j GY^MH P df^�L THKJML<NOGOHhG�� ` P J�J+G*a
\ P Z�E�^id�Yj:H ‖ · ‖Wh

, ‖ · ‖Vh

� #GOHKJ+GONYZ P �bG T k � 'IHOH ` j GeZ�EMLbZ W (h) = W + WhN*Lb^ V GDG�� ` P J�J+G*a \ P ZUE L ^id�[j ‖ · ‖W (h)
H ` NOE
ZUEMLbZ

‖wh‖W (h) = ‖wh‖Wh
, wh ∈ Wh,

Lb^�a ‖w‖W (h) ≤ C‖w‖W , w ∈ W.
� df^MHYZ
 ` NYZ Lb^ LYJ�J #d � P jhLbZ P df^ d21 u V%k H�d T � P ^<g�Z�E+GQJ #d V%T GYj d21 � ^�a P ^<g uh ∈ Wh

H ` NOE ZUEMLbZ
ah(uh, vh) = lh(vh)

1 d� L TUT vh ∈ Vh \ P Z�E LYJ�J #d � P jhLbZ P df^MH ah(·, ·) Lb^�a lh(·) Z d a(·, ·) Lb^�a l(·) �#GOHKJ+GONYZ P �bG T k � 'IHOH ` j G:Z�EMLbZ a P j (Wh) = a P j (Vh)
� Lb^�a Z�EMLbZ ZUE+G�#GhG�� P HYZUHDL�NOdf^MHYZ Lb^+Z αh > 0H ` NOE
Z�EMLbZ

inf
wh∈Wh

sup
vh∈Vh

ah(wh, vh)

‖wh‖Wh
‖vh‖Vh

≥ αh.

� � ; ;(�
���>=�= ���-��05�+� .  �?� � GYZ 'IHOH ` jIJ�Z P df^ ' ��
� E+d T a � � d�#GOd��bG�%�2LfHOH ` j G ZUEMLbZ Wh ⊂ WLb^�a Vh ⊂ V �:ZUEMLbZ]ZUE+G V%PUT P ^iG*L� 1 d�[j ah(·, ·) P H V d ` ^�a<G*a df^ Wh × Vh
�eLb^�a_Z�EMLbZ a(·, ·) P H

V d ` ^�a<G*a df^ W ×Vh \2E+GY^ W P H G�� ` P J�J+G*aD\ P Z�E Z�E+G G�� Z GY^�a<G*ae^id�[j ‖ · ‖W (h) � CFE+GY^�� P Z2E+d T afHZUEMLbZ

‖u− uh‖W (h) ≤
(

1 +
‖a‖W (h),Vh

αh

)
inf

wh∈Wh

‖u− wh‖W (h) +
1

αh
sup
vh∈Vh

|lh(vh)− l(vh)|
‖vh‖Vh

+
1

αh
inf

wh∈Wh

sup
vh∈Vh

|ah(wh, vh)− a(wh, vh)|
‖vh‖Vh

.

� � ; ;(� ���>= n � �i��05�+� . � �?� � GYZ 'IHOH ` jIJ�Z P df^ ' ��
� E+d T a � � d�#GOd��bG���
LfHOH ` j GZUEMLbZhZ�E+G
V%PUT P ^iG*L� 1 d�[j ah(·, ·) N*Lb^ V G:G�� ZKGY^�a<G*aSZKd W (h)× Vh Lb^�ahZUEMLbZ P Z P H V d ` ^�a<G*a df^ W (h)× Vh �CFE+GY^�� P ZqE+d T afH ZUEMLbZ

‖u− uh‖W (h) ≤
(

1 +
‖ah‖W (h),Vh

αh

)
inf

wh∈Wh

‖u− wh‖W (h) +
1

αh
sup
vh∈Vh

|lh(vh)− ah(u, vh)|
‖vh‖Vh

.

MPj 8
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